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Solutions Serie 9

1. For 0 < k < 1, find (via Fourier series) the solution u = u(x,t) of the 1-dimensional
wave equation with the following boundary and initial conditions:

Ut = Uxx,

u(0,t)=0=u(1,t), t=0
u(x,0) =kx(1—x2), 0<x<1
ui(x,0) =0, 0<x«l1

Solution:
In this case ¢ = 1, L = 1, Ay = ¢'f* = n7. The solution of the 1-dimensional wave
equation via Fourier series is thus

“+00
u(x, t) = Z (Bn cos(nmtt) + Bj, sin(nrrt)) sin(n7x).

n=1

The coefficients are found by imposing the initial conditions. Firstly the initial posi-
tion must be

0) = Z By sin(nmx) = kx(1 —x?).

For this equality to hold the coefficients B,, must be the coefficients of the Fourier
series of the odd, 2L(= 2 in this case)-periodic extension of the function kx(1 — x?)
from the interval [0, 1]. That is:

1 1
Bn = Zka(l —x?) sin(nmx) dx = ZkJ(x —x3) sin(nmnx) dx =
0

1
1
=2k —(x—x3)M J (1—3x%) cos(nmx) dx | =
nm TlT[
0
1
= 2k (1 _3X2)sm(ﬂ 1J6xsm n7x) =
nm nm nm
0
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12k cos(nmx) L |
=5 |—x + — [ cos(nmx) dx | =

n27 nmto |, nw

0
12k 12k !

=53 - id sin(n7mx) . =

12k "
T (=™

The initial speed instead gives trivially

“+00
u(x,0) = Z nnBj sin(nmx) =0 < By =0.

n=1
Finally, the solution is

12k & (—1)n+!

7 n3
n=1

u(x, t) = cos(nrt) sin(n7mx).

. Find (via Fourier series) the solution u = u(x, t) of the 1-dimensional wave equation
with the following boundary and initial conditions:

Uit = Uxx,
u(0,t)=0=u(1,t), t=0
u(x,0) = f(x), 0<x«<l1
ue(x,0) =0, 0<x«l1
where f(x) is the following function
f(x)
1/4
I ' > X
1/4 3/4 1
Solution:
The function described is
X, 0<x< s
fix)=qVs  Va<x<3h
1—x, 3/a<x«1

Here we have again ¢ = 1, L = 1, A, = ¢f* = nm, and the Fourier series solution

will be
+o00

u(x,t) = Z (By cos(nmt) + B, sin(nrrt)) sin(n7x)

n=1
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with, as before, B}, = 0 because the initial speed is zero.
Imposing the initial position

+00
0) = Z B, sin(nmx) = f(x)

n=1

amounts to finding the coefficients of the odd, 2-periodic extension of f, that is

=2 | f(x)sin(nmx) dx =

[N

3/4 1

[ 1
=2 xsm(mrx) dx + 5 J sin(n7mx) dx + 2 J (1 —x)sin(nmx) dx =
E) 1/4 3/4
X cos(n7x) /4 " cos(nmx) 4
=2|— +— J cos(nmx)dx | — ————
nm 0 nm 2nm 14
0
)1
+2|—(1 —X)M - — J cos(nmx)dx | =
nmwo |5, nw
3/4

cos (%)  2sin(nmx)
2nmn n2m?

= —2 sin (E) + sin ?ml
T n2m2 4 4 '

We can be even more explicit by observing that

V4 cos (3n7) . cos (%F) . cos (°%")  2sin(nm) !

22
0 2nm 2nm 2nm n-7 3/4

3 0, N even

T s

sin(t)—i—sin(;t): V2, mn=8j+landn=28j+3
V2, n=8+5andn=2_8j+7

Finally the solution can be written as

=2 Z <sm ( ) + sin <3Zn>> cos(nt) sin(n7mx) =

_2fZ 81i1) cos((8j +1)7rt) sin((8] + 1)mx)+

2\[ “+o00
2 3 2
lr (8 +3)

B 2\/5 “+o00 1
(8] +5)

2\& “+o00
T2 ; 2
7T = (8 +7)

+ cos((8j + 3)rtt) sin((8j + 3)7x)+

cos((8j + 5)mt) sin((8j + 5)7x)+

cos((8j + 7)mt) sin((8j + 7)7x).
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3. Find (via Fourier series) the solution u = u(x, t) of the 1-dimensional wave equation

with the following boundary and initial conditions:

where

Solution:

Utt = Uxx,

u0,t)=0=u(mt), t=0
u(x,0) =0, 0<x
u(x,0) = g(x), 0<x

The speed is ¢ = 1 but this time the length is L = 7, so that A, = ¢5* = n. The

solution is

L

+o00

u(x, t) = Z (Bn cos(nt) + B}, sin(nt)) sin(nx).

n=1

Imposing the initial position zero we get

While

u(x,0) = Z Bnsin(nx) =0 <« B, =0.

