~ Numerical Methods for

m ional Scien nd Engineerin

Autumn Semester 2018

Prof. Rima Alaifari, SAM, ETH Zurich

@ I% e e ok X* WI‘MA .C,E(‘%*) = x
HXE.ok (\)oiuu{' I‘LO\TDJQ'.L‘OU\ VA @\V\ oy ErT wirl oouver%z_ o '
“Dediilipw - d oiuk lasokio o, | (e t) — | = (I &;(\C(u) - %(?*3”
-X(.&:(-d.) _ @ (k(.(.u3> < L' “K(i'-) ___X*U
s couwmsled  wie F(x<)=0 q‘%, anr xe UaD \ ULM)L[ < le (P /< 4
F(x)=0 <> é?(y\—_ P — 0

@ At lost Liveoc couverpemce

%’Mwﬂ_m%@m\l
(] J

c Q"L — ]kllfl




&) jb\ kos ok wioh o FP. Local stalenart Q\/Or QU(%,Q:&,«J(AM & :

"’ v W 2 . x ¥ T | Lemma 8.2.1 (Sufficient Condition for Local Linear Convergence of FPI). If & : U Cc R" —
' 4 R", &(x*) = x*, ® differentiable in x*, and |D O(x*)|| < 1, then the fixed point iteration
‘\

[y ¥_ « X - o Y T * Z ) - ¥ ok xK1) .= CID(x(k>)
AR 2 . I
<1 converges locally and at least linearly. local cowht l‘\/l-l"ﬂ,
= L. N PR — X _ F v
= )", =0 = g = C Al g
JJ' iy
rc,b‘(y):: /‘.‘I;df—_(x) el
- Exislouce o) a PP o - L v “ii24
Q— -q\ di
~ Theorem 8.2.1 (Banach’s Fixed Point Theorem). If D C K" (K = R, C) closed and bounded /(k)a‘w(m aa

——and ® : D — D satisfies —
| Lemma 8.2.2 (Sufficient Condition for Linear Convergence of FPI). Let U be convex and
L <1suchthatVx,ye D:  [[®(x) =D))< L-[lx—yl, - @ : U C R" — R" be continuously differentiable with

—— then there is a unique fixed point x* € D, ®(x*) = x*, which is the limit of the sequence of iterates |- L :=sup IDP(x)| <1.

~ xkHD) = o (x(0), for any x(0) € D. SR xel

If &(x*) = x* for some interior point x* € U, then the fixed point iteration xkt1) = & (x())
converges to x* at least linearly with rate L.




¢ 1—((])' E“; 14 QDCAQ% cpu/}m(/&f@_ = 1:){4‘&1/:0!4 counyenfes RECQQQ QM‘SQLZ$Q‘QVL Q.k:.‘)ui— gggm‘ql\bu v\,u.mgir%:
(,OcAvMu Ou’OUwg’L MAL Y L v L £
d l[PCx())—P(x ) euall 7’~§ [(x()/x || smalf
o AL foosk  Lweer  counvepmca B — -
J N S not - cowputable
Whew 4o desucwole  Hao  Thsabow N e
F(x) F(x) B

Fuok xt

WI‘I/Q/- FCX*>“—0

Wlew o shop ’”“"‘““8 /

= /_L\‘ - L~
Tdeally :  ((x* - 2T )
d NN I

%‘Muz 5 s wet kuwown ~> wot vm‘l’,;o.(sQ

HF(x(k))H small % |[x — x*| small

HF(x(k))H small = |x — x*| small

< T

i\-QJQHOM

TL
\

S f/.ug,o:%} ODULUU%,QM)(TT

J%K%m}u\‘om?
Hoppine cnkoon  [(\F(x CU\[
1 SR

@ conechon el : - -

leea (&)
I = <

n

I

(L)

ot

< !l%ww)_xtuu +ﬂx

(fL-(-If—)

