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7.1. Completeness of Campanato spaces

Let (ug)ren be a Cauchy sequence in the Campanato space (LPA(€2), [l zorey)- In
particular, (ug)ren is a Cauchy sequence in the space (LP(Q), |||l 1)) which is
complete. Hence there exists v € LP(£2) such that

Jim [Juy, — vl 1) = 0.

It remains to prove v € LPA(Q) and klim [u — v]eon = 0. Let zp € Q and 0 < 7 < 7.
— 00

Since by Holder’s inequality

, p
‘(um)wo,r - Uxo,r‘ =

][ Uy — vdx §][ |ty — 0|7 dz =% 0,

QN By (z0) QNBy(zo)

we conclude that (ty, — (Um)zy.r) converges to (v — vy, ) in LP(Q2N B,.(xg)) as m — oo.
In particular,

_2A . _2
ror ||U - UmO,THLP(QﬂBT(xO)) = nlbgnoor P ||um (um>zo,r||LP(QmBr(mO))

< lim sup|t,) g - (1)
m—00
Since (U, )men being Cauchy in £P*(Q) implies that (1) is finite, and since zy € Q
and 0 < r < 1y are arbitrary, [v]z»» < oo follows. Hence, v € LP*((Q).

Let € > 0. By assumption, there exists V. € N such that [u, — up]n < € for all
n,m > N, which implies that for every xq € Q and for all 0 < r < ry and n,m > N.

2
r r Hun - (Un)xo,r - um + (um)IOvT”LP(QﬁBT(xO)) < E. (2)

As in (1), we may pass to the limit m — oo in (2) and obtain

_2
ror ||U’n - (U’n)l‘o,’r‘ —v+ /I}ZO7T||LP(QOB7»($0)) <é€ (3)

for every n > N.. Since g € © and 0 < r < ry are arbitrary, we conclude
[y, — v]ppr < € for every n > N.. Since ¢ > 0 is arbitrary, [|u, — v||x — 0 as
n — oo follows.

7.2. Vanishing weak gradient

Let 1 < p < oo. Let u € WHP(Q) satisfy Vu = 0 € LP(Q2). Since Q C R" is connected
and bounded of class C, there exists gy > 0 such that . := {z € Q : dist(z,0Q) > ¢}
is connected for every 0 < ¢ < gp. Fix 0 < &1 < g9 and let p. € C°(B.(0)) be a
standard mollifier for 0 < € < £1. Then the mollification u. = u * p. is well-defined
and smooth in )., and satisfies Vu. = 0 in ()., classically, i.e. u. is constant in )., .
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Moreover, ||u — u€”L1(Qsl) — 0 as € — 0 implies that the constants u.|o, converge:

ue— |
Q

Since ||u — u.|| Li(o.,) — 0 implies pointwise convergence almost everywhere on a

uda:‘:’][ ug—udx‘gj[ \ua—u|dxﬂ>0.
0., o

€1

subsequence, we obtain u(zg) = fo., wdz by uniqueness of limits for almost every
xg € §).,. Letting 1 — 0 completes the proof.

Remark. The statement generalises to arbitrary connected, open sets €2 C R".

7.3. Holder continuity of functions in W?2n

Let 0 < a < 1 be arbitrary. Let u € W2"(R™). Then u and d;u are in WH"(R") for
any j € {1,...,n}. Forany n < p < oo, especially for p = :"-, we have the embedding
Win(R") < LP(R"™). Hence, u and d;u are in L= (R") for any j € {1,...,n}, which
shows u € WhTa (R"). We conclude via the embedding W' s (R") < C%*(R™).

