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Code Snippet 1. 20: Difference quotient approximation of the derivative of exp

//' Difference quotient approximation
//!' of the derivative of exp
void diffq () {
double h = 0.1, x = 0.0;
for(int i = 1; i <= 16; ++i){
double df = (exp(x+h)—exp(x))/h;
cout << setprecision(14) << fixed;
cout << setw(d5) << —i

<< setw(20) << df—1 << endl;
h /= 10; —

} ‘M"&ICO)
} 3"(0)
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log,,(h) relative error —
-1 0.05170918075648
-2 0.00501670841679
-3 0.00050016670838
-4 0.00005000166714
-5 0.00000500000696
-6 0.00000049996218
-7 0.00000004943368
-8 -0.00000000607747
-9 0.00000008274037
-10  0.00000008274037
-11  0.00000008274037
-12 0.00008890058234
-13  -0.00079927783736  —
-14  -0.00079927783736  —
-15 0.11022302462516
-16  -1.00000000000000

BUT : cg L s small -




&

'l 1 ll " 1 #l " I ll l: I :l l: I ll l I

Use Ho axiom ol mu\meou omalyw’s o COVV-?LM[C
ad 0 9,

7 N
S | . om aphmal Mo Do L
2 1 ! “
- Xxth %
- | (’l+&,)-— e (A+s,)
L i oliff. gouokedt olg = .
- e ] N | } .
S <. |
o °3 i
B o ] 16.] s, | £€EPS
(N |
R ,‘\_'Io ]
e . __ - ok —e ™
o N e H Tas: Choose W s.4 ol (s wdvncrenl
5 —— 50bits | e~
— 70 bits
——+—— 90 bits [
D AHHObItsT
. —+—— 130 bi
o [N (NN NN NN NN (NN SN SN NN WO N M 1| .ItSI % nh _ /1_ g_,! %Ll — %_ \
0% 105 102 10° 10 10 oo = o o+ z ) / 0 *
h ¥ Lo 4 /
i B = e~ ¢ e — &5 >
' - 1 =
Tl seams do be  aum ovphvvnaﬁ_ dorce °é), e.” L -4 * B ( O)
o J , - ,
. .o . L—_\/_\] ——
40%94-4._ wo  ou e madine peEUvou. oAq - 2168




~~
e

L\

1.6. Nomencal stabilt

Mattencih el /roé(aw_ .

Guput]  olota 5770 @ X Y A

(ouhyu solutyon, Fpace y wawan

e ,,Q!h_q F X —> }/

F ‘F:(x)=\/
e 7
A /
\ /
\ J i
X — L/
?mb,/(ﬂfm : Ca'vern xe X fnd ye Y.
0 N %




?rob(am A%/)oﬁ'/-&m Exgow,,f(o S'O(lfflpg O ,&I\Q.Lia&w« 'aﬁp G%UQ hous
F:X>YcRr" F: X= Y cm” Wit systen  mabx AcR
iwdbc}\‘\/t v
Nlow 1 F hemencalle, stat (o [4
o F:R" > R"
:Deﬂ{uv how: /Aﬂ/\ O‘.Q4D.on',1'€um F s vuune,nw% FrokG
{ J F(b) = v
4 Jor  Quy qlmfu\j fo bk Ucugp ecror Y /
¢ J A alporHm  F for “u v
25 small  7.e. {
l amumenwal, shalde 4
[ x—31l J " b—b T
| x|l = O C cost (F) - ’:P%) Yor olf be M \[\OT\WU — @Cwser(ﬁ')e?g/)
wlace F (x ) = F(X)
k_‘_\r—\J \A)IAJLFQ, L = A\/a
0LL+\D[L+ O«ﬂo / PP
N = F(b) (y vs e aufpid of F foc L)
Opyp v (Gpp / 0 ] -~
= F( b‘*P\O ) (\/o” as exat  soluhow Yo lm,e)




: U ) " ) ‘ T ot Lods:
S S ) ‘-24’0201:J£QS o Qmplfﬁ,‘mbb,, Q‘g Hows wm oudp - o (A
(Ol 0/4(— b, Al Hw ¥ {pput I Ho Sers hve b muy  poblim
4 J/ | /8

9 sl eaurs z'ulﬂu_ ¢

Q&(Q,Q,O_ ‘r,v)f\Q,\/ o) L QQCJ,/['Q o

Hou Sose ¢ FCK) do T(C) ?

L] / |
AJI | |}

5 C 6o = sop | / daxt )
F'CX) s ——— AXC—‘.'B(-CO‘) K LA < / 'b‘[/ //
4 [[-A Al l
o el Sewibab o of B Ao dupud okka = [ sup |/ =
e lax it/ 1 x|
Wha, 2y F(x) dae &b F(x) . . - 5
/ ) ~ ,
=y 'L“ui(\ ) =Sy
Coudibion  wumber o} ¥ e
~
/“P (,X—PAX) —F(XB” / 'L‘\:S‘r(” \ COVLO( (76() s = g:'a)‘
Co C%) — Sup { / ) / ~ Wi

" Axeh [F G / IO / RN ‘
Small ' B




(L7 C) = P ||

e pod < & (e ()-EPs) 2 “Diceck M ols — viug LSE
¢ =1a%Y ST < (

Swsshvity b~ Ax=L -
g .