,x*“

/)
or ﬂ)((ﬁ.-l-'l,) ——X( “ o H)\(‘U-Du‘




&

le L
< “‘X(’in) "‘)<C )ll + L //KL )'—X*’// EB’,MAJW\W?) L. caux ‘oe du‘%%.\cu.(ﬂ_

o : () e A iOQSﬁ\vuibd‘fc; ey le ZPL_ il fso olo

= (1-L)- IxC% —s* | 2 I x - % ]! (>1<)
More %Mmlﬁuq -
= “x_auel) ——x* M < L [(Xl") '—X*U
A"“nn‘gn‘ J—D\r\w'u%kau cn koow !
Qt) L (1) (k> (L) ¥ ’L.k A (0)
< L ﬁx —x H “x —x’[é-——sﬂﬁt)ax |
/{—L ] | 4_L I

A- —|(‘)0 {k.ﬂ\Oﬂ‘. MM‘OL{_ Q/n.é{ﬁ‘\‘)u. .
]

A (-1)
!! x ¢ ) _

le [
(I

A~L

—




Rk Nedow's medbod (4w lugfu.r d!'mwxiOus) L. 1D (%'(x“’“} + O
Now i Taverflailihy, o} “DF (<)

EXM 1?QQ._,O\ P‘rnQM 1D J
Cn‘rgf\- or'o(!LT Q/inlﬂmk{mhbu (Lﬂﬂnma«> A“‘ epoQL ’l;kmffgu'- CouL’ﬁwk_ NQLJ(\'DCL r@/reu{‘bu,
solue DE(x®) vy = — F(x™)
P = F (@) + DFEED) (x=xP) ’ d
—~—0— / \[/ 1$ A xﬂug NWJ‘-DM. QDPPCC_"HOM

é@j’“l"l
:,)o.c.o(m‘a,n o? F of KCQ)

Couuut&fzucz % Newtow's  waetleodl:
~ Definition 8.3.1 (Newton’s Method in R"). Newton’s iteration in R" may be defined by the TP P d DF ( K*\ s PU) Lo
~ recursive rule "

t) =
- (k+1) — x (k) _ (N =1F(xk)
-~ KT =X = DEC) TR, (85) N TV X ﬁoaaﬂiq U
~if DF(xW") is regular. We call — D F(x*))=1F(x¥)) the Newton correction term. /

L (€) 7( Cx o : oo - volen  duat fes

~

~

e
}—Qe 00 ) (&)cu, 2((1(.4/1«) ,’XC )

/

'(;c(ic)) ) Haiy n‘()‘gmusf;a ~> lm-(‘owta QA {)os;gila(t

o~ .

o vm‘(%,,\ W {)ra.(‘}l’o(




Noke : TL “DE(x") %\'M?AJM 0o /Qﬂweg,a_c‘ Ad i.) E_K‘oeol‘ o vadr COMUQIOQ,QA.C,Q_

( ' |
. /3 b
qluouolmt\@ coOuvemuU Ce !!x( <4 —x*{/ < “x( : —X*l{
(leta)
M %Q@ VLD re_ c,ou%{oimm&\'o.,_g- f\/.xu.)
P—
R Appiwa e w Q,or Nowow' s meM? k)
) Fed { ~ ()

le . L+t ()
2. Pagsg'bgat @?u— P&K,.'ol,t of coul/o_fg;,QMCQ‘Z (I)\oo%MJa: x5 =5 " 577 T

D Q,luags OA‘ g co‘)—l— o}) £D©K\wp

§ [ = = JDEGE) T RG] 2Tkt
a/uo._Axa['fc C.ou\/QﬂgMQ _
3.) Muoiwa cpw]?uln_‘\ou.o_g cost ¢ wWW b’%/i//"‘; Cf)"[&_’b"t
Y ‘ LS dw ead dembio.T] oo fly  wlies @ |l x < | £ !(XL@h
- ¢ ¢ ! (%) "
. | )
ig x(a) WS & ?ﬂoi e (e ) lowe.

