Probability and statistics May 15, 2018

Lecturer: Prof. Dr. Josef Teichmann
Coordinator: Vincenzo Ignazio m Ziirich

Solution Series 10

Q1. Let (2, A,P) be a probability space and (Z,),en & sequence of random variables.
(a) Prove that if Z, Lece R, then for all bounded and continuous functions f
E(f(Zn)) = f(c).
(b) Show that if Z, — ¢ € R in distribution, then Z, 5e.

Solution:

(a) Take € > 0, we know by continuity of f that there exists 6 > 0 so that for all z €
[c—=0d,¢+ 0], |f(x) — f(c)| <€ Then

B (f(Zn) = f(e)) | <E(f(Za) = f(0)])

<E(|f(Zn) — f(O)1gz0—c<sy) T E (|f(Z) — f(e)|1gz,—ci>6})
<e+ | flloP(|Z, — | > 0) ——e

(b) Take € > 0 and define

€

£.(x) > min {ld(;p, c— e c+€]), 1} |

fe is clearly a continuous function. Note that f(z) =0ifx € [c—€,c+¢€] and f(z) =1
if |z — ¢| > 2e. Then we have that:

P(| X0 — ¢ = 2¢) < fe(Xn) = fe(c) = 0.

Q2. Take the following probability space (2, A,P) = ([0, 1], B([0,1]), A|jo,17), where Al is the
Lebesgue measure over [0,1]. Let X,(w) = 14,(w) a sequence of random variables with
A, € B([0,1]).

(a) Under which condition for (A4,),eny we have that X, £o.
(b) Write the event {w : X,,(w) — 0} with help of the sets (A4, )nen-
(c) Find a sequence (A, ),en of events so that X, 5 0 but {w: X, (w) — 0} = 0.

Solution:
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(a) We know that for all € < %

P(|Xn| < €) = P(|X0] = 0) = P(A7),

s0 X, 5 0 iff P(A°) — 1

(b) Given that X, takes only values in {0, 1} we know it converges if from a point onward
it only takes the value 0, so

{w: lim X, (w) = 0} = U ﬂ A? = liminf A7.

keNn>k

(c) For n € N define r, = [logy(n)]| and define k, = n — 2™. Take

A, = {ﬁ,k"ﬂ],
VAL

note that P(A4,) = r, — 0, so X, o Additionally note that for each r, there are
orntl _ orn = 9™ different k,, associated to it and also that:

<UA)_2’"” —=1,

50 Upi,—r An = [0,1]. Then we know that for each r € N and for all 2 € [0, 1] there
exits n € N so that r, = r and x € A,, so X, (x) is 1 infinitely many times. Thus,
{w: Xp(w) — 0} = 0.

Q3. Let (X;)i>1 be a sequence of random variables with

Var(X;) = o0* < oo Vi,

Define S, := 31", X;.

(a) Prove that if limy_,o, R(k) = 0 then lim,, % = in probability.
b) Prove that if R(k)| < oo then lim,,_,. nVar(22) exists.
keN

Solution:

(a) Thanks to Chebyshev inequality

it’s enough to prove that Var(22) — 0 (n — oo).

2
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Computing the variance we have:

Sn) ar 1 Y ;
Var (7) =V (n ;XZ>
= % (i Var(X;) + 2 Z Cov(Xj, Xj))

i<j

1 n—1

= <n02 +2) (n—k) R(k;))
k=1

1 — k
=—|o*+2 1—— k

(B (-3) )

Then it’s enough to prove that:

i 25 () -0

which is obtained by a similar proof of the convergence of Cesaro means.

(b) We just have to compute

S, = k
nli_}rﬁlonVar (Z) = nh_)rgo <02 + 2; (1 — E) R(k))

0o n—1
k
2 9 i
=0 +2 kg_l R(k) —2 nhrﬁlo kg_l " R(k).

Define:

k n
oty = { 50 (<)

0 (k>n)

it’s clear that a,(k) — 0 (n — oo) for all k. Then we just have to use dominated
convergence to prove that this part goes to 0. Note that |a,(k)| < |R(k)|and |R(k)| is
absolutely convergente. So:

n—1 n—1 o0 >
: k :
fim > ) = Jim ) an(®) = fim D an(®) = 3 Jim an(h) =0
k=1 k=1 k=1 k=1
Then
lim n Var<&> =% +2 Z R(k)
n—o00 n =

Q4. (a) Let p, and v, two sequence of probability measure on R. and ¢, € (0,1) with ¢, — 0.
Prove that if p, — p in distribution, then (1 — €,)u, + €,4, — p in distribution.
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(b) Construct with the help of a) a sequence p, so that p, — p in distribution but
iy, o0 [ 2]dpn(2) # [ |2]du(a).
(c) Prove that if p1,, — p in distribution and sup,, [ 2*du,(z) = K < oo then

[ laldin() [ leldu(z).

/min{|x|,M}d,un(w) — /min{|x|,M}du($).

HINT: For all M prove that

and that
0 §/|az\dun(aﬁ) - /min{|x!,]\/[}d,un(x) < K/M.

Solution:

(a) Take f: R — R a continuous and bounded function

'/fd((l—enmnﬂnun)—/fdu’ < ’/fd,un—/fdu‘+6n /fdz/n—/fdun

< ‘/fdun—/fdu‘ 26 flle 0.

(b) Take ji, = do, i.e. u(A) = 1gocay and v, = d,. It’s clear that u, — o (it’s a constant
sequence), SO (1 — %) L + %Vn — 0p, but:

/|x|d ((1 - %) i + %un> (z) = %n —1£0= / 12|ddo ().

(c) We prove first both claims in the Hint. We know that min{| - |, M} is a bounded
continuous function. So it’s clear that

/ win{|z], M}dp(z) — / win{|z], M}du(z),
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and
[ laldun (@)~ [ min{jal, Mydy (o)
/(|x| M) 12> prdpin(z)
§/|x|1lx2Mdﬂn(x)

< \/ / 22dpuin () / o> dpin()
< \/E\//hx?zM?dMn(I)

<VEK+\/K/M?

— K/M

thanks to Cauchy-Schwarz inequality and Chebychev inequality. The above difference
is clearly non-negative.

By the monotone convergence theorem

[ mindlel. Mydute) "7 [ falduto

To finish, take € > 0, and M so that K/M < ¢, and that

\ [ mintlel, Myduta) ~ [ Ieldte

Take ng such that for all n > ny,

\ [ mintlal, Mydun (@) ~ [ mindlel, Mydu(o)| <

Finally,

] [ itdnn@) = [ el

\ [ teldate) — [ win{lel, My o

‘ [ mintlel, Mydut) ~ [ Isldte

<K/M + €+ € = 3e.

\ [ mindlel, M) ~ [ minflel, M)nta)

Since € is arbitrary we get the convergence.



