Multiple choice questions

(1) Let f be a C' vector field on R? such that the line integrals

Jf-d:?

are zero for all circles centered at 0 in the plane. Is the vector field conservative?

YES o NO [m]

(2) Let f be a continuous function on R? such that f > 0 and
1
0< J flz,y)der <1
0
for all y € [0, 1]. Is it true that

f f(z,y)dxdy < Area(X)
X

for all compact subsets X of [0, 1]*?

YES o NO m]
(3) Does the improper integral f 6”2_ydxdy exist?
[0,1]x[0,+o0[
YES m] NO m]

(§] (§] € dlsC centered a € W1 radius . or a continuous function
4) Let D be the di tered at 0 € R? with radius 3/2. F i f i
f in R?, we have

3/2 pm
f f(z,y)dxdy = J f(rcosf,rsinf)drds.
D 0 -7

YES m] NO m]



Quick computations

(1) For which values of a € R, is the vector field f(x,y) = ((zy + a)e™, x%e™) on
R? conservative?

(2) Let f be the vector field on R? defined by
2x 43
fla,y) = ( )

(22 +y*+1)2 (22 +y* +1)2

Compute the line integral
f-ds

.
where v(t) = (sin(7 cos(27t)), (1 — t)e! +t) for 0 < ¢ < 1.

(3) Compute the integral
| el = Py
D
where D is the disc centered at (0,1) with radius 2.

(4) Let f(z,y) = (e™,x). Compute the line integral

ff-ds?

along the square with vertices (0,0), (0,2), (2,2) and (2,0) oriented counter-
clockwise.



(1)

Solutions to multiple choice questions

Let f be a C! vector field on R? such that the line integrals
J f-ds
v
are zero for all circles centered at 0 in the plane. Is the vector field conservative?
NO - the integral must be zero along all closed parameterized curves. For
instance, if we take a vector field that is perpendicular to the tangent vector and

is not conservative, then f - ds will be zero along each circle, so all integrals will
be zero. An example is f(x,y) = (2%, zy).

Let f be a continuous function on R? such that f > 0 and

1
0 < J f(z,y)dx <1
0
for all y € [0, 1]. Is it true that
U f(x,y)dxdy‘ < Area(X)
b
for all compact subsets X of [0, 1]??
YES — We know that
J [z, y)dedy <J f (@, y)dedy
X [0,1]2
since f > 0, and by Fubini’s Theorem, this means that

L [z, y)dzdy < Jol (Ll f(x, y)d;p> dy <1

by properties of the one-dimensional Riemann integral.

Does the improper integral
f er’ydxdy
[0,1]x[0,4+0[
exist?

YES — By definition, we must check if the limit of

J eIQ’yd:Edy
[0,1]x[0,R]

as R — +oo exists. By Fubini’s Theorem, this is

L, (R L
J e’ (J 6_ydy> dr = (1 — e_R)J e’ dx
0 0 0

. 1 2
which converges to So e dr.



(4) Let D be the disc centered at 0 € R? with radius 3/2. For a continuous function
f in R?, we have

3/2 pm
J f(z,y)dedy = f f(rcos@,rsin@)drdd.
D 0 -

NO - the correct change of variable formula in polar coordinates is

T r3/2
f f(z,y)dzdy = J J f(rcos@,rsin@)rdrdd.
D —m JO



(1)

Solutions to quick computations

For which values of a € R, is the vector field f(z,y) = ((zy + a)e™, z%e™¥) on
R? conservative?

Since R? is star-shaped and f is O, the vector field is conservative if and
only if
0y((zy + a)e™) = d,(x%e™),
which translates to the condition

are™ 4+ e + x?ye™? = 2we™ + riye™?

which holds if and only if a = 1.

Let f be the vector field on R? defined by

2 43 >
22 +yt+1)27 (22 +y* + 1)2)

ff-dg

where v(t) = (sin(7 cos(27t)), (1 —t)e! +t) for 0 < ¢t < 1

f(x,y) = <(

Compute the line integral

Observe that v is a closed curve, since v(0) = (0,1) = (1 ) and that fis C!
and conservative because f = Vg, Where g(z,y) = —1/(x*> + y* + 1). So the line
integral is zero.

Compute the integral

| el = ey
D
where D is the disc centered at (0, 1) with radius 2.

Using polar coordinates centered at (0, 1), so that (z,y) = (rcos,1+7sin0)
with 0 <7 <2 and 0 < 6 < 27, this integral becomes

2 r2m
J f (|r cos ] — (1 4 rsin 0)?)rdrds.
0 Jo

The first term is

2 2 /2 2
J r2<f |cos€]d9)dr _8 X ZJ cos 0df = 3—,
0 0 3 /2 3

and the second is
27

2 rM2m
f J (r + 2r*sin @ + r° sin® 0)drdf = 47 + 0 + 4J sin® 0df) = 8,
0

so the integral is 32/3 — 8.



(4) Let f(z,y) = (e™,x). Compute the line integral

ff-ds?

along the square with vertices (0,0), (0,2), (2,2) and (2,0) oriented counter-
clockwise.

We use Green’s Theorem: since the path ~ is the boundary, positively ori-
ented, of the square [0, 2]?, the line integral is equal to

2 (2
f (Ozx — 0y(e™))dxdy = J J (1 — ze™)dxdy
[0,2]? 0 Jo

2 2 2 1
=4—f :E(J exydy>dx=4—f rx —(e* —1)dz
0 0 0 X

2 1 3 — 4
22—J62de=2——(64—1)= <
; 2 2




