D-MATH Functional Analysis Il ETH Ziirich
Prof. A. Carlotto Problem Set 4 Spring 2018

The suggested time for this quiz is 90 minutes. It may be helpful to first work on it
without any aid (no books, notes etc...) and then get back, in a second phase, to the
more delicate questions with no time constraints and full references at your disposal.

Part |. Multiple choice questions

Find the right answers to the following questions and justify your choice. For each
question, there is exactly one correct answer given.

4.1. For what values of p is u: |—1,1] — R given by u(z) = |z| in W?(]—1,1[)?
(a) only for p=1.
(b) only for p=1and p = 2.

(d

)
(¢) forall p € [1,00[ but not for p = co.
) forall p e [l,00].

)

None of the above.

(e

.2. For what values of p is u: R — R given by u(z) = |z| in W'?(R)?
a) only for p=1.

b) only for p=1 and p = 2.

4
(
(
(

d) forall p € [1, 0.

)
)
(¢) forall p € [1,00[ but not for p = co.
)
) None of the above.

(e
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4.3. Let n € Nand By = {z e R": |z] < 5}. Given a € R, let un(z) = ’10g|x|‘ :
What is the set A, of all & € R depending on n such that u, € Wb 2(B%)7

72

A =R, Ay=]-o0,i, A,={0}ifn>3.

2

)
)
) A, =]—o00, 2 for any n € N.
) A, =]—00,0] for any n € N.
)

A, = {0} for any n € N.

4.4. Let n € N and By = {r e R": |z] < 3}. Given o € R, let ug(z) = ‘log]:c”a.
What is the set B, of all @ € R depending on n such that u, € WH*(B1)?

1
2

By ={0}, By=]-00,%[, B,=Rifn>3.

2

BlzR, BQZ]_OO,l[’ Bn:{O} 1fn23

2

(a
(b

(d

)
)

(c) B, =]—o0, 5| for any n € N.
) B, =]—00,0] for any n € N.
)

(e) B, = {0} for any n € N.

4.5. Let f(r1,22) = xysin(5;) + xosin(5;). Which of the following is true?
af

(a) . € Li. . (R?) exists as weak derivative.
4o
af
8252
02 f
(C) 61’18$2
(d) All of the above.

€ L .(R?) exists as weak derivative.

€ Li..(R?) exists as weak derivative.

(e) None of the above.
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Part Il. True or false?

Decide whether the following statements are true or false. If true, formulate a proof.
If false, provide a counterexample.

4.6. Let R, =]0,00[ C R. Any u € W'?(R,) has a bounded representative.

(a) True.

(b) False.

4.7. The weak derivative of any u € W'%(R, ) has a bounded representative.

(a) True.

(b) False.

4.8. Let I :=]a,b] for —oo < a < b < co. Then the boundary-value problem

{—u”—i—u’:f in I,
u'(a) =0 =1u'(b)

has at least one weak solution u € H'(I) for every f € C°(I).
(a) True.

(b) False.

4.9. Let I :=]a,b] for —oo < a < b < co. Then the boundary-value problem

" +u'=f inl,
{ u'(a) =0 =u'(b)

has at most one weak solution v € H'(I) for every f € C°(I).
(a) True.

(b) False.
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4.10. Let n € Nand B: = {z eR": |z| < 1}. Given a € R, let uq(z) = ’10g|x|‘
If «v is chosen such that u, € WLQ(B%), then u, has a representative in C’O(B%)

(a) True.

(b) False.

4.11. Let n = 1 and By = {r eR: |z] < 1}. Given o € R, let uy(z) = ’10g]9§|‘ :
If a is chosen such that ua € W?(By), then u, has a representative in CI(B%)

(a) True.

(b) False.

4.12. Let I =]—1,1[ and let u, v: I — R be given by u(z) = |z| and v(z) = (1—22)%,
Then uv € WH3(I).

(a) True.

(b) False.

4.13. The Cantor function on [0, 1] is absolutely continuous.

(a) True.

(b) False.

4.14.3C >0 Vue HY(0,1]) /|u| dx<c/|u’| dz.
(a) True.

(b) False.

b b 2 b—a)?
4.15. Let 0 <a <1 <b<oosuchthat [/(logz)dr =0. Then [;|logz|” dx < %
(a) True.

(b) False.
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