Analysis IIT (BAUG) Assignment 6
Prof. Dr. Alessandro Sisto Due 1st November 2018
Coordinator: Davide Spriano

Fourier expansions and IBVP

Question 1

Solve the following wave equations. (At least 2 exercises)

(i)

PDE : U (2, 1) = Uy (2, 1) for0O<z<2mandt>0
BC: u(0,t) =0, u(2m,t)=0 fort >0
IC: u(x,0) = sin(%) + sin(2F) for 0 <z <27
u(z,0) = 4sin(3z) for 0 <ax <2rm
Solution:

Here the initial conditions are already a sine expansion with ¢; = c¢; =1, bg = 4
and a; = b; = 0 for other values. Also, ¢* = 2, so ¢ = V2. Using the general
formula, we get that the solution of this PDE is

u(z,t) = sin( )cos(‘[t) + sin(2£) cos(‘r“[t) + L sin(37) sin(3v/2t)

z
D) 3\/» sin

PDE : U (x,t) = 4y (x,t) for0<z<10and ¢t >0
BC: u(0,t) =0, u(10,t) =0 fort >0
IC : u(z,0) = 2sin(3mz) — 4(308(@) for 0 <2 <10
u(z,0) = 4cos®(mz — T) — 2 for 0 <z <10
Solution:
Using cos(t + %) = —sin(t), we see that u(x,0) = 2sin(37z) + 4sin(2"), thus

C30 = 2 and Co =4.

Also, cos(2t) = 2cos?(t) — 1 and sin(t) = cos(t — 7/2) imply that w(z,0) =

2 cos(2mx — §) = 2sin(27z), meaning by = 2.




Also, ¢ = 4, so ¢ = 2 here. Now the formula gives the following solution of the
PDE:

u(x,t) = 4sin(ZL) cos(Z2) + 2sin(3mx) cos(3m - 2t) + 525 sin(27x) sin (27 - 2t)

(iii)

PDE : Ut (2, 1) = gy (x, 1) for0<z<6andt>0
BC: u(0,t) =0, u(6,t) =0 fort >0
IC : u(z,0) = sin(27x) for 0 <z <6
u(z,0) =3 for 0 <2 <6
Solution:

u(z,0) is already a sine expansion: cjp = 1, ¢, = 0 otherwise.

The Fourier coefficients of u;(z,0) are the following:

6 if n is odd.

™

2 (6 i . s 16 0 if n is even
b2 [t = g {1
0

¢? =3, so ¢ = v/3, and hence the formula gives the following solution:

u(x,t) = sin(2mx) Cos(27r-\/§t)—|—ZZ°:0 7r(21kz+1) . (%HG)W'\/?; sin((%zl)”x) sin(wt)

(iv)

PDE : Ut (2, 1) = Ugy (2, 1) forO0<z<mandt>0
BC: u(0,t) =0, u(m, t)=0 fort >0
IC: u(z,0) ==z for0<z<nm

u(x,0) =2+3 for0<z<nm




Solution:
The Fourier sine coefficients of u(z, 0) are the following:

2 [T 2 " 2 [T
Cp = —/ xsin(nx) dx = {——x cos(naj)} + —/ cos(nz) dx
0 nm .Jo

™ nim 0

2 " 2 . i —2 if n is even
= |——zcos(nx)| + |——=sin(nz)| =4{,"

nm 0 nAm 0 = if n is odd.
The same computation as above shows that the Fourier sine coefficients of the
function ¢(x) = 3 on [0, 7| are

4 - {0 if n is even

2 if p is odd,
™

so the Fourier sine coefficients of u;(x,0) are

—% if n is even

bn:cn—kdn:{w if n is odd,

™

Furthermore, ¢ = 1, so ¢ = 1 and the solution of the PDE here (using the values
by, ¢, above) is:

w(z,t) =3 ¢psin(na) cos(nt) + Yo7 | &2 sin(nz) sin(nt)

n=1

Question 2

Use d’Alembert’s formula for the following problems about wave equations on infinite
strings. (At least 2 exercises)

(i)

PDE : Ut (2, 1) = Uge (2, 1) for —co<z<ooandt >0
IC : u(z,0) =z for —oo <z < o0
u(z,0) = cos(x) for —oco <z < 0

Compute u(x,t) for all z and all ¢ > 0.