BO(JIQ,O( ony._ [ S& (hgo muj_ﬁ.zum%ug J*e».e\_




m’ﬂlj_)l‘w(j c,n’.!{n'a M PO,L(,,;Q D“L NQM_)-]'Ou.(S medlod :

N\ . ) R
D ce ! i ec A ql'p feg  cadepoo (() Locol M/ﬂ./ma)c.
S '
JPPE“YVFC“ )| 2T (2
\-—’—\o’\_)
ng NN NQAH‘OM
cotrechion 20 s T
(J[Ma: e We QQX‘M.OLJ lave LU dﬂ&d{)ﬁ‘?—@d\bq 2
o) DF(x“T)
] = 7
e Ve b guadmlbz couv. %) /ATSMMQ{-DJ-QR
[ = (!
DE() = DE ()

i 1 " " " L i " " 1 " " " I " "
-6 -4 -2 i
-05}
-1.0

-15+




g@h xe"—4 AOLZ\J : A- feuf%dt(«] ggc* 0\10:8(1.00'('!\‘*%\
) = (Lex)e”
v mo.wfged Nowtou  melod
[ . g
V(-1 =
x( < - 4 = x5 e olﬂ'ver%ﬂ’icg Tdeo: T Tecoky
« s _y = X9 K CouR PIU G oo di's bonce (x4 —xC9l s decreamiue.
E.q ”x‘““) NG !Ix("ﬂ) — 7
2 1

B (9 - A DRGWY T E((2)

A e (0,1 dospise foctor

-t




A
k) — ~ (et &)
How ¢o Jioone A9 ¢ A X (A(U> ~ ylet2)
. e
g;lwoﬁui : Jooe. de  fopest (oogg\lr(:_ A .
d ¢ Tw f)foc.Hca,.‘ AL =1 [ O\Qw,‘mm ]
w flot  didouce  besern  iferndes  dacreas d
QAAQL C,Jluz_c,(c_ )l: )
- - : . y (L)
' (k) M) A
Choose the maximal 0 < A <1 such that P @\ doesw (& Lo (of /\( < a
axa®)| < (1 _> IS/ — Dbl () JApled G e frit fime
where Ax(%) := D F(x(0))=1F(x(K)) denotes the current Newton correction and
(O
AX(A0)) .= D F(x")IE(x®) — A () Ax () EKWQ 1: F(x) - ecctox X '=20
— — _ {
~ ckt 4
is a tentative simplified Newton correction. x 50 K AK) +(K) F(x®)
1 0.083125 0.94199967624205 0.75554074974604
2 0.06250 0.85287592931991 0.70616132170387
A x5 = @K‘—(XC“\J = (xC ”"/\ 3 0.12500 0.70039827977515 0.61099321623952
4 0.25000 0.47271811131169 0.44158487422833
+1) [ 3 )
( . ) D = (X( 5\ | = ( L \ 5 0.50000 0.20258686348037 0.19988168667351
6 1.00000 -0.00549825489514 -0.00549819949059
A (k) _ 5 (L) . (le+4) 7 1.00000 0.00000011081045 0.00000011081045
X — 8 1.00000 -0.00000000000001 -0.00000000000001




tangent

C QF'DfD)Cl'M/LQ_J'L)

e

NMMA Corr’ecJ\‘ouS?

(&)

o A= g { l(_)( )
¢ o () =1
F HAk1] (o) waniow a > 17
AKU‘) rk +4)
~ (<% . : V), v
, X Avoroxiwwakou ol EF(}(U"\\ i e R’
 _— '\ A / JV\
XL-&&)
_ (L) L- 1) =13
4EX&AAA€‘Q_,2_‘_ P(y\ = xel— x©°) - -1.¢ | (X( —><( \ - F(K(u\ —F(x( \ (*)
! | d"‘ \ / - / ~ J 7/
Tk A @ F(x®)
. _ 0. l le ! [
1 025000 -4.4908445351690 -1.0503476286303 A i, 20001 Mo d“;"“i Newkou's  m
2 0.06250 -6.1682249558799 -1.0129221310944 () _ ey —I— 1 = = 1\\
~ 3 0.01562 -7.6300006580712 -1.0037055902301 X =& Ji-1 (* )
4 0.00390 -8.8476436930246 -1.0012715832278
5 0.00195 -10.5815494437311 -1.0002685596314




