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Part |. Multiple choice questions

10.1. Let B; C R* be the unit ball and let f € H*(By). Let u € H}(B;) be a weak
solution of —Au = f in B;. What is the minimal value of k£ € N that guarantees u to
be a classical solution in C%(By)?

(a) k=1
(b) k=2

vV () k=3
(d) k=4
(e) None of the above.

By elliptic regularity, u € H**2(B;). With p = 2 and n = 4 we have k+2—3 =keN.
Hence, u € C*(By) if k=2+1=3.

10.2. Let B; C R" be the unit ball and let f € H*(B;) for some k € N. Let
u € H&(Bl) be a weak solution of —Au = f in By. Then u is always bounded in B;
provided

(a) n>%+1

(b) n>2k

d) n<2k+4

Vv

)
(¢c) n<4dk+2
(d)

) None of the above.

(e

By elliptic regularity, u € H*"?(B;). This space embeds into C°(Q) if 2(k + 2) > n.

last update: 11 May 2018 1/12



ETH Ziirich Functional Analysis Il D-MATH
Spring 2018 Solution to Problem Set 10 Prof. A. Carlotto

10.3. Given f € L (R"), let u € H. (R") be a weak solution of —Au = f in R".
For what a, 8 € R is the following statement true? (with C' independent of u)

30 <00 VYR>0: /BR|Vu|2dx < C(R‘“/BQR|u|2dx+RB/BQR|f|2dx>.
(a) a=2and =2
(b) a=—-2and =2
(¢c) a=2and f=-2
(d) a=-2and g =-2
(e) None of the above.

By elliptic regularity, we have u € H?(Bag). Let ¢ € C°(Byg) satisfy 0 < ¢ < 1 and
¢lp, =1 as well as |V| < 2. Then, ¢ = ¢? satisfies |Vy|* = 4¢?|V¢|* < ¢ and

/ \Vul*p dx
Bar

=— uVu-Vgoda:—/ upAu dx

Bop Bagr

(/BZR’ \2|Vso| ) (/ ‘Vu|290dx>é+(/B2R|u|2dx)%(/Bm%02|f|2dx>é

<16/ uf? d + / Valpds+ o [ ||2d+R2/ f12d
= 5R2 u i u| Y ax OR2 u T 232R Z.

Hence, by absorbing the gradient term,
/ \Vul? dz < / \Vul|*¢ da < 17R_2/ |u|® dz + Rz/ | f|? da.
Br Bar Bap Bar

For any a@ # —2 we can construct a counterexample. Let u(xl,xg) = xz;. Then
Au=0=: f and |Vu| = 1. Moreover, for any R > 0

2R 9
RO‘/ uf dz < Ra(zR)“—l/ o doy = SRO(2R)? < o, Bl R
Bar

—2R

Therefore, the statement requires C' > éR_%O‘ which blows up as R — 0 if a > —2
or as R — oo if @« < —2. Hence, a = —2 is the only possible choice.
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Suppose the statement also holds with a = —2 and some 3 # 2. Given u € C*(R"),
let @(y) = u(%). Then,

@ de= [ ju)PRdy= R [ )Py,
/ \vu ) d:v—/ (Vu)(L)*R™ dy:R“/BR\vu(y)y dy,
Jau@Pdr= [ (@u)@PRdy =R [ da) dy

Hence we obtain
/ Vul*dz = RH/ Vil dy < CR*"/ ]a\QderCR'B”’”/ IAG dz
B1 BR B2R B2R
- 0/ |u|2dy+035—2/ |Aul? dz
B2 BQ
If 8 >2 welet R— 0andif § <2 we let R — o0o. In both cases we obtain

3C < 00 Yu € C*(R") : /|Vu| d$<C/ lul? dy

which is clearly false: take u(z) = sin(kz;) for sufficiently large & € N. Hence, § = 2
is the only possible choice.
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10.4. Let Q CC € CC R" be smooth domains. Let A(€2) respectively A(€)') be the
corresponding first (smallest) Dirichlet eigenvalue for —A in € respectively €. Then

a) AQ) < AQ)

b) Q) < A\() and equality may occur

()

(

(b)  A(©)
(c) M) > \Q

(d)  A(R2) > A(Y) and equality may occur
(e) None of the above.