n=1

u(x,0) = Z nBj, sin(nx) = g(x),

n=1

so that nB}, must be the coefficients of the odd, 27m-periodic extension of g, or equi-

valently:
7T
B}, — — | glx)sin(nx) dx =
n = | 9(x)sin(nx) dx =
0
/2 7T
L J xsin(nx) dx + L J (m—x)sin(nx) dx =
~ 50nm 50nm
0 /2
I /2 - 7T
1 xcos(nx)[2 1 1 (7t —x) cos(nx) 1
= — + — | cos(nx)dx | + — - —
50nm n g N 50nm n M
0 2 /2
= 7T
~cos () | sin(nx) |2  cos ()  sin(nx)
~ 100n? 50n3m |, 100n?  50n’m |=
1 nm 0, . on= 2j
" 25137t 2 ) 7 ) (=1

n=2+1

25n37’
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Finally, the solution is

1 &1 ./ .
u(x, t) = 2o j;) 3 sin <7> sin(nt) sin(nx)

~ 25m LR+ 1p sin((2j + 1)t) sin((2j + 1)x).

4. Find all possible solutions of the following PDEs of the form u(x,t) = F(x)G(t)
(separation of variables):

a)

b)

XUy +uy =0

Solution:

As customary, we will denote by F’ the derivative of F in the variable x and by G
the derivative of G in the variable t. Plugging in the equation a function of the
form u(x,t) = F(x)G(t) we get

Fix) Gt

xF'(x)G(t) + F(x)G(t) =0 T Fx T 6w

On the left-hand side we have a function of x while on the other side we have a
function of t. The equality is possible only if these expressions are constant, so
there must be a A € R such that

Foo_ 6 _, {F'(x) AF(x)

_ —0
Fx) T GR) G)+AG(H) = 0

This is a system of two homogeneous, first order, ODEs, one with non-constant
and the other with constant coefficients. The solutions are
A
F(x) = crel * = crer s = ¢4 (en))™ = ¢qx?
G(t) =cpe M
so that, calling c := cjc; the product of the constants, we have solutions of the

form
u(x,t) = F(x)G(t) = exMe™t, A eR.

Uy + Uy +xu =20

Solution:
Here we get
Uy + Ut +xu = F'G + FG + xFG,

which we are going to impose equal to zero. We want to keep track of the varia-
bles involved in order to have clear which function depends on which variable,
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<)

to then separate the equations properly:

F/(x)G(t) + F(x)G(t) +xF(x)G(t) =0 <
F/

), 6

& (F(x)+xF(x))G(t) = —F(x)G(t) <« F(x) G(t)

which, again, is an equality between some function of x and some other function
of t, so there must be some constant A € R for which

G = . -

x2 x2
~ u(x, t) = F(x)G(t) = ce” 2 TMe M = cem 2 FAY),
3, + cos(x)u — 2, =0

Solution:
The equation with separated variables becomes

t3F/(x)G(t) + cos(x)F(x)G(t) — 2F'(x)G(t) = 0.

We want to get some equation in which there are just two terms, each of which
is a product of a function of x and t. So we need to gather the first term with
the third term:

cos(x)F(x) 2G(t)—t3G(t)

F/(x) (£°G(t) —2G(t)) = —cos(x)F(x)G(t) < ST 0

Again we need to impose both terms to be constantly equal to some A € R. In
the case A # 0 we can divide by it and getting the following system of ODEs:

F/— LS{X)F =0 F(x) = crel %7 = crerfeosx) — ¢ ™%
. 3 = 3
sin(x)
~  family of solutions: ulx,t) = ce A es(H4A) A e R\ {0}

As one can easily observe instead the case A = 0 forces F = 0 and so also u =0,
which is the trivial solution and it’s anyway already been considered above if
the constant ¢ = 0.
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Unimportant remark for the purpose of the exercises: what we did in each exercise is
finding admissible values A € R for which there exists some solution of the form!

un(x, 1) = c(A)FA(x)Ga(t)

Because each of these PDEs was homogeneous, by the so-called superposition prin-
ciple, then also the sum of any of these solutions is a solution.
More generally any expression of the form

+o0o
u(x,t) = J c(A)FA(x)Ga(t) dA

—00

will be a solution, providing that there are some convergence conditions (i.e. the inte-
gral converges, and it does it in such a way that this expression will be differentiable,
etc. etc.).

This is in what fully consists the method of separation of variables: find the values
A € R for which exists a specific solution with separated variables (and this is usual-
ly easy just because we have separated the variables); then 'sum” in some sense over
all admissible values of A (take a series, if it's a discrete set, take the integral, if it’s
continuous) these solutions to get a more general solution.

This is, more or less, one way in which every PDE is solved in what follows in the
Lecture notes?.

lin what follows the subscript is there to indicate a dependence on A, it’s not a derivative!
Zyou already saw the example of the Fourier series solution of the 1-dimensional wave equation