o (58 Y = cF ) ) ot T by @ mak—d opdake
Ji 1 / S s S !
~ W Bp1ug 4:/LC|’O.A‘ JQ/&A .
(#) = (%) > T 4
(&) (=D — () P('“‘(u> (X(Q) wlboB)
(T =1 ) (=) () 1T =7 +
\d"- dg«-*+/ U / - Ok Jle—1 ”y(a)_x(cc—u“ >
o —— , -
(UL&QPOL&J‘QRMAM %m\(/e(m:‘ N QLUQ%\'-— Nedoe e dlod). !
~ oot (or @ J«o.o.;\a Qiocco - x(k-l—l) . x(k) 1 Ax(k) ’ Ax(k> . —]k_lP(X(k)), A
- |
R (o) F(xF+D) (ax) T o
_{:,. B/ a— -1 2. J = Ji o
d [ x & — x4 k41 -= Jk 7 2 ' -
o e ax0; -
| [ ool 1 qqg,{ﬂxlll
o © o e ° s k_ -4 un -t I
Ve — 1
Sloct Wit :‘J”: O ) — Mo sow — or




L e

(:

\U.&

S (Uucoushoriwdl

m 3 — Of;ﬁ'w'-z-o_‘h'o.@
—V‘I@AQA\%L%Q@A—{A&;&A_LM_%_@% @ L . e lve QQMH —
mousc o L decl ahk eacdl Zleebou  wleHac ¢

- [east— SQUoces s0luhow !
conyspmce %5 J‘o '4& Qxﬂe_c}ed o~ woT
| Fud =K'  o.b (IAX—LUZ —>  wdn
M%w/ﬂﬂd Nesbow |
fs J
z% miaealed /ﬁﬂu'éum: . sv‘o,p 2 fe’wr# e cloc . &ommﬁmﬁdl ol e
LI | Qu&d——sa{.xow'ou x do Ax—L s.t.
x|, = wmin
2

’ Pest ,Qow — o e m\)?roacimo:h'on:

n

Covens Ack fiod K ek™  wHe mul (&) =k

over rowde L neafpces

] ULL‘M

5. L. [[A—Z'l[
2

[F




Gonocol) neolli. oewwlodow 'f/A Cu ) = '____:’ e U:—/«)?‘/%,a
( | 0 A 77 @
RN =R
P/.A- u, 2 )

Fud a mox [mau  of F/
’ 7

Ex%«.’a(g {ﬂm mo.Huime Z;zgm,«'ﬁ )

/L(/a.x,/'mam Z(Aeéémoa/ eshmaho«

J%@LM@Q%M_MQM@Q
Z

o
o A

’Woéabf&?// disknbubo .

S~

Odm,ﬁ'mt wn /M A

For oxQup (2 H e plit of l'{‘ /4‘&_( 9/ a oM age
[ [ [/ s 4

e’ ,ﬂ/OﬂMaa/é Qﬁl:sh’? .é(/tébl—r

~ Maximcz

P ¢ eshmale M 20

we ‘m ou I~

P

[n Fraoﬁcg_ : Mox /2. jﬂﬁ r aunglead|

):,QDCAA'OM a/ max s W &oter L.t

g gb(,i?.
- [ ot

,ortaﬂermdtﬂu Yo yeemencol .og?/,\oc%sj




MoK/ 21 4@ ~ <= ﬂu'm'w'?:r'w&? — F

ﬁ

Resacte :
(/

OV/);Q/M.%OLh.lO > u/:M a%é/érwaéé oéﬂfec/)'n/e ﬂﬁ,wcdébq

~ e wll Om(j @u&‘@LQLIQJ_L_,O. roblos

Feh— R olx'ﬂﬂaﬁucuk'oéép
/a/(ﬂéﬂl Vs . ,Z,ooa/( My mom - dicechow v dl'r‘@c,ﬂl'on ‘-&[ ;yff-ﬂk@% zlcreq e
e x* I.iS a ?M vy viom? of ‘:‘L /2" —3//2 — v F dfr&céz'o»f of 5/&,#2.574 C&SC&Q?,L
1] —_
d— P()JF) < ;CX\; V Xé@w Ulua ? LOCﬂUjd,y a_('Du.t.o( X FCX) ~ F(Z) + VF\,;)‘ (X—-&_)
¢ x¥ s oo Yool whaism o/{ =P SIR Tg we  Juoose X = X +TWV FC;)
o 5 £E50 o.t. ‘vl,x Wik x-sxT| <€
¢ A F{_A:FCE-&'EVP{E)) ~ F(x)+T o By |
P(x*) <t (¥ )
c—balf IR T>0 Dowchon yalue <ucreeses
eOondl X \ \