Ty - : muhe,nco%{ stoble Q/Q%DW\J‘(A/LMS solve

occorodely, 7] C s small Ax=1_ Ax = x—x .
J T — PP
"o QCuar QVLJ-Q_Q Ou TS QCcurecy . r. A'XGPP = = -
Cmﬂ‘uﬁq—fgd@"‘w\ Cp & <1
Jd A A = pAb el err. /:71:_/7
—4
Ax= A T AL
wpacd of wnpo.ch  of
\ T l i
A x| A% llabl
rDuw&og,\!‘, LrOrsS 25 not worse. muWO(J'w?J Hae Iy < e T —
v T ’I,m{)uJL gol‘ | . 1
<= {{A “ ) !(A’I/ ‘ “ALU . /AT
W~ x|
S 7
Ax=b = A
lby
= [lbl € WA Ux]




s {Pa] - | abl o |
= 'I"‘?‘il' < ”A 41/' 1Al - T ;2.,2 : %()M%S PllleaJl'\Ov\
K/Y\A /

? = CDI.A.J\ (A’) ' —

’ Tdoa -

/ \'V;%‘L Mol — -

=9-'J‘fu+ Qrrof |
_ A b ek
Lse  Ax=L Ack™  bek"
Colie_ ?gr X A

-
oulanu (D J’\"OJ‘,()S L .IDQMMM['DL,LS do OLO‘O.A‘V[

Q

::df_ A s PQ?‘VJD«—(_: X ex¥ts £ 4s wm‘c;,uc

/ K X 9% < N4 A
A é%g(or [ twvecklele <= N(A)= {x: AX;O..?J':'EOj O X x < % X OQQMQ/O( sl bho
oY e HED L W
& ruul (A)=n <= hkA=+0 T o
9, O O N X
X

X | > X

In %WQ,Q Cowe do owot oom,;pwk A—¢

Ham & badk  subdhhubio.




(C\? L\)(M&VL 1S J‘&-Q- Com/(&v/(v}r SZ// ogf‘h/axo( &meué'ou? overo XY : codt ( GE) = 9‘(‘43)
/| | \
or exery ow: k=4 .. n-1 . o) Q: 5 Gouss miadio. @ﬂgc‘g%& oty ’
(J | ! O+ | } 0
: ) O Y /
¢ \ ¢ /’ / NO
*eor‘ i:-lc{-/L’-_.,u I /
6 l' °® ((l)“ld\\k'bm lau KW'OM MAM_JQQ_\‘S RS ?0%?:{17(&
: /q“k - e Coumcellatow com alro occour
‘P.gr— i= le i w
{ 0 ! | C(},Ooci renedy L ()rao}w“ua : Yordald P;vo‘f\‘uq
Looles o .ZSJA cwrrent  coliepe b
eud _
&Pmukg DS o% e wakhr'x —~
ewd
%0 M e ,If,a,rm&/x\‘ OJaS V&Quk LZQ,A O ohwmuoﬁ
end 0 |
Exouple
LWDA& Sfuﬂ@ﬁl_!‘ua[jou? S_CVL'S\ /A A \ / Y 10 —AD
q S 4 10 —10 \ / ,l\ i~
backuael  Sdbdhhotn : O Cu*) o & 9 il LA <A WLE:
0 A .2 \ O s 9
\ ! “ / \




(-Pa,rﬁO./Q rz?;[ob\gﬁ vodes  ell chb‘gg

11

Wha o ox F Qr)(’ l/wmm“ga_f g’]—a}m-(lvl&a 7

. S.(.).gﬂ nmakncon

~ O T e olhen wand do wlie o de come

wua A x A“ lowd i vvw.('é'l'[)CL RHS [_,o,;l--.L\

“N

T(AM : L)e q'{,«.oJol ) omep bec " hou we "440011(1,!424




12

2.3 Explothing  Shuchue  whon solviwg

- )secs

Cueply  ex@upell (SE it m&afwgar— mebnx : 9(u2/)

y)
/

2. 3 A (Z)(»OCL- G,Q{.ﬂau'u,aj‘}bt«

%(.00((, matrix Ma.%/ﬂ& va b,

)

de = . oo d— Ann Az| |Bu Bi2|  |AuBui+ApBxn AnBi+AnBx

. A1 Ax| [Bay B Ar1B11 +AnBy Ay Bip + A2nBx

el (t—in - - " . - -

. Iqﬂ A SFOQ gu’/ﬂ)roow we.  waud O solve

A oduks Jockoraakbon A= LI : 1T 1 T A bag o shipl

fo‘ A Ap| [x1|  [bs - “f

Clng(mstcéj (()’,acjon'?ﬂbb,,.\ An An| x| |b2 huckure.




