
Multiple choice questions

(1) Let f be a C1 vector field on R2 such that the line integrals
ż

γ

f ¨ d~s

are zero for all circles centered at 0 in the plane. Is the vector field conservative?

YES ˝ NO ˝

(2) Let f be a continuous function on R2 such that f ě 0 and

0 ď

ż 1

0

fpx, yqdx ď 1

for all y P r0, 1s. Is it true that
ż

X

fpx, yqdxdy ď AreapXq

for all compact subsets X of r0, 1s2?

YES ˝ NO ˝

(3) Does the improper integral

ż

r0,1sˆr0,`8r

ex
2´ydxdy exist?

YES ˝ NO ˝

(4) Let D be the disc centered at 0 P R2 with radius 3{2. For a continuous function
f in R2, we have

ż

D

fpx, yqdxdy “

ż 3{2

0

ż π

´π

fpr cos θ, r sin θqdrdθ.

YES ˝ NO ˝
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Quick computations

(1) For which values of a P R, is the vector field fpx, yq “ ppxy ` aqexy, x2exyq on
R2 conservative?

(2) Let f be the vector field on R2 defined by

fpx, yq “
´ 2x

px2 ` y4 ` 1q2
,

4y3

px2 ` y4 ` 1q2

¯

.

Compute the line integral
ż

γ

f ¨ d~s

where γptq “ psinpπ cosp2πtqq, p1´ tqet ` tq for 0 ď t ď 1.

(3) Compute the integral
ż

D

p|x| ´ y2qdxdy

where D is the disc centered at p0, 1q with radius 2.

(4) Let fpx, yq “ pexy, xq. Compute the line integral
ż

γ

f ¨ d~s

along the square with vertices p0, 0q, p0, 2q, p2, 2q and p2, 0q oriented counter-
clockwise.
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Solutions to multiple choice questions

(1) Let f be a C1 vector field on R2 such that the line integrals
ż

γ

f ¨ d~s

are zero for all circles centered at 0 in the plane. Is the vector field conservative?

NO – the integral must be zero along all closed parameterized curves. For
instance, if we take a vector field that is perpendicular to the tangent vector and
is not conservative, then f ¨ d~s will be zero along each circle, so all integrals will
be zero. An example is fpx, yq “ px2, xyq.

(2) Let f be a continuous function on R2 such that f ě 0 and

0 ď

ż 1

0

fpx, yqdx ď 1

for all y P r0, 1s. Is it true that
ˇ

ˇ

ˇ

ż

X

fpx, yqdxdy
ˇ

ˇ

ˇ
ď AreapXq

for all compact subsets X of r0, 1s2?

YES – We know that
ż

X

fpx, yqdxdy ď

ż

r0,1s2
fpx, yqdxdy

since f ě 0, and by Fubini’s Theorem, this means that
ż

X

fpx, yqdxdy ď

ż 1

0

´

ż 1

0

fpx, yqdx
¯

dy ď 1

by properties of the one-dimensional Riemann integral.

(3) Does the improper integral
ż

r0,1sˆr0,`8r

ex
2´ydxdy

exist?

YES – By definition, we must check if the limit of
ż

r0,1sˆr0,Rs

ex
2´ydxdy

as RÑ `8 exists. By Fubini’s Theorem, this is
ż 1

0

ex
2
´

ż R

0

e´ydy
¯

dx “ p1´ e´Rq

ż 1

0

ex
2

dx

which converges to
ş1

0
ex

2
dx.
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(4) Let D be the disc centered at 0 P R2 with radius 3{2. For a continuous function
f in R2, we have

ż

D

fpx, yqdxdy “

ż 3{2

0

ż π

´π

fpr cos θ, r sin θqdrdθ.

NO – the correct change of variable formula in polar coordinates is
ż

D

fpx, yqdxdy “

ż π

´π

ż 3{2

0

fpr cos θ, r sin θqrdrdθ.
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Solutions to quick computations

(1) For which values of a P R, is the vector field fpx, yq “ ppxy ` aqexy, x2exyq on
R2 conservative?

Since R2 is star-shaped and f is C1, the vector field is conservative if and
only if

Byppxy ` aqe
xy
q “ Bxpx

2exyq,

which translates to the condition

axexy ` xexy ` x2yexy “ 2xexy ` x2yexy,

which holds if and only if a “ 1.

(2) Let f be the vector field on R2 defined by

fpx, yq “
´ 2x

px2 ` y4 ` 1q2
,

4y3

px2 ` y4 ` 1q2

¯

.

Compute the line integral
ż

γ

f ¨ d~s

where γptq “ psinpπ cosp2πtqq, p1´ tqet ` tq for 0 ď t ď 1.

Observe that γ is a closed curve, since γp0q “ p0, 1q “ γp1q, and that f is C1

and conservative because f “ ∇g, where gpx, yq “ ´1{px2 ` y4 ` 1q. So the line
integral is zero.

(3) Compute the integral
ż

D

p|x| ´ y2qdxdy

where D is the disc centered at p0, 1q with radius 2.

Using polar coordinates centered at p0, 1q, so that px, yq “ pr cos θ, 1`r sin θq
with 0 ď r ď 2 and 0 ď θ ď 2π, this integral becomes

ż 2

0

ż 2π

0

p|r cos θ| ´ p1` r sin θq2qrdrdθ.

The first term is
ż 2

0

r2
´

ż 2π

0

| cos θ|dθ
¯

dr “
8

3
ˆ 2

ż π{2

´π{2

cos θdθ “
32

3
,

and the second is
ż 2

0

ż 2π

0

pr ` 2r2 sin θ ` r3 sin2 θqdrdθ “ 4π ` 0` 4

ż 2π

0

sin2 θdθ “ 8π,

so the integral is 32{3´ 8π.

5



(4) Let fpx, yq “ pexy, xq. Compute the line integral
ż

γ

f ¨ d~s

along the square with vertices p0, 0q, p0, 2q, p2, 2q and p2, 0q oriented counter-
clockwise.

We use Green’s Theorem: since the path γ is the boundary, positively ori-
ented, of the square r0, 2s2, the line integral is equal to

ż

r0,2s2
pBxx´ Bype

xy
qqdxdy “

ż 2

0

ż 2

0

p1´ xexyqdxdy

“ 4´

ż 2

0

x
´

ż 2

0

exydy
¯

dx “ 4´

ż 2

0

xˆ
1

x
pe2x ´ 1qdx

“ 2´

ż 2

0

e2xdx “ 2´
1

2
pe4 ´ 1q “

3´ e4

2
.
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