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9.1. Elliptic equations in non-divergence form
(a) Given u,p € H}() let

ou Oy 8@13 ou
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<pdx—|—/ cupdz.

i,7=1

Then, with some unspecified constant C' < oo depending only on a;;, ¢ and §2,
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where we used that [la;||c1 ) and [|c[[o are finite for every 4,5 € {1,...,n} and
applied the Poincaré inequality: [[¢]| ) < C||V90HL2(Q) and [[ul| j2(q) < C||Vu||L2(Q :
Moreover, ellipticity implies the following lower bound for the first term of B(u,u).

ou Ou
/Z %y e > [ AVudo = A|Vull}sgq
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Since u € H} () we may integrate the second term of B(u,u) by parts with vanishing
boundary terms to obtain

da; O _ da;; Ou _ (92611]
Z / 0x; 81’] ude = Z / ox; &’L’] N Z / 8%8951

1,7=1

Under the given assumptions on a;; and ¢, we conclude
2
B(u,u) = A|Vull72q)

Therefore, the Lax-Milgram Lemma (Satz 4.3.3) applies to B: Hj(Q) x H}(2) - R
and (by Korollar 4.3.1) we obtain a unique u € H}(Q2) such that

Vo € HY(Q):  Blu, ) :/fgpd:v.

(b) If ue C*(Q) N H(Q) is a classical solution of —Lu + cu = f and ¢ € H}(Q),

n 0%u
dr = — / LAY / d
/chp T Z Qajazi&vjw T + chcp T

— i d / dz = B(u, ).
”2:1/ ]83:] 6351 Ox; 8xj(’0 T , Chear (u, p)
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9.2. The reflection Lemma towards boundary regularity
Given f € L*(R%) let u € Hy(R") with supp(u) CC R™ be a weak solution to

—Au=f inR].

We introduce the notation

ou ou
= («,2,) €R™' x R y = ( . )
r= (2, x,) € x R, V'u 9z, ’&L’n,l’o
and define
_ (', x,) if x, > 0, - fl@ x,) if , > 0,
u(z) = , . flz) = , .
—u(z',—x,) ifx, <0, —f(o, —x,) ifx, <O.

Since u € Hj(R") has compact support in R”, the extension @ via odd reflection is
in H'(R") (compare Problem 3.5). Let ¢ € C>°(R™) be arbitrary. Then,

Vu-Vedx

R

= | Vu(d z,) Ve, ) — Vul z,) Vel —z,)de

RY
ou Op ou dp
+ — (2w — (2 1) + — (2, 1) —— (2, —x,) dx
/R;Lr oz, oz, oz, ox,,
= Vu(x) V((p(w', T,) — @, xn)) dx
R%
= Vu - Vi dz,
R%

where (2, z,) = p(2', x,) — (2, —x,,) satisfies Y¥(2/,0) = 0, i.e. ¢ € C° N H(R?).
Because u is a weak solution to —Awu = f in R} by assumption, we have

Vu-Vide= [ fida

+
= / fod.
Rn

Since ¢ is arbitrary, if follows that @ € H'(R") is a weak solution of —Aw = f in R".

R}
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9.3. Horizontal derivatives
Given u € H*(R) N Hy(R"%) and h € R\ {0}, let Dy, ;u: R} — R be given by

u(x + he;) — u(x)
h Y
where e; = (0,...,0,1,0...,0,0) € R has the entry 1 at position i € {1,...,n — 1}.

Dy, u(z) =

The translation by he; is an isometry of H'(R'}) and carries C2°(R”:) into itself, so it
carries its closure Hg(R" )into itself. Therefore, u € Hj(S2) implies Dy, ;u € Hj(R™).

According to Satz 8.3.1.iii) the assumption v € H*(R") implies

1C < oo YheR"\{0}: ||Dnul;n <C.

Hence, there exists a sequence hy, k2% 0 such that Dy, ;u converges weakly in A 1(R1)
to some v € H'(R") as k — oo. Since Hj(R"}) is a closed subspace of H*(R"), it is
weakly closed. Therefore, v € Hg(R"). Moreover, for any ¢ € C2°(R") there holds

/ vpdr = lim ulx + hes) = ulw) o(x) dx
R? k—o0 JR™ Iy
1
= klggo i (/Ri u(x + hie;)o(x) de — /Ri u(z)p(zx) dx)
) 1
= Jim ([ ulw)ely — e dy — [ ul@)p(a) de)
—oo fy, \Jrn R?
= — lim u(x)gp(x) — ¢z = hies) dx
k—oo JR? hy,
=— U O dz.
r? O,

By definition of weak derivative,

Fe = v e Hi(RY)

and the claim follows.
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9.4. Properties of the bilaplacian
Let €2 C R™ be open and bounded with smooth boundary and

Z:={ue H(Q)NHy(Q): Au e Hy(Q)}.

