D-MAVT Prof. A. lozzi
D-MATL ETH Ziirich
Analysis III Autumn 2018

Solutions Serie 4

1. Find the inverse Laplace transform of the following functions.

6725
F(s) = ——
a) Fs) s24+4
Solution:
The function 1
G(s) = ——
(s) s24+4

is the Laplace transform of
1
g(t) = 5 sin(2t)
and it’s multiplied by some exponential, thus we can apply the t-shifting theo-

rem and find 5
—ZSs

S ¢ (8] = Z(u(t—2)g(t—2)(s)

from which
f(t) = %u(t —2)sin(2(t —2)).
e*S
(s+1)3

Solution:
As before we want to recognize the term multiplied by the exponential as the
Laplace transform of some function. We have

b) F(s) =

1 2
G(s) = 3 g(t) = o1

and so by the s-shifting theorem

1

o = Gl 1) = £legv)(s)

So, with h(t) = e *g(t), using the t-shifting theorem
S =€ Gls 1) e (e glt)(s) = e L hit])(s) = Z(ult— Dh(t-1))(3
and the final inverse transform is

f(t) =u(t—1)h(t—1) = u(t—1)e_(t_1)2(t_1)2_

1 Please turn!



1
s(s2+1)

Solution 1:
We can use the integration property

c) F(s) =

with h(x) = sin(x) and we get

o1 <$(821+1)> _ <1L(Sm(t))> _ Jsin(x)dx —1—cos(t)
0

Solution 2:

We can also use the property (2) of convolution because we have a product of
two functions we can recognize as Laplace transform of some other functions.
At the end we are obviously lead to the same integral

L1 <s(1> = L1 (L(1)L(sin(t))) = 1 xsin(t) = Jsin(’r)d’r =1—cos(t).
0

s2+1)
1
Fls) = ——
D Fs) = iy
Solution:

We have, with h(t) = sin(t),

and therefore
f(t) =L 1 (F)(t) = (hxh) (1)

which can be computed explicitely. For this is useful to remind from Exercise
4.b) of Serie 1 that

sin(o) sin(p) = %(cos(oc—ﬁ)—cos(oc—l— B)) (#)
and

t #) 1 ;
(h*xh)(t) = J sin(t)sin(t—T1)dT = = Jcos(2’r—t) —cos(t)dTt =

0 2

0

_ 1sin(2t—t) 1 1 sin(t) B sin(—t) 1 B
= 5 O—Etcos(t) =5 < 5 5 ) ztcos(t) —

sin(t) — %t cos(t) = % (sin(t) —tcos(t))

2 Look at the next page!



2. Compute the following convolutions.

a) et xePt (a,beR)

Solution 1 (direct computation):
Let’s first consider the case a # b, in which

Solution 2 (Laplace transform):
We can use property (2) of Laplace transform to get

t t - a - L ! B !
e xePt =L (L(eMM)L(e”) = L 1(S—a's—b>_L 1<(S—G)(S—b)>

Now in the case a # b we use partial fraction decomposition and

1 1 1 1 at bt et—ebt
(s—a)(s—b)_a—b(s—a s—b> — ¢ e = a—>b

while in the case a = b

e L(te®) = exe=te

b) sin(t) x cos(t)

Solution:
With the trigonometric identity found in Exercise 4.b) of Serie 1

sin(a) cos(fB) :%(sin(oc+ B)+sin(oc—B)) (*)

we have

t
sin(t) x cos(t) = Jsin(T) cos(t—T)dt ©
0

N —
Se—— e+

t
1
sin(t) dt + 2 Jsin(ZT —t)dt =
0

1 2t —t
= Jtsin(t) - COS(4T>
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3. Solve the following IVP:

y” 45y’ +6y =5(t— %) +u(t—m) cos(t)
y(0) =0
y'(0) =0

Solution:

The Laplace transform of the left-hand side is

s2Y(s) — sy(0) —y'(0) +5sY(s) —5y(0) +6Y(s) = (s> +5s+6)Y(s) = (s+2)(s+3)Y(s),

and for the Laplace transform of the right-hand side we remember that
Zd(t—a))(s) =e ¢

and
cos(t) = —cos(t — ),

so, using also the t-shifting we get

Z(5(t— F) 4+ u(t ) cos(t))(s) = e T2 <szs+1) |

Therefore, solving for Y(s),

_ ,—Ts/2 1)— ”S< > )
Yis)=e ((s+3)(s+2) © G+

__m/2< 11 )__m< 3.2 s+1>
— ¢ s+2) (s+3)) ¢ 10(s+3) 5(s+2)  10(s2+1)

e*T{S

10

= e TS/ 2 p(e 2t — e B (5) — ZL(3e 3 —4e72t 4 cos(t) + sin(t))(s)

and finally from the t-shifting theorem follows

y(t) =u(t— F)(e 2T — e 3tH3m/2) 11—0u(t —71)(3e 33T _ 4o 2MH27 | (o5t — 71) + sin(t — 7))
_ u(t o %)(6—2’(—0—7{ _ e—3t+37‘[/2) _ 1%11(’[ o 7.[)(36—3’(—0—371 _ 46—2‘(—0—27'[ o COS(t) o sin(t)).

4 Look at the next page!



4. (Bonus exercise)

a) Use the Laplace transform to verify that the solution of the following IVP

b)

y' =g(t)
y0)=c

is the obvious

Solution:
Computing the Laplace transform of both sides of the differential equation we
get
G
SY(s)—y(0) = Gls) & Y(s) =<+ is)
To transform back the second summand of the right-hand side we remember

again the integration property

from which we get

Use the Laplace transform to verify that the solution of the following IVP

y"+y=g(t)
y(0) =c
y'(0)=d

is

t
y(t) = ccos(t) + dsin(t) + J sin(t)g(t—T)dT
0

Solution:

$?Y(s) —sy(0) —y’(0) + Y(s) = G(s) &

_cs+d  G(s) s 1 G(s)
e YO =gyt T e e T
The first summand of the right-hand is an opportune combination of Laplace
transforms of cosine and sine. Instead, to transform back the second summand

of the right-hand side we need to use property (2) of convolution and get

t
= ( G(s) > _ o1 ( 1 >*g(t) = sin(t) x g(t) :Jsin(’r)g(t—’f)d’f
0

s2+1 s2+1
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from which

y(t) = ccos(t) + dsin(t) —i—Jsin('c)g(t —1)dT
0



