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3.1. A closedness property

(a) Given [ :=]a,b[ for —oo <a<b<ooand 1 <p < oo, let u € LP(I) and let
(ux)ren be a bounded sequence in WP (I) satisfying |Juz — ull oy = 0 as k — oo.

Let u) be the weak first derivative of uy. By assumption, the sequence (u})gen is
bounded in LP(I).

Case 1 < p < oco. In this case, the space LP([I) is reflexive and the Eberlein-Smulyan
Theorem applies: (u})ren has a subsequence which converges weakly in LP(I). Let
g € LP(I) be the corresponding weak limit and A C N the subsequence’s indices.
Since for any ¢ € C(I), the maps LP(I) — R given by f — [, fodz or by
f = — [; f¢' dz are elements of (LP(I))" and since ||ux — ul|;, — 0 implies uy ~ u,
we have by definition of weak convergence

B ' _ T _ / o / _
frus'as = Jam (= fpmg'as) = Jim ([ ko) = foots

for any ¢ € C2°(I). Hence, g € LP(I) is indeed the weak derivative of u € LP(I) and
u € WHP(I) follows.

Case p = co. Since L'(I) is separable, the Banach—Alaoglu Theorem applies: (u})zen

being bounded in L>(I) = (L(I))" has a subsequence (given by A C N) which
weak*-converges to some g € (L'(I))". For any ¢ € C>(]0,1[) c L(]0, 1]),

/ o . o / — . ! —
_/IWJ dr = Aal}gloo( /Iukgp dx) Aahkrgoo</l U P dx) /Iggo dx

follows as in part (a) with the only difference, that the last identity comes from
weak*-convergence rather than weak convergence. Hence, g € (L'(I))" = L>(I) is
indeed the weak derivative of u € L®(I) and u € WH*°(I) follows.

(b) The assumption p # 1 in part (a) is necessary. Consider I = |—1,1[ and
u = xpa[ € L*(I). For every k € N let ug: I — R be given by
uy

0, for —1 <2 <0,
up(z) = (ka, for0<az <4,

1, for % <z <1

Then, uy € WH(I) with [Jugl|,, =1 — 57 and [Jup]l, =

T k = 1. Moreover, there

1
k
holds |luy, — ul|;, = 5z — 0 as k — oo. However, u ¢ Wh(I), otherwise u would
have a continuous representative.

1
Remark. This is not a counterexample in the case p > 1, where ||u}||;, = (£57)» — oo.
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3.2. Fundamental solution of Laplace’s equation in two dimensions

(a) Given j € {1,2} and z = (x1,22) € R\ {0}, we have

1 1
E(z) = o log|z| = — log(:zf1 + z3),
oFE 2x; T
7@ = 7 = 2
Oz 47| z] 27| x|

(b) Since E is represented smoothly away from the origin, it suffices to compute

1 L 1
/Bl(o)|E| = 27T/o (—gz logr)rdr = _/0 rlogrdr = 1r*(1 — 210g7“)‘(1) v

/ |VE|d$—/ i da:—27r/ rdr=1
B1(0) B1(0) 27| 272

in order to conclude £ € L (R?) and |VE| € L _(R?).

(c) Let ¢ € C>(R?) be arbitrary and (r,6) € |0, oo[ X [0, 27 polar coordinates in R?.
Part (b) justifies the computation

. Iy
/RQ BApdr =lin [ EAgdr= g%( [ B do /RQ\BE VE . Vo dx>
1
:—/ VE-Vgpdx:——/ L Veds
R2 21 JRr2 |x|

1 2 001890 1 2
—?/0 / ~SErdrdd = %/0 0(0)do = (0).

(d) By definition,

aZ T al‘l Za[)fg N

47T|ZL‘|2 C 4mzz Anz

(e) Let f € C*(R?* C). Then, by symmetry of second derivatives,

T L R R

_ _ ~AF
0207 YA v o, ow,) T 0 Tz B

From part (d) we conclude

o1 O’FE
0zZrz 4azaz =AE =0
in D'(R?).
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3.3. Linear ODE with constant coefficients

(a) By definition, the space Hj(I) is a closed subspace of the Hilbert space

(HI(I),<',')H1>7 (u,v) g 1= /Iu'v'dx+/[uvdx.