The first Dirichlet eigenvalue of €2 is given by the infimum of the Rayleigh quotient:

fQ’VUF dx

AQ) =
1) veHi(Q)  [o|v| dx

Suppose, v € H}(Q2). Then we may extend v by zero to v € H}(€') in order to obtain
a competitor for A(©?'). Consequently, A\(2) > A(€Y).

Suppose, A(2) = A = A(€) for some domains Q CC ' CC R". Let u e H}(Q)\ {0}
satisfy —Au = \u in Q and let ©w € Hj (') be its extension by zero. Then,

Jo|Va|® da B Jo|Vul® dz _ g Jo| V| dx - Jo | V0| d

Jolalde — Jolufde  veri®@ [lv]*da veH Q) [ |v)* dx

Recall from Problem 5.6 that |u| = uy +u_ € H}(Q) with |V|a|| = |Vu| almost
everywhere. Hence, |@| also minimises the Rayleigh quotient. Consequently we have
—Ala| = Az in € and [@| is smooth by elliptic regularity. Moreover, since [u| is
supported in Q CC €, the gradient of [u| vanishes along 9§’ such that

0:—/ A\ﬂ|dx:/\/\ﬂ|dx.
Q Q

Hence A = 0 which implies (via the Rayleigh quotient) that [@| is constant. Due
to the Dirichlet boundary conditions, this constant must be zero, so @ and hence u
vanish identically in contradiction to our assumption.
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10.5. In which domain 2 is the following differential operator uniformly elliptic?
Lu = ”22::1 ai <aijg;j>, (i1, 22)) = (ﬁ i ﬁ . le 1:2)
(Here, By(p) = {z € R? : |z — p| < 1} denotes the unit ball around p € R?.)
(a) Q=D5((0,1))
( Bi((1,0))
Q= By((0,-1))
(=1,0))

None of the above.

b)
()
(d) Q=B
(e)

Since det(a;;) = 2% + 23 — (21 +x2)* = —2x115, one of the eigenvalues of (a;;) vanishes
at the center of each of the given domains.
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Part Il. True or false?

10.6. Let B; C R? be the unit ball. Then, there exists a unique u € C*(B;) N Hy(B;)
satisfying Au = —1 in Bj.

(a) True.

(b) False.

The equation —Awu = 1 has a unique weak solution u € H}(Bj). Since both, the right
hand side and the domain are smooth, elliptic regularity yields u € C*(By).

10.7. Let © C R™ be open. Let L be uniformly elliptic and bounded in divergence
form with smooth coefficients. If u € Hi () is a weak solution of —Lu = f and
fe L. (Q),then ue HE.(Q).

(a) True.

(b) False.

The proof of the interior regularity estimate uses only local properties.

10.8. Let €2 C R™ be open and bounded of class C*°. There exists m € N such that
the embedding W*?(Q) < C™(Q) does not hold for any k,p € N.

(a) True.
(b) False.

Let m € N be arbitrary. If k— % > m, then the embedding WHEP(Q) — C™(9) holds.

10.9. Let €2 C R™ be open and bounded of class C*°. For sufficiently large k,p € N
the embedding W*?(Q) < C* holds for any ¢ € N.

(a) True.
(b) False.
WHFP(Q) does not embed into C*(2).
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10.10. The three smallest Dirichlet eigenvalues 0 < A1, Ag, A3 of the Laplacian —A
on the rectangle D =10, 7| x |0, 37| C R? are

)\1:1, )\2:%3, )\3:2
(a) True.
(b) False.

By elliptic regularity, weak solutions u € HJ(D) of —Au = Au are smooth. (The
rectangle D is not of class C'* but in this case, one can argue that by iterated reflection
in both z- and y-directions one gets a smooth bi-periodic solution on the plane.)

