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11.1. Integration by parts

Let w € H}(B,). By definition of H}, there exists a sequence (w)gen in C°(B,)
such that [|w — w| z1(5,) — 0 as k — oo. Moreover, integration by parts yields

Owy dr = wy do = 0.
B, 0x; 9B,
Therefore,
Lol =1 5
ox; 8@ 890,

< / Vw — V| do < B2 [V — Vgl g, 222 0.
B g
Since the left hand side does not depend on k it must vanish as claimed.

11.2. Linear transformation

Let T: R® — R" be linear, symmetric and invertible. Given v € H'(B[), let
w = v o T~!. Then, using symmetry of T,

gf = v Vw=(Te,) V(o T ™) = (Te,) - (T7H((Vv) o T7))
-1 1 1y v -1
:en-(TT (Vv)oT ))—en-((Vv)oT )—a—xnoT .

With the change of variables x = T‘ly we obtain

— -1
/B+ / (B;") 8xn y)
ow , |?
= 71 el
(T [ |5, )

11.3. Basic iteration lemma

2
|det(T_1)\ dy

8xn

Let f:]0, Ry] — [0, 00 be a non-decreasing function satisfying
1

Vp €10, Ry] : f(S) < (2>af(p)

for some & > 0. Given 0 < r < R < Ry, let N € N such that 27V 'R < r < 27VR.
By monotonicity of f and iteration of the hypothesis, we obtain

o< () < () s = (2) () s < () s
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11.4. Technical iteration lemma

Let f:]0, Ry] — [0, 00[ be a non-decreasing function satisfying for some coefficients

A, B > 0, some exponents 0 < § < a and some € > 0 the following inequality.
Vo<r<R<Ry: f(r)< A((%) +e>f(R) + BR®,
(a) For any 0 < R < Ry and any 7 € 0, 1[ we have by assumption
f(TR) < A(* +¢)f(R) + BR”.
Since increasing A weakens the assumption, we may assume A > % without loss
of generality. Suppose, ¢ < (24)" a7 =: g, for some 7 € |5,a[. Note that since
a > v and 2A > 1, there exists 7 € |0,1[ such that 2A7* = 77. In particular,
e < (24) a5 =72 and A(T® + ) < 2A7® = 77. Therefore, f(TR) < 77 f(R) + BR?
for any 0 < R < Ry as claimed.

(b) In part (a), we proved the claim for k£ = 1. Suppose, the inequality

k—1
f(TkR) < Tk’Yf(R) + BRP (k=18 Z F7(v=5)

n=0
is true for some k € N. Then, by (a)

f(r"R) < 77 f(t*R) + B(t*R)”?

k—1
< T(k-&-l)vf(R) + Y BRP (k=18 Z =8 ¢ B(TkR)B

n=0

k—1
_ 7007 £(R) + BRP A (Tw—ﬂ Y 8 ¢ 1)

n=0
k
— T(k+1)7f(R) + BRAKP Z F(r=5)
n=0

and the claim follows by induction.

(c) Given 0 <7 < R < Ry let N € Ny such that 7V R < r < 7¥R. Then, by (b)

£() < F(rVR) < PV F(R) + BRFO-D3 3 7n6-5)

n=0

—28
— - (N+1)y BN+ T
<77 f(R)+ BR"t T
—28
(Y s__T
<7 (R F(R)+ B

<of(2) rm o),

where C' 1= maX{T_V, %} depends only on «, 3, and A.
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11.5. Interpolation inequality

Towards a contradiction, suppose there exists a sequence (zy)gey in X and some
g9 > 0 such that

VE e N: 1=|zilly > eollzellx + Kzl 5-

Then, ||zx]x < o and [|z]l, < ; for every k € N. Thus, the sequence (4 )ren is

bounded in X and since the embedding X — Y is compact, there exists a subsequence
(k)reacn and some y € Y such that ||z —yll,, = 0as A 2 &k — oo. Since the
embedding Y < Z is continuous, we also have ||z —y||, — 0 as A 2 k — oc.

Consequently,
1= dim_ ol = [l ol = Jim_Jlel; = 0

which is a contradiction.

11.6. Abstract method of continuity
Given Ag, A1 € L(X,Y) let A; = (1 —t)Agp + tA; for every t € [0, 1] and assume that
1C <00 Vte[0,1] VeeX: x|y <ClAz]y. (%)
The claim is equivalence of the statements
(i) Ap is surjective.
(ii) A7 is injective with closed image.

(a) Let I :={t €[0,1] : A; is surjective}. If we assume statement (i), then 0 € I.
If we assume statement (ii), then 1 € I by Satz 6.2.2. Therefore, I # ) in both cases.

(b) Let tg € I :={t €[0,1] : A; is surjective}. Assumption (x) implies that Ay, is
also injective and that the inverse is continuous: A;' € L(Y, X). For any t € [0, 1],
we have

Ar= A = (A = A) = (1= (A — A)AL) Ay,
Ay — A= (1 —tg) Ao+ teAy — (1 —t)Ag — tA; = (t — to) (Ao — Ay).
Let B := (4, — A)) A € L(Y,Y). By Satz 2.2.7 the operator (1 — B) is invertible
with inverse (1 — B)™! € L(Y,Y) and in particular surjective, if || B|| < 1. Since
IBIl < 1Ae — Al AR = [t = tolll Ao — Aull A
we guarantee surjectivity of (1—B) if t € [0, 1] satisfies [t —to| < (|[Ao — A4 ]| ||At_01\|)_1

In this case we obtain that A, is surjective, since A, is surjective by assumption.
Therefore, the set I C [0, 1] is open.
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(c) Let (tx)ren be a sequence in I such that tx — ¢, as k — oo for some to, € [0, 1].
We claim that A; € L(X,Y) is surjective. Let y € Y be arbitrary. Since t; € I, there
exists x; € X such that A, x, =y for every k € N. Moreover, by assumption (x),

[k = 2allx < CllA (2x = 2a)lly
= C|| Ay zr — A xn + (Ar, — A znly
= Cl[(Ar, — Ay )znlly
< CllAr, = Ay [llznllx
< Oty — talll Ao — Al Ar, zally = C*[tr — talll Ao — Asllllylly

which implies that (z)ren is a Cauchy-sequence in X. Since (X, ||-||y) is complete,
(k)ken has a limit z., € X. Moreover,

ly = Artoslly = [ Anzr — At 2oolly
= [1(As, — A )z + Ar (T — 2o0) |ly
< Ol Ay, — A lllylly + 1A lllze — 2ol x
< COltoe = telll Ao = Al lylly + [1As [k — 2oolx == 0.

Hence, A;_x. = y. Since y € Y is arbitrary, t € I follows. Therefore, the set
I C [0,1] is closed.

Since [0, 1] is a connected topological space and I C [0, 1] both open and closed by (b)
and (c), we have either I = () or I = [0,1]. According to Satz 6.2.2, A; is surjective if
and only if A} is injective with closed image. Hence, equivalence of (i) and (ii) follows:

i) & 0e€l = 1=10,1] = A surjective <& (ii)
i) & 1el = 1=][0,1] = Agsurjective < (i)
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