(a) Since the bilaplacian A?: = — L?(2) is linear, it suffices to prove ker(A?) = {0}
to conclude injectivity. Let u € = with A?u = 0. By definition of =, we have

vi=Au € H*(Q) N Hy(Q).

Moreover, Av = 0 combined with the elliptic regularity estimate (Satz 9.1.2) implies
v = 0. Repeating the same argument for Au = 0 yields u = 0 and proves ker(A?) = 0.

To prove surjectivity, let f € L?(2) be given arbitrarily. Let v € Hj () be the weak
solution to Av = f in Q. By elliptic regularity, v € H*(Q2). Let u € H(2) be the
weak solution to Au = v. Then, by elliptic regularity, u € H*(Q2). Consequently,
u € Z. Since A%u = f by construction, surjectivity of A?: = — L?*(Q) follows.

(b) Given f € L*(2), let u € = satisfy A?u = f. Let ¢ € = be arbitrary. Then,
VAyp € L*). Since u € H(Q), the trace theroem (Satz 8.4.3) implies that
ulaq € L*(09) is well-defined and vanishes according to Korollar 8.4.3. Analogously,
since Ay € H}(Q) by assumption, (Av)|sq = 0. Hence, we may integrate by parts
twice with vanishing boundary terms to obtain

/ u pde = —/ Vu-VApdr = / AuApdz. (%)
Q Q Q

Since the right hand side of (x) is symmetric in u and ¢ we may switch the roles of
u, p € = to also obtain

/ OA*udr = / AuApdr = / uA*p dz.

Q Q Q

Since ¢ € = is arbitrary, the claim follows by substituting A%u = f.
(c) Given f € L*(Q), let u € L*() satisfy

Vo e = / uA*p de = / fodx. (1)
Q Q
According to part (a), there exists v € Z such that A%v = f. Moreover, by part (b)
Vpe=: /vAzgpcM:/fgoda:.
Q Q

Therefore, using again bijectivity of A?: = — L?(Q) as shown in (a), we have
Voe=: /Q(u—v)A2<pdx:O PN Vi € L*(Q) /Q(u—v)wdxzo.

Hence u — v = 0 in L?(2). Therefore, u = v € Z as claimed.
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9.5. Weak solutions to the bilaplace equation
Let €2 C R™ be open and bounded with smooth boundary.

(a) The map (-, -): (H2(Q) N HH(Q)) x (H*(Q) N HL(Q)) — R given by
(u,v) := /QAuAU dx

is symmetric and bilinear by definition. Moreover, by the elliptic regularity estimate
(Satz 9.1.2), there exists a constant C' < oo such that for every u € H*(Q) N HY(Q)

2 2
(u,u) < (u, w)m2i) = [|ull bz (q) < CllAul[12(q) = Clu, ).

In particular, (u,u) > 0 and (u,u) = 0 < u = 0; hence (-, -) defines a scalar product
and (-,-) is equivalent to (-, ) g2

(b) Since © is bounded, convergence in H?(2) implies convergence in H*({2). Since
H () is closed in H(€), we obtain that H?(Q) N H}(Q) is closed in H?(£2). Hence,
(H?(Q) N HY(Q), (-, -)) is a Hilbert space.

(c) Let f € L*(Q). Then the map H?*(Q) N H} () — R given by v — [, fvdzx is
a continuous linear functional. By part (b) we may apply the Riesz representation
theorem to conclude that there exists a unique u € H?*(Q2) N Hy () satisfying

Yo € HA(Q)NHH Q) (u,v) :/ fvdx.

Q

In particular, for any v € Z:= {u € H*(Q) N HJ(Q) : Au € H}(Q)},

/ uN*v dx = / AulAv = /fv dz.

Q Q

Hence, u € = according to problem 9.4 (¢) and

/Q(AQU)UCZ.T:/QUAZUd$:/fde

for any v € C°(Q2) which implies A%u = f.
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