In particular, (H& (1), (-, )Hl) is also Hilbertean. Given f € C°(T), the map

lp: Hy(I) > R, b(g) = [ f@)p(e) da

is a linear, continuous functional. In fact [(f(0)| < || fllzll¢llz < Ifll2llell g By
the Riesz representation Theorem applied in the Hilbert space (Hj (1), (+,-)m), there
exists a unique u € H}(I) satisfying

Vo € Hy(I) : /Ifgodx = L(p) = (u, )1 = /Iu’go’dx+/lug0dx. (1)

(b) Let u € H}(I) be the weak solution to the equation —u” 4+« = f in I found in
part (a). By (1), we have in particular

Vo e C(I) - —/Iu/gp'dx:/l(u—f)godx.

Hence, the function «' € L?*(I) has the weak derivative (u — f) € L*(I) and we
conclude v’ € H'(I). Therefore, v’ allows a continuous representative satisfying

W(x) =(a) + [ (u= f)(t)dt, (2)
Since u € HJ(I) allows a continuous representative and f € C°(I), the right hand
side of (2) is in C*(I). Finally, v’ € C*(I) implies u € C*(I) as claimed.

(c) Let g € C°(I). Let o, 8 € R and let vy € C*°(I) be given by
r—a
b—a

vo(x) = a + (8 — ).

Let f =g — vy € C°(I) and let u € H}(I) be the solution of —u” +u = f found in
part (a). By part (b), u € C*(I). Moreover, v := u + vy € C*(I) satisfies

—V"t+v==u"—vtutvy=—-u"+u+vg=f+vy=g,
v(a) = u(a) + uo(a) = up(a) = «,
v(b) = u(b) + up(b) = ue(b) = 5.
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To prove uniqueness, let & € C?(I) be another solution to the boundary-value problem
" +v=yg in [,
v(a) =a, v(b)=p.

Then, the function u := v — @ € C?(I) satisfies —u” +u = 0 with u(a) = 0 = u(b).
Moreover, since u = u” integration by parts yields

/u2da::/u”uda:: —/\u'[Qd:I:SO
I I I

which implies u© = 0 and hence v = v.

3.4. Linear ODE with variable coefficients

(a) Let I =]a,b[. Given g € C(I) and h € C°(I) we assume that g(xz) > A > 0 and
h(x) > 0 for every x € I and define the new scalar product

(u,v) := /I(gu/v/ + huwv) dx
for all u,v € Hj(I). By assumption,
(u,uy = /I(g /[ + h|ul?) do > )\/I]u’]2 dx
for any u € Hj(I). Moreover, using Poincaré’s inequality,
() < llglen [ da+ 1hlleo [ ful? da
< (llgllca + (b = aPhllco) [l da.

Hence, (-,-) is equivalent to the standard scalar product (u,v) Hi oL H}(I) given by
L /0
(w,v) gy = /Iuv dx.
Hence, (HL(I), (-,-)) is Hilbertean. Given f € C°(I), the map
4 Hy(I) > R 4(¢) = [ f@)pla)do

is a linear, continuous functional. In fact, [(;(¢)| < || f|l;2ll¢ll 2 < (b—a)HprHcpHH&.

By the Riesz representation Theorem applied in the Hilbert space (HJ (1), (-,-)), there
exists a unique u € H(I) satisfying

Vi € Hy(I) : /Ifsodx = ly(p) = (u, ) = /IQU’sO’ + hupdx (3)
which is equivalent to being a weak solution of the equation
—(gu) +hu=f inI. (1)
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(b) Let u € H}(I) be the weak solution to equation () found in (a). By (3), we
have in particular,

Vo e C(I) : /gu’go dx —/ hu — f)pdz.

Hence, the function gu’ has the weak derivative (hu — f) € L*(I) and we conclude
gu’ € HY(I). Therefore, gu’ allows a continuous representative satisfying

(9u)(x) @)+ [ (- (4)
Since u € H}(I) allows a continuous representative and h, f € C°(I), the right hand

side of (4) is in C'(I). Finally, gu’ € C'(I) and 0 < XA < g € C'(I) imply v’ € C'(I).
Hence, u € C*(I) as claimed.

