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9.1. Elliptic equations in non-divergence form

Apply Hélder’s inequality and the Poincaré inequality to verify that
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satisfies the conditions for the Lax-Milgram Lemma (Satz 4.3.3) in the space HJ ().

9.2. The reflection Lemma towards boundary regularity
If o € C°(R™), then (', x,,) = @(a', x,) — p(2/, —x,) satisfies ¢ € C~ N Hj(R?Y).

9.3. Horizontal derivatives
Given v € H*(R}) N Hy(R™:) and h € R\ {0}, let Dy u: R% — R be given by

u(z + he;) — u(x)

h ?
where ¢; = (0,...,0,1,0...,0,0) € R™ has the entry 1 at position ¢ € {1,...,n— 1}.
Show Dy, ;u € H(R') and prove that there exists a sequence hy, 2%, 0 such that

Dy, su converges weakly in H'(R") to some v € H'(R"%) as k — co. Then show

v € H}(R") and argue that v = 2.

Dhﬂ'U(fﬂ) =

9.4. Properties of the bilaplacian

(a) Prove ker(A?) = {0} to conclude injectivity. Apply elliptic regularity twice to
conclude surjectivity.

(b) Explain why the boundary terms vanish when integrating by parts.
(c) Exploit parts (a) and (b).

9.5. Weak solutions to the bilaplace equation
(a) By elliptic regularity, ||ul|g2q) < Cl|Aul|f..
(b) By definition, H}(Q) is a closed subspace of H' ().

(c) Apply the Riesz representation theorem in the Hilbert space (H?*(Q)NH(Q), (-, -))
to prove existence and uniqueness. Use problem 9.4 (¢) to prove regularity.

Need more hints?
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