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6.1. Inextendible
Let Q =]—1,11*\ ([0, 1] x {0}) and let u: Q — R be given by

ry ifx;>0and xy >0,

0 otherwise.

u(zy, x9) 1= {

As shown in Problem 5.1, u € W1>(Q). Since Q is bounded, u € W'?(Q) for any
1 < p < co. Suppose, there exists an extension operator E: W1P(Q) — Whr(R?)
such that (Eu)|q = u almost everywhere in Q. Let Q :=]—1,1[> and v := (Eu)|o.
Then Eu € WH(R™) implies v € WH?(Q). Consequently, as shown in Problem 5.5,
(13 — v(z1,19)) € WIP(]—1,1[) for almost every z; € ]—1,1[. Moreover, since
[0, 1] x {0} has measure zero, v(zy, xs) = u(xy, z2) for almost every (z1,22) € Q.

Hence, there exists some fixed 21 € |3, 1[ such that (g: x5 — v(21, 22)) € WHP(]—1,1])
and such that g(zs) = u(z1, o) for almost every xo € |—1, 1[. By Sobolev’s embedding
in dimension one, g and hence xs — u(x;,z3) has a representative in C°(]—1, 1]).
However, since we chose x; > %, this contradicts discontinuity of

xp  for zo > 0,

0 for x5 < 0.

To > u(xy, T9) = {

6.2. Zero trace and H
(a) Step 1. The problem can be reduced to the following model case. Let
Q={r=(2",2,) eER"' xR: |2/| <1and |z,| <1},
Qi ={r=(2,2,) €Q: x, >0},
Qo={x=(2",2,) €Q: x, =0}

Let u € HY(Q) satisfy v = 0 in @ \ Q4. Then we claim au € Hy(Q,) for any
a € CHQ). Note that since « is compactly supported in Q, (au) extends to a
function in H'(R™) which allows mollification. Let 0 < p € C°(B;(0)) satisfy

supp(p) C {(',z,) € B1(0) : 3 < @, < 1}, / ( )pdm =1
Bi(0
and let p,,(z) := m"p(ma) for m € N. Then, ||p,, * (au) — (ou)|| ;1 — 0 as m — oo.

Moreover, if x = (2/,x,) € Q4 with z, < 7 then (ou)(x —y) = 0 whenever y,, > 7
because u vanishes outside Q). Hence, by choice of supp(p,),

(P s (@) (@) = [ puy) (aw)w—y)dy =0 if 2, < 4

which implies p,, * (qu) € C°(Q4) and therefore au € H}(Q).
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Step 2. Let Q C R™ be open and bounded with boundary of class C*. Since 9
is compact and regular, there exist finitely many open sets U;,..., Uy C R™ and
diffeomorphisms hy: @) — Uy, such that for every k € {1,..., N}

N
h(QL) = Uy N, hi(Qo) = Uy N 09, o9 c | Ur.
k=1

Furthermore, there exists an open set Uy C R" such that Uy C Q and  C Uévzo Us.

,,,,,

functions such that for every k € {0,..., N}

N
0<pr <1, supp(yx) C U, > orla =1.
k=0

Let v € H'(R") satisfy v(z) = 0 for almost every z € R™\ Q. By Satz 8.3.3,
vohy € HY(Q) for k € {1,..., N} and it satisfies vohy = 0in Q \ Q. By Step 1,
choosing o = ¢, 0 hy, we have v o hy, € HE (@) Let w™ € C=(Q..) be such that
Hw,(cm) — v 0 byl g,y = 0 as m — oo. Moreover, since supp(yo) C Up C €2, we
can approximate pgv by v(()m) € C°(9) directly using mollification. Then, we have

N
w™ = g™ + 3 (wy™ o byt € C(9Q)
k=1

and since v = Y0, ¢rv in Q by partition of unity,

N
||w(m) i UHHl(Q) < HU(()m) _ QOOUHHl(Q) + Zle(gm) o h;;l — SOkU’ HY(Q)
k=1

mM— 00,

——0

N
< o™ = ol o) + X Cllui™ — grv o HY(Q4)

k=1

which concludes the proof of v|g € H} ().