T< O " - @_L_CPQ.QA—ES




W'ou.a._czj ',ao,l.A L pF () =0 F(x) = F (_x;s) +.42: ((=- x*)T HFCX*>(XF><F>
~ cocdd Lo [,szé/Pjpé@Z ma)c/n,,,',q/ v\@) —
i TuCre Yl /@(06/’60-5—6 / vot- Mo
MOUQ 'DOI‘vvf
He (<5) pos . el (+) > O
I(\P— F is Wice OQJ(% ; —~> Cou%.‘ohu' J'QA-L HQSS('OLM V"f-&(}ﬁ:)c ~> ﬂDanﬂL, 7:4,1.(,4*9_0.&2 0({) ‘p,._,MJ-yb.,. \/afues
D-+ J‘B\Q Shh‘om(}ﬂ‘—)f 'po;.nL . deok x:/:
/ F(x) 2 FC/*/)
\ oK. 22Xy /i=4 = focal inirwr
/l_Qa-d,Qpr‘ Lxp amgou He (<) nep. olof . Local  moximim
| I N |
avond slodbuocy 00t > T iudzfngk => mow /.oaz'u‘
y T H,::_ (y*) not ?.'u\/u'h-é(ﬂ -~ wL.oQ reC 0n of 20»0[0&6_ /m/.'a&
F(x) > B(x") £+ vk (x") (x }‘l'z(—x*) HF(X*,)(K‘—V*) /
Y




Chocle hv N U by lucking  wlheller
J J

C&a(asédq ;{faoé)n}aéba LX [l

Aved Ou e convex o

) \0 (V4 Ow ?

F((1=a)x +ay)

A' ?'n_)mc/&.ou F - ﬂl" — R 'L'.S CﬂﬁQ’-d Couvlx l.d(

X (1—a)x+ayy

’P,_Or QM x(}/Jé@q anol Wl oce((O[Z)

[ e mmar [W.-/M'Mcpm o] cowvex ,B.Mc,ﬁbuj :

F((1-o)x+x = [i—x\pCX)n“d Flg )
C 7 |\ < g/

l:g xX s @ Q,Ocﬂ-.Q

ve

b N
—I'LUAX 18 a

B_QLO.Q W UMM .

C< ) (s}ﬂ"u['eaq couvex |
J )

% &




Deave

= —I'(Au-e 1L a m‘%ﬂdaor-b-coolIO\(DuMJ =¥ s .+,

—

(28 «&DCA[ ”'t/'/u'ﬂwwlf éuﬂL

XX 1

V:C.x*) ft(k) xel

F— 28 CDMV92</

_SJF Iq,me_

20t o ({{%ﬂéaﬂ Mipt e = cavunot Le
=) 3 X eR" s t. F(x,) < f:C)c*/)
Mebods &r M mizehow 0% F:R* =R
Convesdi by » for  oe (_Ol 1) .
d 6 Crodicnt  iscent
F(x*+ M(xo—x*)\ < o<F(z<G/\+(4,—o<)l:(x"> 0 /
~— 7/ g v
T Bt bots ki [ [L
< PB(<M) (\ RS
Tale o B UL CY o —= O [ —= oo \
l Auy direchiou A X st VFCx)T Ax <O
X = s, (x ~xT) — 5T d
< coT ’ % o descewt diecho.
BUT  F(x) < B(GT) e
I cg

A X —.,—VF(X‘)

%mgb‘w asceut gurecho.,

~>s ?\JI‘Q_Q,O(H‘/ QP}O(DO«JA




et
‘.
‘rec/ln.bu. .

o
t v F(x)
(x) 0O
ac.ol
o >
O

~ 7/ X \

thaoliw d
0Sceut  Themh

>< (lee1)
— XCM
. ‘(TU‘)
\VARE
(&
\_)C
)




