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Analysis III Autumn 2018

Solutions Serie 2

1. Find the Laplace transform F(s) := £ (f)(s) of the following functions

a)

b)

)

f(t) =t>+4t+1

Solution:

From the lecture we know that the function gn(t) = t™, n € IN, has Laplace
transform, defined for each s > 0: G, (s) = SL% Using the linearity of . we
have

F(s) = L2 +4t+1)(s) = Z(t2)(s) + 4L (1) (s) +.Z(1)(s) = 52—3+4- 51—2 + % =
_ s2+4s+2
-
1
Solution:

For each s > 0, we make the change of variable u = st, so that dt =1/s du, and

e 1 [+ 1 _/1
F(s) = J 120t gy — J 2 12ugy - Lp(l)_ VT
0 s Jo Vs \2 NS

f(t) =sin(wt), weR
Solution 1:

The Laplace transform can be computed directly by definition, integrating by
parts

+00 +oo
Z(sin(wt))(s) = J e Stsin(wt) dt = —le*St inf{t) + % J e Stcos(wt) dt
0 0 0
w o0 27
= —S—ze*St cos(wt)| — e J e Stsin(wt) dt
0 0
w 2
== 52 (sin(wt))(s)
S
. w
& Z(sin(wt))(s) = PR
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d)

e)

Solution 2 (slightly cheating - don’t try this at home):

The Laplace transform has been defined just for real-valued functions. It can be
defined in the same way for complex-valued functions, and also the variable s is
assumed to be complex. Of course in the particular case of real-valued functions
we have our old definition. From the lecture we know the Laplace transform of
the real-valued exponential e®!, a € R, but also for the imaginary exponential
el®t w € R, the same computation makes sense and

g(eiwt) (s) = 1 s+iw s ., w

N - = , Re(s) >0 (1
s —iw s2 + w? 32+w2+132+w2 ¢(s) (1)

But e'®t = cos(wt) + isin(wt), thus by linearity
ZL(e') = Z(cos(wt)) +1.Z(sin(wt)). ()

Finally comparing real and imaginary parts of equations (1) and (2) we get

S w

ZL(cos(wt))(s) = [SEY ZL(sin(wt))(s) = Tl (3)

f(t) = cos(wt), welR

Solution 1:
We started computing the Laplace transform of sin(wt) with

+00 oo
Z(sin(wt))(s) = J e Stsin(wt) dt = % J e Stcos(wt) dt = %f(cos(wt))(s)
0 0

from which we get
s

Z(cos(wt))(s) = 21wl

Solution 2:
It’s the strategy used above, from which we already got in equation (3) the
expression for the Laplace transform of both sine and cosine.

f(t) =sin(at) cos(Bt), o, p €R

Solution:
From Exercise 4.b) of Serie 1 we know that

sin(oct) cos(Pt) = % (sin((ax+ B)t) +sin((cc— B)t))

and by Exercise 1.c) of this Serie we know the Laplace transform of the sine.

Thus
x+ P N x—B )
ot B2 24 (x—p)?

Z(sin(oct) cos(Bt))(s) = % <52
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2. Given a function f(t) denote its Laplace transform by F(s) := Z(f(t))(s). From the
lecture we know that (for sufficiently nice functions) multiplication by t on the time-
domain corresponds to derivative on the frequency-domain, that is

d

Z(tf(1))(s) = — F(s) (1)
Using this property, prove that actually for each n € IN:
dn
ZEMD)(s) = (1) 2 Fs). @

As an example, for f(t) =1, we will find the known result

n!
Sn+1'

Z(t")(s) =

Solution (by induction):

For n = 0 the equation is trivial and the case n =1 is exactly equation (1). Suppose
now n > 2 and by inductive hypothesis equation (2) holds for n —1 and for any
function. Then we can apply it to tf(t) and get

2)

LA)(s) = 2L t(1)(s) 2 (—1) &

Z(tf(t)(s) = (1)

n—1
n—1 d
dsnfl

In particular for f(t) =1 we have Z(f)(s) = 1/s and then

Tldn

dsn

F(s).

n! (2) n!

dn /1 Lonl N

3. Find the Laplace transform of the following functions:

a)
A
k B 1 1
a b ]
Solution:
We have
k, a<t<b
f(t) = .
0, otherwise
and then
b
bk
Z(f)(s) = kje_St dt = ——=e 5t = g(e_sa —e %Y
a
a
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b)

Y

Solution:
We have
k(1—+& <t<b
= Kiel 0SS
0, otherwise.

kK ok " k. ok o, k Ok e
_ N~ = = b sb_1
s 1 bs? o S bs? bs? bZ(S—i_e )
Q)
A
1 B 1
1 2
Solution:
We have
t, 0<t«l1
ft) =<2—t, 1<t<2
0, otherwise.

Again, integrating by parts

1 2
L(f)(s) = Je‘Stt dt+Je_St(2—t) dt = —ze_St
0 1

2
2
1
— Je_“ dt
s
1
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4. Find the inverse Laplace transform f = . ~1(F) of

1
a) F(s) = i
Solution:
1 1 3! 1 3! 1
1 o1 _ —1 _ 1.3
Z <s4) <3!'54>—3z$ <S4>—3't
1
b) F(s) = 580

Solution:

Remember the s-shifting property, for which
L(e " (t))(s) = Z(f)(s—a), acR.