(b) Let Q =]—1,1]>\ ([0,1] x {0}) and let v € C®(R") satisfy u(z) = 1 if |z| < 3
and u(z) = 0if [z| > 3. Then u € H'(Q) and u(z) = 0 for almost every z € R™ \ (.
Towards a contradiction, suppose there exists a sequence of functions u,, € C°(Q2)
such that |[un — ul|g1q) — 0 as m — oo. Let @ :=10, 11> and Qo = 10, 1[ x {0}. By
Lemma 8.4.2 the trace operator T: H'(Q) — L?*(Qo) mapping T': u — ulg, is linear
and continuous. In particular,

m—r o0

| Ty, — TUHLz(QO) < Cllum — uHHl(Q) 0.

Since Qo C IQ implies Tu,, = uplg, = 0, we obtain u|g, = 0 in L*(Qp). This
however contradicts the fact that u(z) =1 for |z| < 1.

Consequently, the assumption that  is of class C'' cannot be dropped in part (a).
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6.3. Ladyzenskaja’s inequality
Sobolev’s embedding (in the case n = 2 = p) states that the space H'(R?) embeds
into LI(R?) for any 2 < q < oo, in particular for ¢ = 4. The Sobolev inequality states

3C <00 VYue H'(R%): [ull parey < Cllwll g gn)-
In this special case, we claim that the following inequality also holds.
Vue H'R?) : luljage) < 4llullzege IVl 7o),
Since C°(R?) is dense in H'(R?), it suffices to prove the inequality for u € C°(R?).
Let u € C°(R?) and (a:l,:UQ) € R?. Then,

= [ 2 s ] = | [ (s, 22) 2, )
ZL‘l,[L'Q = 83[,‘1 S IQ S| = U\S, Ty axl S,T9 S

< 2/ lu(s, z2)||Vu(s, z2)| ds.
R

Analogously,
(21, )] < 2/R\u(m1,t)]|Vu(a:1,t)\ dt.
Hence, by Fubini’s theorem and the Cauchy—Schwarz inequality

’|U|‘i4(R2) - /R/R|u(x1,$2)\4dx1 dry = /R/R‘u2(xl?$2wu2(l‘1,xz)]dx1 ds
<2 [ ([ Iuts, 22 Vu(s, 2)lds) [ u(rr,22)| ey
R \JR R

< 4/R</R]u(s,wQ)HVu(s,xg)]ds)dmg/R(/R\u(xl,t)HVu(azl,t)|dt>da:1

2
2 2
B 4(/ﬂ%2|u‘|vu| dx) = 4||UHL2(R2)HVUHL2(R2)'

6.4. Non-compactness

Let n € Nand 1 < p <oo. Let u € C2°(R") satisty [lul[y1gn) = 1. For any k € N,
let u(x) = u(x + ke1), where e; = (1,0,...,0) € R". Then [Jug||yy1.p ey = 1 for every
k € N. Towards a contradiction, suppose that the embedding W'?(R") — LP(R") is
compact. Then the sequence (u)ren allows a convergent subsequence in LP(R™), i.e.
there exists an unbounded set A; C N and some v € LP(R") such that |lux —v|[;, = 0
as A1 2 k — o0o. Hence, there exists another subsequence denoted by Ay C Ay such
that ug(x) — v(z) converges pointwise as Ay 3 k — oo for almost every z € R".
However, since the support of u is a bounded subset of R", we have pointwise
convergence ug(z) — 0 as k — oo for every # € R". Therefore, v = 0 almost
everywhere. A contradiction arises from

A3k
0< ||u||LP(]Rn) = ||uk||LP(Rn) 1—_>OO> ||v||Lp(Rn) =0.

last update: 12 April 2018 3/5



ETH Ziirich Functional Analysis Il D-MATH
Spring 2018 Solution to Problem Set 6 Prof. A. Carlotto

6.5. Compactness

(a) Let n € Nand 1 < p < n. Let Q C R” be of finite Lebesgue measure. Let
(ur)ren be a sequence in Wy (Q) satisfying [urllyyroqy < Ci for every k € N. In

particular, u; € Wy (Q) can be extended by zero to a function @, € W?(R™). Thus,

g || 1.0 eny < C1 for every k € N. Since 1 < p < oo, the space W1P(R") is reflexive
Wp(Rm)

and there exists a subsequence (Uy)rep,cny converging weakly to some v € W1HP(R™).