Solution:
Here ¢ = 1 s0o ¢ = 1. For f(x) = u(x,0) and g(x) = wu(z,0), d’Alembert’s
formula gives

fle—ct)+ f(x+ct) 1 /”Ct
t) = —
u(zx,t) 5 + 50 - g(s)ds
—t t 1 ot 1
= w—i——/ cos(s)ds = x + =(sin(x + t) — sin(z — t)).
2 2 )., 2
(ii)
PDE : U (T, 1) = Uge (2, 1) for —co<z <ooandt >0
8r—22? for0<x<4
IC: u(z,0) = v 2 ford _'x a
0 otherwise

(2,0) 16 for0<z <4
ug(x,0) =
! 0  otherwise

Compute u(11, 3) and u(5,2).

[Exam question, 2013]

Solution:
Again we use d’Alembert with the usual functions f and g for the initial condi-
tions. ¢ = ¢ = 1.

u(11,3) :w%—%/g g(s)ds =0

because f and g are 0 on the interval 8, 14].

7 4
0+6 1
u(5,2):—+—/ g(s)ds:LJri/ 16ds =3 +8 =11
3 3




(iii)
PDE :
IC :

U (2, 1) = Uga (2, 1)
u(z,0) =0

u(x,0) = {

Compute u(x,t) for all z and all ¢ > 0.

1 for —1 <2< 1

0 otherwise

[Exam question, 2008]

for —co<z<ooandt>0

for —oco <z < 00

Solution:
Once again, ¢ = ¢ = 1.

| —t) 1 [t L
u(x,t)zf(x+)+f($ ) _/ g(s)dsz_/ g(s)ds
2 2 r—t 2 z—t
(0 fr—t<a+t<-1
Mt jfy—t<—land —1<z+¢<1
_<1 ifr—t<—-landl<x+t
)¢ if —1<z—t<z+t<l1
Lottt jf —1<z—t<landl<z+t
L0 fl<z—t<x+t.
(iv)
PDE : (T, 1) = Upy (2, 1) for —co<r<ooandt >0
1
IC: u(x70):x2+1 fOI‘—OO<:C<OO
1
ut(I,O)ZF

Compute u(x,t) for all z and all ¢ > 0.

Solution:

. T4
Once again, ¢* = ¢ = 1. We have [
r—t

t
x—gdllf




Thus

(2.1) 1 1 1 N —t
u(x,t) = - — .
’ 2\ 22+ 2tx+t24+1 22 -2z +t2+1 x2 — 12

Question 3

Let f(x) = —2x for « € [0,10]. Choose the correct Fourier series (sines, cosines or normal
one) and write f as a trigonometric series.

Solution:
Since f is defined on an interval of the form [0, L] and not [—L, L] we will not use the

normal Fourier series. Since f(0) = 0, but f’(0) = 2 # 0, we can only use the Fourier
sine series.

The coeflicients are as follows:

2 [0 nmwx 4 nre 110 4 1 nwT
b, = — | —2zsin(lydy = | — LGRS I Ly g
0, x sin( 10 ) dx [nﬂxcos( 10 )10 o cos( 10 ) dx

4 e 40 . nmx 10 40 if n is even
= |—xcos(—)| -+ sin(——)| =<

nm 10 7], n?m? 10 71, —20 if n is odd.

Question 4
Solve the following IBVP.

