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Solution 12.1 For Ω “ tω1, . . . , ωNu, denoting XT pωnq :“ ξn, pn “ P pωnq and qmn “ Qmpωnq,
the utility maximization problem is

maximize EP rUpXT qs “

N
ÿ

n“1
pnUpξnq

subject to

EQmrXT s “

N
ÿ

n“1
qmn ξn ď x, m “ 1, . . . ,M,

where tQm : m “ 1, . . . ,Mu are the extreme points ofMapsq. The Lagrangian is

Lpξ1, . . . , ξN , η1, . . . , ηM q “
N
ÿ

n“1
pnUpξnq ´

M
ÿ

m“1
ηm

¨

˝

N
ÿ

n“1
qmn ξn ´ x

˛

‚

“

N
ÿ

n“1
pn

¨

˝Upξnq ´
M
ÿ

m“1
ηm

qmn
pn
ξn

˛

‚`

M
ÿ

m“1
ηmx.

Writing y :“ η1 ` ¨ ¨ ¨ ` ηM , µM :“ ηm

y , µ :“ pµ1, . . . , µmq and Qµ :“ µ1Q
1 ` ¨ ¨ ¨ ` µMQ

M , we get

Lpξ1, . . . , ξN , y,Qq “ EP rUpXT qs ´ yEQrXT ´ xs “
N
ÿ

n“1
pn

ˆ

Upξnq ´ y
qn
pn
ξn

˙

` yx.

Write

Φpξ1, . . . , ξnq :“ inf
yą0,QPMapSq

Lpξ1, . . . , ξN , y,Qq and Ψpy,Qq :“ inf
ξ1,...,ξN

Lpξ1, . . . , ξN , y,Qq

so that
upxq “ sup

ξ1,...,ξN

Φpξ1, . . . , ξnq.

On the dual,

Ψpy,Qq “
N
ÿ

n“1
pnV py

qn
pn
q ` yx,

minimizing subject to Q, for each y ą 0, we obtain the dual value function

vpyq “ inf
QPMapSq

N
ÿ

n“1
pnV

ˆ

y
qn
pn

˙

“

N
ÿ

n“1
pnV

ˆ

y
pqnpyq

pn

˙

, (1)

where the optimizer pQ “ ppq1, . . . , pqN q exists due to compactness ofMa. Thus, as in the complete
case, for

py :“ argmin
yą0

tvpyq ` yxu
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and the corresponding pQ :“ ppq1, . . . , pqN q given by (1), we get pXT :“ ppξ1, . . . , pξN q as

pξn :“ rU 1s´1
ˆ

py
pqn
pn

˙

and
´

pXT , py, pQ
¯

is the unique saddle-point of the Lagrangian and the value functions u and v are
conjugate to each other.

Solution 12.2

(a) Consider x1, x2 P R, λ P r0, 1s, and α1, α2 P A. We write xλ :“ λx1 ` p1´ λqx2. Also Xt,xi

is the wealth process starting from xi at time t and controlled by αi, where i P t1, 2u. Set

αλs :“ λα1
s ` p1´ λqα2

s.

By the convexity of A, the process αλ lies in the admissibility class A. Moreover from the
linear dynamics of the wealth process, we see that Xλ “ λXt,x1

`p1´λqXt,x2 is governed by

dXλ
s “ αλt

`

pµ´ rqdt` σdWt

˘

, s ě t,

Xλ
t “ xλ.

Therefore, by the concavity of the utility function U , we have

UpλXt,x1
T ` p1´ λqXt,x2

T q ě λUpXt,x1
T q ` p1´ λqUpXt,x2

T q,

which implies that

vpλx1 ` p1´ λqx2q ě λUpXt,x1
T q ` p1´ λqUpXt,x2

T q.

Since the choice of α1 and α2 above was arbitrary, we conclude that

vpλx1 ` p1´ λqx2q ě λvpx1q ` p1´ λqvpx2q.

(b) The dynamic programming principle is

vpt, xq “ ess supαPA E
”

vpθ,Xt,x,α
θ q

ˇ

ˇFt
ı

,

for θ P rt, T s and the dynamic programming equation is

´vtpt, xq ´ sup
aPA

"

apµ´ rqvxpt, xq `
1
2a

2σ2vxxpt, xq

*

“ 0

with the boundary condition vpT, xq “ Upxq.

Solution 12.3 The pointwise maximization in the HJB leads to the following candidate for the
optimal control

pαpt, xq “ ´
µ´ r

σ2
vx
vxx

pt, xq (2)

and the HJB becomes
´vtpt, xq `

1
2
pµ´ rq2

σ2
v2
x

vxx
pt, xq “ 0.

For the exponential utility, we postulate that the solution is of the form

vpt, xq “ ´e´γxφptq.
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Then the HJB reduces to an ODE,

φ1ptq “
1
2
pµ´ rq2

σ2 φptq,

whose solution satisfying the terminal condition φpT q “ 1 is

φptq “ exp
˜

´
1
2
pµ´ rq2

σ2 pT ´ tq

¸

,

i.e.,

vp0, xq “ ´ exp
˜

´γx´
1
2
pµ´ rq2

σ2 T

¸

. (3)

From (2), we obtain that the optimal monetary amount invested in the stock is constant

pαt “
µ´ r

γσ2 .

By the verification theorem, pα is the optimal control and the optimal value is given by (3).

Solution 12.4

1 import numpy
2 import matplotlib.pyplot as plt
3

4 from poisson import poisson
5 from brownian import brownian
6

7

8 def main():
9

10 # The interest rate.

11 r = 0.0

12 # The mean value return rate.

13 mu = 0.06

14 # The Wiener process parameter.

15 delta = 0.4

16 # Total time.

17 T = 1.0

18 # Number of steps.

19 N = 1000

20 # Time step size

21 dt = T/N

22 # Number of realizations to generate.

23 m = 1

24 # Create an empty array to store the realizations.

25 x = numpy.empty((m,N+1))

26 y = numpy.empty((m,N+1))

27 z = numpy.empty((m,N+1))

28 # Initial values of x,y,z.

29 x[:, 0] = 0

30 y[:, 0] = 1

31

32 # Simulate the paths
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33 brownian(x[:,0], N, dt, delta, out=x[:,1:])

34

35 # Plot the paths of the wealth process for gamma=10^n, n=0,1,2

36 for n in range(3):
37 y = (mu ŕ)/(10.∗∗n∗delta∗∗2.)∗(x+numpy.cumsum(dt∗numpy.ones((m,N+1))))
38 t = numpy.linspace(0.0, N∗dt, N+1)
39 for k in range(m):
40 plt.step(t, y[k])

41 plt.show()

42

43

44

45 if __name__ == "__main__":
46 main()
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