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Questions
NumCSE endterm, HS 2017

1. Convolution [5 P.]

Let
x = (1, 2, 3, 4, 5, 6, 4, 2, 0, 4, 8, 12).

For an arbitrary vector y, let x ∗ y be the discrete convolution between x and
y. Let z[i] indicate the element at position i of any vector z, indexing starts
from 0. For instance: x[0] = 1 and x[3] = 4.

(a) If y = (1,−1), what is (x ∗ y)[0]?

(b) If y = (−1, 1), what is (x ∗ y)[7]?

(c) If y = (−1, 2,−1), what is (x ∗ y)[12]?

(d) If y = (1, 0,−1, 0, 1, 0,−1), what is (x ∗ y)[5]?

(e) If z is the discrete Fourier transform of x, what is z[0]?

[1/0/0]



2. Interpolation [5 P.]

Consider the following code:

using namespace Eigen;

VectorXd f(const VectorXd &T, const VectorXd &Y) {

int n = T.size();

VectorXd tmp = VectorXd::Ones(n);

MatrixXd V = MatrixXd::Zero(n, n);

for (int j=0; j<n; j++) {

V.col(j) = tmp;

tmp = tmp.array()*T.array();

}

return V.fullPivLu().solve(Y);

}

(a) Choose the best asymptotic complexity of the function f for arbitrary
inputs: [2/0/-1]

i) O(n)
ii) O(n2)

iii) O(n3)
iv) O(n4)

(b) (True/False) The function f returns a vector containing the coefficients
of the polynomial obtained with Lagrange interpolation at nodes Twith
values Y. [1/0/-1]

(c) (True/False) Neglecting numerical instability, Lagrange and Newton in-
terpolation are equivalent. [1/0/-1]

(d) (True/False) In case of numerical stability concerns, Lagrange interpola-
tion is more robust than Newton interpolation. [1/0/-1]



3. Bernstein polynomials [7 P.]

Let Bn
j (t) denote the j-th Bernstein polynomial of order n, where n is an

arbitrary positive integer.

(a) Choose the correct definition of Bn
j (t): [2/0/-1]

(i)
(n

j

)
t j(t − 1)n− j

(ii)
(n

j

)
t j(1 − t)n− j

(iii)
( j

n

)
t j(t − 1)n− j

(iv)
( j

n

)
t j(1 − t)n− j

(b) (True/False) The Bernstein polynomials Bn
0 , . . . ,B

n
n constitute a basis of the

space of polynomials of degree n + 1. [1/0/-1]

(c) (True/False) Exactly one polynomial among Bn
0 , . . . ,B

n
n attains value 1 in

0. [1/0/-1]

(d) (True/False) It holds
∑n

j=0 Bn
j (t) = 1 for any t ∈ R. [1/0/-1]

(e) (True/False) It holds Bn
j (t) ≥ 0 for any t ∈ R. [1/0/-1]

(f) (True/False) For any continuous function f , the Bernstein approximant
of f converges exponentially in L∞-norm to f . [1/0/-1]



4. Function approximation [9 P.]

The following functions, defined for x ∈ [−1, 1]:

• f1(x) = 1/(1 + 16x2)

• f2(x) = arcsin(x)

are approximated using:

• A: piecewise linear interpolation on an equidistant node set Jn = { k
n :

k = 0, 1, . . . ,n}, for n ∈N.

• B: Chebychev interpolation, i.e. f (x) ≈ B( f (x)) =
∑n

k=0 αkTk(x), where
αk ∈ R and Tk is the k-th Chebychev polynomial.

The error in L∞-norm vs n plot is given below:
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Assign the error curves to the corresponding approximation: [2/0/0]

error curve 1 error curve 2 error curve 3 error curve 4
(a) A ( f1 ) (i) (ii) (iii) (iv)
(b) B ( f1 ) (i) (ii) (iii) (iv)
(c) A ( f2 ) (i) (ii) (iii) (iv)
(d) B ( f2 ) (i) (ii) (iii) (iv)

(e) For f ∈ C∞([−1, 1]), what type of convergence is expected for
∥∥∥ f −A( f )

∥∥∥
L∞([−1,1])

with respect to n? [1/0/0]

(i) algebraic (ii) exponential



5. Quadrature formula [6 P.]

(a) Consider the quadrature formula Q( f ) = α1 f (0) + α2 f (1) + α3 f ′(1/4) for
the approximation of I( f ) =

∫ 1

0
f (x)dx, where f ∈ C1([0, 1]). If Q is of

order 3, determine the coefficients αk, for k = 1, 2, 3: [1/0/0]

(i) Value of 12α1 ?
(ii) Value of 12α2 ?

(iii) Value of 12α3 ?

(b) Let

I4( f ) =
1
3
{
f (−1) + 2 f (−1/2) + 2 f (1/2) + f (1)

}
be a quadrature approximation of I( f ) =

∫ 1

−1
f (x)dx, where f ∈ C0([−1, 1]).

(i) What is the order of I4( f )? [2/0/0]
(ii) (True / False) I4( f ) is a Lagrange quadrature formula. [1/0/-1]