13

E}(Q,Lu;o b @ anrowu  rvakix
Auixy + Apxy = by,
Arix1 + Axxy = by. ’
X1 = A (b — Appxy)
(Ap — AnAL'An)xa  =by— Ay Aflb; .
~~ D C
Schur complement /)\ A — 6
A -4 Cor_ [eﬁ CQHLM Cau.f.ﬂ;zu&.aj I
14 g ol
“0‘:& c.Qum 'QQ ealy A'D g—OL(/Q bT “ -
d 29) | 1
Y) v)
agﬂue ﬂ ek’
D < X, H
p 7\ L 2 71




14

%o(t/;‘w\q ((]Zor LU L e'Cf/\.%) c,om,]pwhuq J —1 C @'(n/)
Dx « cs = L e R’ )Rk & (w)
1 7 7 (4 9 /
b R e ~ R B "D '119,7
G = - —— VLOM cowp (0%,
1 <= b Jd T
— X1 = A (b1 — Apxy) , O(w)
S -1 _ —
- SAzz — AxnAj; A12)1X2 = by — AnAp'b; . X4 =D~ CQ,‘—— Cs, ) . B (w)
I Schur co\rgplement

overo{ : E-(u) COu_‘,_of,)(OXI\Y""\
Auxy + Apxy = by, g

Arix; + Axpxp, = bs.

Low - rawk /npabl'ﬁ‘oa.%bu_ @(Z an L[St

Applicabip.. @myg@'s meflool (/A?;f— Neston accellolion,

X = DY/l _c¢ )
L \ Ui_ ] / o
_ Tasl Solve Ax=L Ac R
(n__vlv“’lc) c — B — JOT@—i g _ _ N R‘?’
L 4 “llew:  Solve  Ax=0b A-A

JKOUJ-—-KOJM_Q




15

%Mio(ag/df ox . iy ouk %@Wﬁl . k-4 Md"&\“mk‘o Lo
A=A+ uv qlwelzv\\{o}
_ ( QL_[.J., (,-'&:) ¢ k.z’{‘) d:*/ —
a. = oude =4 pedie
¢ 2 4@ (v e % e\
Ié-l' Id’ Lcld)~(1ld
/l-hc,L (/Q—t bLOQ(L e,Qfl/m'waJ’l'OLa Ow J“&P- {D’(Dcl'-
(A Y ~ ' - ‘
A — A + 2z ﬁ,i* Q&,* \ga,f—/lowu)‘ %(m}?ﬁ-bm i
e A w | T b
0 \ 1 X ) (x)
— | 0 _
T e R | (-’LO@ o0 O ) v —4 Y L ?
—~ — = _/
0 \ S
5 / \~ - —_—
0 Y, MEDRM+ 1) wahx
= O 7~ \_fQ/fL/\j (I) A% + U g = b
1 L/ / ' |
\ O / (ID) vix — ¢ = © = ¢« = v x
\ / N ] (
.0 y

(T
N

I\
G~

Ax + uv' x




j—_\:lﬂ LU QLQ,Q) M,Fé)in-d'f()w o‘% A’ 18

16

(A‘fu_\/T)x 76

avou (abfs -

Ad&(\ ;’\‘9 wa,Q

%LOCJL QIQJMAVDQJ'IIA..G x !

(RQ.A,JG"Q_ (.r) X = A-,-L (L\_—HC \
(T R —
Q(Uog_ ([.,J—o (\I) D . /A tu v
VTA’— /lg—uc\hc__’o 15 @(MZ\MMM%&M#Q%
~ 1/ 9 /
vyrA %L meore_  RHS
N e
] v A T ued More derqﬂéf ; bor  veuk-L ’ﬂfoLU‘laMan :
A —4 L 4 V'TAML b Lemma 2.4.1 (Sherman-Morrison-Woodbury formula)
= X = N — A U nn n,k <
Lxv (A1) For reqular A € K™",and U,V € K™, n,k € N, k < n, holds
(A+UvhH~ = AT - ATU(I+ VHATIU) T VHAT,
%0(\/({, A UN=u » .
01 if 1+ VHA~IU isregular. Telk (Vouthy)
Ay =b
da
Node - T+ V AU g5 bk
— 7£|9(‘ sl L solue ‘J\OF a  swmall 346@1&«

\




‘ 144@ sOue_ (@) ;J.;HOM_S N

17

covd ( T+ VNAT) 2 coud (A) - covel (A+UV")

mu;ﬁxi@: ,‘K og‘ﬁg.gd S )@dyr!,ed_ %g/aw e

well - cowdihoued

oo oo TAV"ATU

ﬁqﬁ A—A lhos olﬁey o /lew wouelo  columex

o ;gm?mgf_ bo.cho Nzehoy, (L I/ A cu G (nl®)

wrle A -A oS nxk (o e xn rf’S,p./\

acodl ch}&aM /‘/04/4‘9/}0(9(@(@32 ~> /ga//ﬁ(' 7y

d rL[u_'.( {;D:.Afé&