PDE: ur(z,t) = uge(x,t) for0 <z <10andt >0

BC: u(0,t) = 15, u(10,t) =35 fort >0

IC: u(z,0) =15 for 0 <z <10
Solution:

We will use the superposition principle. Firstly, we will find a solution that does not
depend on the time that satisfy the PDE and the boundary condition. A function f
of the variable x that satisfy f,, = 0 (because f does not depend on t) has the form
f(z) = Az + B. By f(0) =15 and f(10) = 35 we get f(x) = 15 + 2.

It is important to remember that f is the steady-state solution of the above IBVP.
That means that regardless of the initial condition IC, any solution of the above IBPV
will look like f after an infinite amount of time.




Suppose that v satisfy the following IBVP:

PDE : u(x,t) = ugy(x,t) for0 <z <10and ¢t >0
BC: u(0,t) = u(10,t) =0 fort >0
IC: u(z,0) =15 — f(z) for 0 <z <10

Then u = v + f is a solution of the original IBVP. But we know how to find such a v.
Moreover, we have that v(z,0) = 15— f(x) = 15— 15— 22z = —2z, and the sine Fourier
series for —2x was computed in exercise 5.

Therefore

> n 40 (M)Qt . nm

v(x,t) = Z(—l) —e ‘10

— nmw 10

As a result, we get a solution of the original IBVP, namely:

- 40 un
u(z,t) =v(z,t) + f(x) =22+ 15+ Z(—l)nge*(ﬁ)% sin<%$).
n=1

Chain rule training

The goal of this part of exercises it to understand how to the change of variables can
allow us to solve new IVPs, that is to solve Question 8 (which is the hard question of this
exercise sheet). If you solve Question 8, you don’t need to do any other question. However,
Questions 5,6 and 7 are a training to Question 8. You should do as many point of them
as you need to feel confident with the topics presented.

Question 5

Let u(x,y) be a function satisfying u,, = uy. For each of the following change of coordi-
nates, choose the correct PDE satisfied by u with respect to the new coordinates.

(i) & =4x,n = bt.
0 uge = upp;
U duge = Suyy;

U 16uge — 40ug, + 25u,,, = 0;
O 16uge — 25u,,, = 0.Correct



Solution:

Since & =4, X =, &2 -

9
o s 5 ;o 5t =5, we have u,, = 16ug and uy = 25u,y,. Thus

the correct answer is 16uge — 25u,,, = 0.

(ii) E=ax+3t,n=t.
O

Ugg = U,
—8uge = Gugy + Uy, ;Correct

Yuge — Uyy = 0;

I

Uge = Yy + Ottyye.

Solution:
We have u,, = uge and uy = uee +6ugy +uy,. Thus the second answer is correct.

(ili) &€ =2x,n=uat

O §2u€5 = 772“?777§

O

-8 —4¢ .
3 Suge = 4 Uey + Uny;

1

0 5

duge + di*ugy + ((

O 4(uge + Fuey) + ((%)2 —

2 2
) _77>u7m

1

2

5)2) Uy, = 0.correct

Solution:

Consider the following;: g—i =2, % =0,

on
ki

_ on _ ; -1
52 =t and gl = z. Since r = 3¢ and




t= 2?", we have % = 2?’7 and 8—? = %5. Thus:
um:2-uf+2§—n-un:2u§+2?nun;
utzo-ug—l—%f-un:%ﬁun;
_9 (2ufé - 2%% + 2%%) + 22’ (2%7 + gun + 22%) =

2
n n
=4 <u££ + 2%”&7 + 5_2u7777>

Lo (1, 90 (1 o (1, \
w = 5 (55“”) =210 (éf“"> "ot an (55“") -

1
= 152%777

Thus the PDE translates as uge + gusn + (Z_z _ %@) Uy = 0.

Question 6

Consider a vibrating infinite string that vibrates with propagation speed ¢, where ¢ repre-
sents the speed of light (for instance the wave caused by a light beam). Suppose that an
observer is moving next to it with constant speed v (starting from x = 0 at time ¢t = 0). If
we consider Einstein’s theory of relativity, the change of coordinates between the system
of the string (coordinates x,t) and the observer (coordinates &,7) is £ = ~(x — vt) and

T

n =7y (t — 2—2), where 7 = —— is a constant. What is the PDE satisfied by the string

2
v
1-

from the point of view of the observer?