First we solve the corresponding one-dimensional boundary value problem:

—p" = i 07 )
{ o= pp 07l = ¢i(z) = sin(kx), = k2

o(x)=0  for x € {0,7},

Since (g )ren is an orthonormal basis of L?(]0, 7[), we have

u(r,y) = i V;(yo)wj(x)

j=1
at any fixed yo € |0, 37[. Formally we compute

oo

D oMo = du = —Au =Y (=jp; — ;) =D (=] o; + pve;5)
j=1

j=1 j=1

multiply by ¢ and integrate in x to arrive at the boundary value problem

" :
Y = ()‘ - Mk)qu)k m ]07 37T[a . n?
= Yrnly) = =), (A= = —.
Lo o for y € {037}, V@) T Ao =
This formal computation suggests that the eigenvectors and eigenvalues of —A are
2
U (2, ) = sin(kx) sin(zny), Men = k2 + %, n,k eN

and that they are the only ones, namely that if —Au = Au, then u is a linear
combination of the finitely many uy, with A\i,, = \. Indeed, assume that u is L>-
orthogonal to them and still satisfies —Au = Au. Then u is also L2-orthogonal
to every other wug, as eigenvectors for different eigenvalues are orthogonal. Being
orthogonal to all ug, implies u = 0 as {ug, : n,k € N} is a Hilbert basis of L*(D).

Since k,n > 1, the first three eigenvalues are

)\11 = 57 )\12 = ?a /\13 = 2.
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10.11. Let Q C R™ be open and bounded. Let f € L*(Q). Let u € H'(Q2) be a weak
solution of —Awu = f. Then, for any Q' CC Q, there exists a constant C' < oo which
depends only on the pair ©, Q" (but not on u nor k) such that

Yk ER: / |Vu|2dx§C(/|u—k|2dzx+/|f|2dm>.
Q/ Q Q

(a) True.
(b) False.

Given Q' CC Q, let ¢ € C*(Q2) be a cut-off function satisfying 0 < ¢ < 1 and
¢lor = 1. Since u € H'(Q) is a weak solution of —Au = f, we obtain

/ Vu-Voudr = / fudzx

Q 0

for every v € H}(2), in particular for v = (u — k)¢?. With this choice,
Vu - Vv = |[Vul*¢? + 2(u — k)pVu - Ve.

Hence, applying Cauchy—Schwarz and Young’s inequality

/Q|Vu|2<,02 dr = /Q(u — k) f dw — /Q 2(u — k)pVu - Vedx
%

< (fpu- ) ([ ) o ([ wpiotan)” ([ 9ufar)
< (34 19lo) ([ Ju— kP ar) + 5 ( [1rPae) + 5 ([ 1vule2ar)

Hence, by absorbing the gradient term,
/ \Vu|? dz < / \Vul>¢? do < C’/ lu— k| do + / /|7 d,
o Q Q Q
where the constant C' = (1 + 2[|V<p\|co) depends on the pair 2, but not on u or k.

Remark. The statement is known as Caccioppoli inequality.
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10.12. Let Q2 C R? be open and bounded. Provided we have a solution u € C*(Q)
of the equation

(1 + U%) U9 — 2u1u2 U1 + (1 + U%) U1 = 0 in Q,

where the subscripts denote partial derivatives, then this equation can be rewritten
in divergence form.

v (a) True.
(b) False.

The equation is of the form —Lu = 0, where
2 2\~ 3%
0 0 1+ 1|V 2 0
Lu = Z (aiju>7 (aU> = ( + | U| ) 9 1 .
i,j=1 Ox; O 0 (1+[Vul”) *
Indeed, computing

0
axi

U1 + UgUz;

L+ [Vaf) ? =
<+’ u’) (1+|Vul*)

3
2

we can read off that the coefficient of uy; is

B u? N 1 _ 1+ u3 '

L+ |Va)? 1+ [VuP)? (1 +|Va?)

Njw
Nl

Analogously, we can read off the coefficients of uss and uqo and see that after multi-
3
plication with (1 + |Vu|?)Z we obtain the given equation.

Since u € C2(Q) implies that (1 + |Vu|?)~2 is in C'(€2) and bounded from above and
below, we obtain that L is uniformly elliptic and bounded in divergence form with C*
coefficients.
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10.13. Let B; C R? be the unit disc. Then, the problem

0 ou 2 Aoz
g ) = . — |z122]
oz, (aw 8:16]-) 1, (aw (21, xz)) (m 9 >
has a weak solution u € H}(By).
(a) True.
(b) False.

