D-MATH Functional Analysis Il ETH Ziirich
Prof. A. Carlotto Sample Questions Spring 2018

Sample Questions 1
e For what exponents p does {0} C R" have vanishing W !P-capacity?
e What is an elliptic operator? Give examples and non-examples.

e Prove existence of solutions u € C%® of the elliptic equation
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provided that solutions exist in the case ¢ = 0.
e Discuss existence of weak derivatives of the functions

fiR—=R, g: R—=R.
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Sample Questions 2
e Define the Sobolev space W1?(Q) and discuss its properties.

e State the spectral theorem for the Laplace operator on a bounded domain €.
Explain why the operator K: L*(Q) — L*(Q) mapping f € L*(Q) to the weak
solution v of —Au = f in € is compact.

e What can you say about the regularity of the eigenfunctions of —A in the
interior and on the boundary of the domain?

e Let Br C R"™ be the ball of radius R > 0. For p < n and ¢ < n”—f’p consider
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and compute a by scaling.

Sample Questions 3
e Define H} (). Characterise Hj () in terms of trace operators.

e Prove the Poincaré inequality for H}(Q2). Do you know any similar inequality
without null boundary conditions?

e Prove E. Hopf’s boundary point lemma.

e Consider the Hamiltonian for the quantum oscillator on the interval |—1, 1] i.e.
L =—-A+V where 0 <V € C°]-1,1[) (for instance V (x) := %|x|?). What
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can you say about its spectrum?
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