Solution:
As before, we compute the derivatives of the coordinates. We have g—i =", % = —yv,




9 = —2 and 2 = . Thus we get

YU
Ug = YUg = Uy

Up = —YVUg + YUy
2 2

o YU Y v YU 2 o v v\ 2
Uz = 7 Uee = ~ 57 Ung = ~ 5 Uen T (g) Unn =7 (U& - 2;”&7 + (C—g) Unn
Ut = 72U2u£§ - UVQUWE - U72u§n + 72unn =’ (U2u€§ — 2vupe + UWI)

Thus from 1y = g, we get

2/ 9 2 2 v v\ 2
v (U Uge — 20Upe + “nn) =7c (u£€ - 2;“&77 + (g) unn)

2
v
= v2u£§ — 20Upe + Upyy = 02u§5 — 20ug,; + g“nn

v’ 2 2
& (1_0_2) Upy = (€© — 07 )uge
& Upyy = C2U§§.
In particular, we observe exactly the same wave equation. This is because in general

relativity, the speed of light is constant in all systems of reference, thus a wave with
propagation speed ¢ looks exactly the same in all systems of reference.

Question 7
Consider the following IVP.
PDE : Ut (T, 1) = Ugy for —oco <z <ooandt >0

IC: u(z,0) = f(z) for —co <z <ooandt >0
u(z,0) = g(z) for —co <z <ooandt >0

For each coordinate change of exercise 5, write the corresponding IVP for v(§,n) =

u(€(x,1),n(z,1)).

Solution:

(i) &€ =4x,n = 5t. We know that the PDE is 16vge = 25v,,. Moreover, we have that
x = 1€ and t = tn. Thus u(z,0) = f(z) is equivalent to v(3£,0) = f(5£). It is

10




clear that this is equivalent to v(£,0) = f(§). For the first derivative, we have
that u, = 5v,. Thus we obtain:

PDE : 16vee = 250y, for —co<z <ooandt >0

IC: v(€,0) = f(&) for —co <z <ooandt >0
1

vn(f,O):gg(ﬁ) for —co<z<ocoandt >0

(ii) & =z + 3t,n =t. We know that the PDE is —8vge = 6vg,, + v,,,. As before, we
obtain x = £ — 3n, and thus, since n = t, v(£,0) = f(&). Consider u;. We know
that u, = —3ve + vy, thus w(x,0) = g(z) is equivalent to —3ve(§ —0,0) + v, (€ —
0,0) = g(¢ — 0). This, however, can be improved. Indeed, consider the function
v(£,0) = f(&) as a function of the only variable £&. We have that ve(£,0) = f'(€).

Thus we obtain:

PDE : — Buge = bUgy; + vy for —co<zr<ocandt>0
IC : v(€,0) = f(&) for —oo<x <ooandt >0
v,(€,0) = g(&) + f(¢) for —oco <z <ooandt >0

1

=]

(i) £ = 22,7 = «xt. We know that the PDE is uge + fug, + (2’—5 - i§2> Uy, = 0.
f(z) translates
= f(&). Consider
) = g(5€), thus

Moreover we have that © = 3£ and t = 2?77 Thus u(z,

0
as v(3£,0) = f(3§). Thus also in this case we have v(,0

vy(€,0) = %g(f) We obtain:

2 1
PDE : u§§+gu§n+<z—2—ﬁf2>um:0 for —co <z <ooandt >0
IC: v(&€,0) = f(&) for —oco <z <ooandt >0
v, (€,0) (&) for —oco <z <ooandt>0

:Eg

Question 8

This question is harder then the other ones. If you have problems with it, Questions 5 — 7
may be of help.