The matrix (a;;) is symmetric with eigenvalues A; = 1 and Ay = 3. Hence, ellipticity
holds and

(u,v), ::/ a Ou Ou dx
B

1 * axz 81‘]

defines a scalar product which is equivalent to the standard scalar product on
(,+) H(By)- The claim follows from the Riesz representation theorem.
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10.14. Assume u € H'(Q) is harmonic, namely solves —Au = 0 (weakly and thus
classically) on a bounded smooth domain Q. If g := u|sq € C°(99Q), then u € C(R).

(a) True.

(b) False.

We claim that any weak solution v € H'(Q) of —Av = 0 with v|yq = g satisfies
”UHLOC(Q) < ||U’59||L°°(8Q)' (%)

In fact, by Lemma 9.3.2, v is the unique minimiser of the Dirichlet energy

1
E(v) = i/ngfdx

among all functions H'(2) with the same trace g. Now consider ¢ := ||g]|; « (90 and
c
c if s > ¢, TF
F(s)=1<s if —c<s<eg, s
—c ifs< —c.
—c

Then, F ov € HY() with the same trace g and E(F ov) < E(v). By uniqueness of
the minimiser, F' o v = v. Therefore |v| < ¢ which proves the claim.

Let u be harmonic in © and let g = ulag € C°(0Q). Let (gr)ren be a sequence in

C>(Q) such that gilag — ¢ in C°(0N) as k — oo. Let v, € Hi(2) be the weak
solution of —Awy = fi where fi := Agr € C(R2). By elliptic regularity, v, € C*°(Q)
and vglgq = 0. Thus, ug = vy + gr € C°(Q) satisfies Auy, = 0 and uglsa = grloa-
Moreover, by () [[ur — ul| poo(qy < l9% — 9l Lo (aq) — 0 @s k — co. As uniform limit

of continuous functions, u is continuous in 2.
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10.15. Let Q C R” be a smooth bounded domain and V' € C*(£2). Recall that the
operator A = —A+V: Dy C L*(Q) — L*(Q), where D4 = {u € C*(Q) : u|gq = 0}
is closable. The domain of its closure A is D5 = H*(Q) N Hy(9).

(a) True.
(b) False.

“C” Let u € D4. By definition, there exists a sequence (uj)ken in D4 such that
(we, Aug) 2225 (u, f)  in L3(Q) x L*(Q)
for some f € L*(Q). By elliptic regularity,

[ur = well g2 () < CllA e = o)l 20y = Cll=Alur — ue) + V(ure — we)l 2
< Cl|Aug — Au| 120y + ClIV [ cogoy llur — well r2(q)-

Hence, (ug)gen is Cauchy in H?(Q2) and therefore convergent in H?(). Since (ug)xen
also converges in L?(Q), the respective limits must coincide: therefore, u € H?(Q).
Moreover, convergence in H?({2) implies convergence in H'(Q2) and H}(Q) is a closed
subspace of H'(Q). Therefore, uy € Dy C H}(Q) implies u € Hj(Q). To conclude,
ue H*(Q)NHYQ).

“D” Let uw € H* ()N HY(Q). Then, —Au € L*(Q2) and there exists a sequence (fx)ren
in C>(2) such that f, — —Awu in L*(Q). For each k € N, let u, € H}(Q) be the
weak solution of —Awy, = fi, in Q. By elliptic regularity, ux € C*(Q). In particular,
up € C?(Q) N HY(Q) = D4. Moreover,

k—o00
e — UHm(Q) < Jluw — uHHQ(Q) < Cllfu — (_AU)HLQ(Q) =0,

| Auy, — AWHL?(Q) <|fe - f€||L2(Q) + ||V||CO(Q)||uk - U€||L2(Q)-

Hence, D4 2 up — u in L*(Q) and (Aug)gen is Cauchy in L?*(2) and thus convergent.
Consequently u € D.
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