3.5. Extension operator of first and second order
In order to extend u € W?P(R, ) by “odd reflection”, we define

7)) = /() for x > 0,

(Eu)(z) = u(z) for x > 0, 9(@) {ul(—x) for z < 0,
u)(x) = 2u(0) —u(—=z) forz <0, () for 2> 0
h(z) = { ) ;
—u"(—x) for x <0,

where we extended the continuous representative of u € W?2?(I) continuously at z = 0
to obtain the value u(0).

(Buw) u(w) = e

! T

Figure 1: Extension by odd reflection.

Then, (Eu),g,h € L} (R) because u,u’,u” € LP(R,) and because the constant
function x — 2u(0) is in LY (R). We claim that g is the first and h the second weak

loc

derivative of Fu. Let ¢ € C2°(R) be arbitrary. Then,

~ [(Bu)'dr = / | 2u(0) (@)~ u(-)g @) de [ )l (@) dr

= —2u(0)p(0) + / x)dr — /OOO u(z)y'(z) dx

:—/ dx+/ dx—/ggpd:z:
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which proves that g € Lt (R) is the first weak derivative of Eu. Since v’ € WhP(R,)
we know from the lecture that A is the first weak derivative of g. Hence,

/(Eu)ap” dr = — / (Eu)'¢ de = —/ g dx = / he dx
R R R R

proves that h € LI (R) is the weak second derivative of Eu and it follows that
E: W2P(R,) — WP(R) is well-defined. Let K C R be any compact subset. Then,
since by Sobolev’s embedding |u(0)] < [Jul[jec(r,) < Cllullyrsr, ), We may estimate

1 1
1Bull poaey < 20w(O)IK]7 + 2lull e,y < (2C1K17 +2) [ullwiog, -

With ||(Eu)/||LP(K) + ||(Eu)”||LP(K) < 2||u/||LP(]R+) + 2||u//||LP(]R+) < 2||U||W2,P(R+)7 we
~ ~ 1
obtain || Eullyam k) < Cllullyzsg, ) with constant C' = 2C|K|» + 4.

3.6. Extension operator of any order

(a) Let k € N. For m € {0,...,k — 1} and p(z) = 2™, we obtain the equation

k _\m kg
Ve eR Z%‘(.) =a™ & Yo L =(-1)"
j=1 J ]:1]
Equivalently,
11 1 1 a 1
1 1 1
P 3 @ s —1
L )2 () G2 | |es|=] 1
1oLyt (Bt (k) \ay (=D

The matrix A on the left hand side is a Vandermonde matrix. In particular,

detA= ] (1,—1)7Ao

1<i<j<k N b

which implies that a unique solution (ay, ..., ax) € R¥ to the linear system exists. By
linearity,
k
—x
Z a; p() = p(z).
=1 J

holds not only for monomials p(z) = 2™ with m € {0,...,k — 1} but in fact for
arbitrary polynomials of degree k — 1.
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(b) Let k € N be fixed and ay, ..., a; as in part (a). Given u € W*P(R, ), consider
(Eu) as given on the problem set and

@) i Du(z) for x > 0,
Yo = 5:1 (_;)O‘aj(Dau)(—T?) for z <0

for integers 0 < o < k. Then, (Fu) € LP(R) since u € LP(R,) and g, € LP(R) since
(D%u) € LP(R.).

k=4
k=3
k=2 u(z) =e*

Figure 2: Extensions (Eu)(x) of u(z) = e for k = 2,3, 4.

We prove by induction that g, is the a-th weak derivative of (Eu). For a = 0 we have
= Fu by construction. Suppose D*(Eu) = g, for some a < k. For ¢ € C*(R),

=52 (=3) " [0 (5 et e~ (=) as(D*0)0) ¢0)

+ [T g de + (D) (0) £(0)

k
= [ ez + (1= 35(=4)"; ) (D"w)(©) (0).

Since Y4, (—%)aaj = 1 was proven in part (a) (set x = 1 and m = «), the claim
Dt (Eu) = g,y follows. Hence, E: W*P(R,) — WH"P(R) is well-defined. Moreover,
for any integer 0 < a < k,

k

Z f. aJ (D% )(])
=
k

< [|1D%l L g, Z

1D (Ew)| oy < 1D o,y +

Lr(Ry)

JPHDQU”LP ®y) S Ck’pHDaUHLP (Ry)*
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