For any R > 0, the embedding W'*(Bg) < LP(Bg) is compact. Hence, a subsequence
(k| ) kernca, converges in LP(Bg). Restricting to nested subsequences for each
R € N and choosing a diagonal sequence, we find Ay C A; (independently of R)
such that (ux|p,)kenr, converges in LP(Bg) for any R € N. Moreover, the limit must
coincide with v|p, by uniqueness of weak limits: both, weak convergence in W? and
norm-convergence in LP imply weak convergence in LP.

We claim that [|@, — v|| (g, — 0 as Ay 3 k — oo implies that [juy — v[| ) — 0.

If p < n, then Sobolev’s embedding W'#(R") — L (R") with - =

/ \ukv’dx:/ lun|? d
R"\Bp Q\Br
b

< ( / " d$> ’ ( / 1» dx) (Holder’s inequality)
O\Br O\ Br

< ([ Jml” dz) 10 Bal*
R’I’L
< Cop IVUR |70y 12\ Brl™ (Sobolev’s inequality, p < n)
< ChypCh|2\ Bg|™.
If p = n, then Wh*(R") — LI(R") for any n < ¢ < oo, in particular for ¢ = 2n. Thus,

/ mk\"dw:/ g |™ dx
R™\Bp N\Br

l o l . .
> T implies

3z

— 12n % 2 % . I .
< ( / [a| dx) ( / 1 dq;) (Holder’s inequality)
O\Br O\Br
< ([l dr) 10\ Baft
R”l
< Chp ||Ek||;”vl,n(Rn)|Q \ BR|% (Sobolev’s inequality, p = n)

< C,,C1|Q\ Bgl?.

The same estimates also hold for v € WH(R") in place of ;. Let € > 0 be arbitrary.
Since || < oo, the estimates above imply that there exists some R. € N such that

Vk e N: HﬂkHip(Rn\BRs) <é&, HUHip(Rn\BRE) <E.
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Moreover, as shown above, there exists N. € N such that |[u, — v||’£p( By < € for
every Ay O k > N.. The claim follows from

lur = 0l Lo0) < 1k = 0l Lo@ny = 10k = 0l Lo @m gy + 1Tk = vllZo(s,,)
_ P
< (el @) + 1ollo o))+ 18 = 0l
< (2P 4+ 1)e.
Hence, the embedding W, ?(Q) < LP(Q) is indeed compact.

(b) The embedding W?(Q) — LP(Q) is not always compact if Q C R" is of finite
measure but unbounded. An example for n > 2 is the domain 2 C R” given by

Q:= |J Bi(mey), Q] = |Bi| > m™" < o0,
m=2 " m=2
where e; = (1,0,...,0) € R™. Let uy, = k%XBl (ke1)- This function is constant on the
E

k-th connected component of 2 and zero on the rest of Q. Hence, u;, € W'P(Q) with
||Uk||€vl,p(9) = ||Uk||ip(9) = |B%|k‘n = |Bi| VEk > 2.

Suppose, there exists a subsequence (uy)ren, cn converging in LP(§2) to some v € LP(Q).
Then there exists a subsequence (ug)repr,ca, Such that ug(x) — v(z) pointwise as
Ay 5 k — oo for almost every = € 2. By construction however, uy(z) — 0 as k — oo
for every x € 2. Hence, v = 0 almost everywhere. A contradiction arises from

A13k—o0
0 < flukll oy == V]| ooy = O-

U2

g2

x
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