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Q= [q1 ...q"] € R™" with orthonormal columns such that:

q1 — tllal

q2 = tlzal = t22a2

For a matrix A = [al, az,. .., a"] € R™™:

Step 1:
f11 0 ... O
0 1 0 0
al a2 a" 0 1 = |tp1al a2 a”
0 0 1
Step 2:
1 f5 0 ... ... 0
0 f» 1 O 0
tllal a2 .oa 0 0 1 — tllal t12a1+t22a2
tia=Ht1t12
0O 0 O 1

S q3 = t13a1 + t23a2 + t33a3
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~ For any A € K"", there are unitary matrices U € K™™,V € K"" and a (gen- o Lo disco P,
 eralized) diagonal *) matrix & = diag(cy,...,0p) € R™", p := min{m, n},
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~ | Lemma 3.4.1. The squares 0 of the non-zero singular values of A are the non-zero
 eigenvalues of A™A and AA™ with associated eigenvectors (V).1,..., (V). and

(U).1,--.,(U).p, respectively. B

_ U 2 vH
- Lemma 3.4.2 (SVD and rank of a matrix). If, for some1 <r < p:=min{m,n}, —
the singular values of A € K™" satisfyoy > -+ > 04 > 0y = - -0y =0, then
5y ok e rank(A)=r (no. of non-zero singular values) , o
’\LGQ’\"' “ ¢ N(A) = Span{(V).r11,---,(V);n} R

e (R (A)=Span{(U).4,...,(U).,}. -
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