But then

z ((3—8)10 =2 o soem) "o ? \Goem) gt

s+3
s2—9

S+3 o 1 1 5+3 o 1 1 _ 3t
32—975—3:3 <s2—9>$ (s—3> ¢

c) F(s) =

Solution:

24
(s —5)(s+3)

Solution:
By partial fraction decomposition

24 _24/0 11 _ 11 _ a(s5t_ -3t
(s—5)(s+3)_8<s—5 s—|—3>_3<s—5 s+3>:>f(t)_3(e e

1
e) F(s) = 244

d) F(s) =

Solution:

1 1 2 1 2 1
< (32+4> =Z (2 52+4) 2 Z (32—1-22) 2sm(2t)

1
2445420

) (*) F(s)
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Solution:

We would like to write s? +4s + 20 in the form (s + a)? + w?. In fact this is pos-
sible for a = 2, w = 4, but then combining s-shifting property and the Laplace
transform of the sine we get

1 1 1
1 _ o1 I T
< <32+4s+20> < ((s+2)2+42> ¢ sin4y

s+1
(s+2)(s2+s+1)

g) (**) F(s) =

Solution:
The strategy is firstly applying partial fraction decomposition and then trying
to get some expression similar to the Laplace transforms of sine and cosine.

F(s) = s+1 1 s+2 1\ 1 s+2 \ 1/ 1

(s +2)(s2+s+1) 3\s24+s+1 s+2) 3\s24+s+1) 3\s+2
The second term is the Laplace transform of —1/3e 2t so we just have to modify
further the first term.

s+2 s+2 B s+2
2 - 2 - 2
TR ) e (D)

1 N
_ Sz+2\[2+\/§' 22 \/2:>
(s+5)°+ (%) (s+3)°+ (%

-1 s+2 12t
= & (M) =€ (COS <

and finally the whole inverse Laplace transform will be

_ s+1 1 ;¢ V3 ‘ /3 L
f=% 1<(s+2)(52+s+1)> :§e 1/2 (cos <2t>—|—\f35m <2t>>—3e 2

s
(s —1)2(s2+2s+5)

o5
~
_|_
o
VR
o5
\T/
N——

h) (**) F(s) =

Solution:
We still use first partial fraction decomposition to get terms which are known
Laplace transforms (exponential, polynomials, sine and cosine).

s 1111 1 s 5 1
(5—12(s2+2545) 16 s—1 8 (5—1)2 16 242545 16 242515
1111 1 s+1-1 5 1 -

16 s—1 '8 (s—12 16 (s+12+22 16 (s+1)2+22
11 11 1 s+1 4 1
=16 51 8 (s—12 16 (s+172+22 16 s+12+22
t t
— fo ! <(S_1)2(S§+28+5)) - ;—6+ t%— %e‘t (cos(2t) + 2sin(2t))
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5. (Bonus exercise)

a) (For those who have never seen this)
Exercise 1.b) has been asked to solve using that I'(1/2) = /7, and this exercise
proves it. Let’s call I :=T(1/2) this value.

(i) Use an opportune change of variables to prove that
+o0 )
I= ZJ e ¥ dx
0

Solution:

“+o00 2 “+00 ) “+o00 )
J t1/2etat :J x le 2XdX:2J e ¥ dx

(ii)) Note that

—+00 N —+00 )
ZJ e X dx = J e X dx
0

—00

Solution:

The function we are integrating is symmetric with respect to x = 0. Thus the
integral over all real numbers is 2 times the integral from 0 to +oo.

(iii) Compute this integral in a smart way by computing its square. Fill the dots

to get
+o0 ) “+o00 ) 400 pt+oo ) )
2 = <J e X dx> (J e Y dy> :J J e~ ¥ ) dxdy =
—00 —00 —00 —00

= ... =170

Solution:
We fill the dots using polar coordinates, for which dxdy = rdrde:

“+o00 ) “+o00 ) +oo ptoo ) )
oo ([ e va) (e van) <[ ey -
—0o0 —o0 —o0 J—o0

400 270 +o00 +oo
1

= J J e*rzrdrdcp = ZT[J e "rdr =27 <—er2>

o Jo 0 2

I
|

0

From (iii) must be either I = +4/m. But I is obtained by integrating a positive
function, therefore it must be the positive value I = /7.

b) Laplace transform of a finite linear combination of functions is the linear com-
bination of their Laplace transforms:

ZL(afi+...am+fm) = a1 Z(f1) +...anZ(fm), ai,...,am €R

The same thing is true for infinite linear combination of functions under oppor-
tune conditions of convergence which are all satisfied in the following cases. To
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explain better, let’s pretend we don’t know the Laplace transform of the expo-
nential and let’s compute it explicitely from its power series expression

+o0 k +oo
Z(e%)(s) =& (Z (akt!) ) (s) = Y T Z(E)(s) =

k=0 k=0
R AC)
- GdEir (-
k:Ok'( s SE NS

(i) Find again .Z(sin(wt))(s) using the power series expansion

+o0
) B K (wt)ZkJrl
Sln(wt) = l;)(—].) m

and verify that the result is the same already found in Exercise 1.c).

Solution:
We have
+oo 2k+1 +0oo 2k+1
: _ K (wt) N kW 2k+1y (o) —
Z(sin(wt)(s) =2 <§(_1) (2k+1)!> (s) —kZO( 1) (2k+1)!'$(t H(s) =

K
N +Z°°( 1)k W QT W & < w2> w 1 w
- - Tk T2 -
= (2k+1TT s $* =

(ii) Using the same technique, prove that!

< (sin(t)) = arctan (1>
t S

Solution:
sin(t) _ gt e g 1 2Ky (o) —
f( T ) (s) =2 (kz_e(_l) W (s) = kZ_O(—l) Wf(t )(s) =
v 1 K 1 1 !
- kZO(_l)k(Zk—i- ! g2k = kZO(_l)ka+ 1) g2k = arctan <S>

IThe power series expansion of the arctangent is

+oo X2k
arctan(x) = Z(fl) k1)
k=0




