D-MATH Functional Analysis Il ETH Ziirich
Prof. A. Carlotto Problem Set 3 Spring 2018

Part I. Survival kit

3.1. A closedness property &

Let I :=|a,b] for —oo < a < b < oo. Let uw € LP(I) and let (ug)ren be a bounded
sequence in the Sobolev space W1P(I) with |lu — Ukl oy = 0 as k — oo.

(a) If 1 < p < oo, prove u € WhP(I).

(b) Is the assumption p # 1 in part (a) necessary?

3.2. Fundamental solution of Laplace’s equation in two dimensions
Given a C'-function f: Q C R? — C, we define the functions 2L, 9L Q — C by
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Prove that the function £: R?\ {0} — C given by E(z) = 5= log|z| satisfies
(a) ( )= for j € {1,2} and any z = (21, z2) € R?\ {0}.
3% 2m | ’

(b) E € LlOC(R2) and ‘VE| € Llloc(RQ)'
(c) AE =6, in D'(R2), i.e. Vi € C(R?) : / EApdz = ¢(0).

oFE
(d) a() EfOrZ—l'l‘i‘ZfEQEC\{O}
2 01 )
Then prove —— = §p in D'(R?).

(e) For f € C*(R?;C) notice Af =4 0 e
ZT
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3.3. Linear ODE with constant coefficients %
Let I :=]a,b[ for —0o < a < b < co. Given f € C°(I), consider the equation

—u"+u=f in I. (%)
(a) Show that (*) has a weak solution w € Hj(I) which is unique in H}(I), i.e.

Fu € Hy(I) Yo e Hy(I): /u'gp’dx—i—/uapda::/fgpdx.
I I I

(b) Prove that the weak solution u from (a) is in fact a classical solution v € C*(1I).
(c) Given a, 3 € R and g € C°(I), deduce that the boundary-value problem
—v"+uv=yg in I,
{ v(a) =a, wv(b) =7

has a unique classical solution v € C?(T).
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3.4. Linear ODE with variable coefficients £

Let I :=]a,b| for —oo < a < b< co. Let g € CY(I) and h, f € C°(I). Assume that
g(z) > A >0 and h(x) > 0 for every z € I and consider the differential equation

—(gu) +hu=f inl, (1)

(a) Apply the Riesz representation theorem in a suitable Hilbert space to prove that
equation (1) has a weak solution u € H}(I) which is unique in the space H}(I).

(b) Prove that the weak solution u from (a) is in fact a classical solution u € C*(1I).

Part Il. Projects on Extension operators

3.5. Extension operators of first and second order (&'

Let 1 < p < 00. Recall from the lecture that a continuous linear extension operator
E: W' (Ry) — WY (R) can be constructed by “even” reflection on the axis {x = 0}.

Use “odd” reflection, i.e. point reflection in (0, u(0)), to construct a linear operator
E: W2P(R,) — W2P(R) satisfying

o Vu € W?P(Ry): (Eu)lg, =u almost everywhere in R .

e For every compact subset K C R there is a constant C' > 0 which is independent
of u € W?P(R) such that || Eullyemgy < Cllullyemg,)-

3.6. Extension operators of any order £

(a) Let k € N. Show that there exist ay,...,a; € R such that for any polynomial
p: R =R, p(z) = X84 pea’ of degree k — 1 and every = < 0, there holds

é% p(?) = p(z).

(b) Let 1 <p<ooand k € N. Let ay,...,ar € R as in (a). Prove that the map

u(z) for z > 0,

E:uw~— Fu, (Bu)(z) = zk:a.u<_$) forz <0
o

defines a linear operator E: WEP(R,) — W*P(R) which allows a constant C' > 0
such that for every u € W*?(R, ) and any integer 0 < a < k

1D (B o @y < ClD || o,
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