7.4. Uniform bounds on functions in W™!
Let u € C°(R") and let © = (21, ...,2,) € R™ be arbitrary. Then,

1 Qu
w(wy, ..., x,) = 87(81,5E2,--~,$n)d81
- 1
T 9 a2u
:/ / (S1,82,Tg, ..., xy,) dsyds;
—o0 J—00 81’281’1

1 Tn 0"u
:/_OO.../_OOM(sl,...,sn)dsn...dsl,

o0 o0 o"u
= |u(2)| S/_m.../_m‘w(sl,...,sn) dsn .. ds1 < [[ullyyns -
Since z € R™ is arbitrary,
Vu e CFR™) : [ull pee(rny < Ml g (4)

follows. The inequality (4) remains true for arbitrary v € W™!(R") by density of
Ce(R") in W™Y(R"). Indeed, given u € W™ (R"), let (ug)reny be a sequence in
Ce°(R™) such that [Jug — ullyynagsy — 0 as k — oco. Since inequality (4) implies
[ue = | oo gy < [l — Wi llyyrna oy the sequence (ug)ren is Cauchy in L>(R") and
hence convergent to some v in L*°(R™). In particular, uy(x) — v(x) converges point-
wise for almost every z € R" as k — oco. Moreover, since [luy — ul[pngn — 0
implies pointwise convergence almost everywhere on a subsequence, v = u al-
most everywhere follows by uniqueness of limits. Passing to the limit £k — oo
in {Jug]] oo gny < ko gny proves the claim.
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7.5. A variant of the Poincaré inequality

Let Q C R™ be open, connected and bounded of class Ct. Let u be the Lebesgue
measure on €. Let 1 < p < oo and a > 0. Towards a contradiction, we assume that
there exists a sequence (uy)ren in WHP(Q) such that for every k € N

p{r € u(e) = 0}) >« [kl Loy > FIVurll oy ()

ithout loss of generality, we may assume ||ug||;,q = 1 for every k € N, erwise
Without 1 f lit o(q) = 1 fi k € N. Otherwi

we replace ug with ||u|| (o Uk Which preserves both inequalities (5). As a consequence,
lwkllpim@ <1+ & for any k € N which shows that (u,)ken is bounded in W1P(€).

The Sobolev embedding W'?(Q) — LP(Q) is compact for any 1 < p < oo. In the case

1 < p < n, compactness holds because p < p*. In the case n < p < oo compactness
holds because WP(Q) — W"(Q) — LP(Q), where the second embedding is compact
(Korollar 8.5.1) and the first embedding continuous by Hoélder’s inequality.

Hence, there exists a subsequence (uy)reacy and some v € LP(Q) such that

Aalggooﬂuk - U||Lp(ﬂ) = 0.

Moreover, convergence in L? implies that there exists a subsequence (uy)gearca such
that ug(z) — v(z) converges pointwise for almost every = € 2 as A’ 5 k — oo. Since
IVukl 1oy = 0 as k — oo by (5) and since the space W1P(Q) is complete, we have
v € WHP(Q) satisfying Vo = 0 which according to problem 7.2 implies that v has a
constant representative. (Here it is crucial that €2 is connected.) If we prove

p{z € Q:v(x)=0}) >a>0,

then v = 0 would follow which would contradict Vk € N [lug|[;5q) = 1. Let

An= U {reQ:ulz)=0},

ke k>m

oo
A=) An.

m=1

Then, A; D Ay D A3 D ... and since pu(A;) < u(Q) < oo and u(A,,) > o we have
p(A) = lim p(Ap) > o

m—o0

Since we have pointwise convergence ug(z) — v(x) as A’ 3 k — oo for almost every
x € A and since by construction, ug(z) = 0 for infinitely many k£ € A’ and every
x € A, we conclude v(z) = 0 for almost every = € A. Therefore,

p{r € Q: v(r) =0}) = u(d) = a.
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7.6. Explosion of the Poincaré constant
For k € Nlet Q) = Q. UA,UQ_ and u: 0 — R be given by

Q+ =11,3[x]-1,1], L, if (z1,22) € Qy,
Ay = [_17 1] X ]_%7 %[7 u(x17x2) =371, if (xth) € Ay,
Q- :]—3,—1[><]—1,1[, =1, if (zq,29) € Q_.

Since u is Lipschitz continuous, u € W*(Q) and because  is bounded u € W?(Q)
for any 1 < p < oco. Moreover, ug, = [, udr =0 and

4
/ |u—qu|pdac:/ |ul” dz > 8, / [VulPde = | 1dx = —.
Q Qp, Qi Ay k
<

C( )i

Combining these two facts with the assumed Poincaré inequality, we have 8
Therefore, C(€) > 2k — oo as k — 0.
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