11



(i) Consider a vibrating infinite string, and suppose that an observer is moving next to it
with constant speed v (starting from z = 0 at time ¢t = 0). What is the PDE satisfied
by the string from the point of view of the observer? (Use Newtonian physic)

Solution:

We know that the vibrating string satisfy the PDE wu;; = c®u,, for some c. Let
¢ and 7 denote the coordinate in the reference system of the observer. That is,
& = 0 represents the place where the observer stand and 7 represents the time.
Since the observer moves at constant speed v, and starts at time ¢ = 0 at the
position x = 0, we have that it’s position after an amount of time ¢; is passed is
exactly vt;. Thus at the time ¢;the coordinate x = vt; and & = 0 describe the
same point. Thus {(z,t) = x — vt. Since the time 7 is the same for all reference
systems (at least in Newtonian physics), we have n(z,t) = ¢t. In order to express
the PDE that the string satisfy from the perspective of the observer, we need to
express the derivatives u,, and u; in terms of the new coordinates &, 7).

Observe that g—i =1, % = —v, g—z =0, and ‘3—? = 1. Thus we have

T 9r  o¢ dxr  on ox ¢
yy w06 0w Oy _
YT o ot on ot

—VUg + Uy

Second derivatives:

O(u,) . O(uy,) % n O(u,) ) on . % -

Yoe =75 o or ' on ox  oc  ©
Ouy) 0  O(w) In O(—vue+uy) N O(—vue + uy) _

W9 ot T ap ot o€ an

= v7Uge — Vityg — Vilgy + Uny = VU — 20Uye + Uy,

Thus uy, = uy translates as Pug = vV?uge — 20Upe + Uy

(ii) Solve the following IVP.

PDE : U (2, 1) — 2y = 24Uy, (2, 1) for —co<ax<oocandt>0
IC: u(z,0) =0 for —co <z <ooandt>0
u(z,0) = sin(z) for —co <z <ooandt >0

12



Solution:
Looking at the solution of the problem before, we realize that it looks oddly
similar to the PDE of this exercise. Indeed, observing that 24 = 52 — 12, we write
the PDE as follows:

52“:{::8 = Ugy — 2Ugy + Usgg.

Thus, this PDE models the vibration of an infinite string from the perspective
of an observer moving at constant speed. So, what we need to do to solve the
problem is to change the variable in order to get to the reference system of the
string (and not of the observer), solve the problem there and then translate it
back in the observer’s perspective.

The change of variables needs to be opposite, so we get £ = x +t and n = t.
Computing the derivatives as before we get u, = ug + Uy, Uzy = Uge, Uy =
Uge + 2Upe + unn and Uy = uge + ugy. Thus 52 Upy = Ugy — Uy + Uy translates as
Duge = uge — 2(uge = ugy) + tge + 2une + Uy, that is 52uge = wy,.

Let v be a solution of the IVP with the new coordinates, that is:

PDE : Vg (€,m) = 52vee(€,m) for —oco <€ <ooandn >0
IC : v(£,0)=0 for —oco< ¢ <ooandn >0
vy (€,0) = sin(§) for —co<é<oocandn >0

Note that we obtained the IC as follows: since £ =z +t and n = t, we have that
the initial condition u(x,0) = 0 translates as v(x 4+ 0,0) = 0, that is v(£,0) = 0.
Similarly, u:(x,0) = sin(x) translates as v¢(§ +0,0) + v,(§ + 0,0) = sin(§ + 0).
Since the function v(,0) is constant in the variable &, its derivative with respect
to £ must be zero. Thus wu(z,0) = sin(x) translates as v,(&,0) = sin(§).

We can explicitly compute v using d’Alembert:

1 §+5n 1
v(&,n) = T /5—5 sin(s)ds = 1 (cos(§ + 5n) — cos(€ — b)) .

Thus the original solution of the IVP is

u(z,t) =v(x +t,t) = % (cos((x +t) + bt) — cos((z +t) — 5t))) =

= %O(cos(ac + 6t) — cos(z — 4t)).
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