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Solution 11

FIELD EXTENSIONS

1. Let f=X*—X—-1€Q[X] and a € C a root of f. Let K := Q(a).

(a) Prove that the polynomial f = X* — X — 1 € Fy[X] is irreducible in Fy[X].

(b) Deduce that f is irreducible in Q[X]. Recall: this implies that Q[X|/(f) = K.

(c) Write down the following elements as linear combinations of the Q-basis ele-
ments 1, a, a2, a?:

0 L 1 a®

a bl ) ) *
a a+1 o242

Solution:

(a) Since f(0) = f(1) = 1 # 0, the polynomial f has no root in Fy, hence it
is not divisible by any degree 1 polynomial. Suppose that f = g - h for g, h
non-constant polynomials. Then deg(g) = deg(h) = 2. Comparing leading
coefficients and constant terms in ¢, h and f, we see that ¢ = X2 4+ aX + 1
and h = X2 4+ bX + 1 for some a,b € Fy. Then

X'+ X+1l=f=gh=X"+(a+b)X*+abX*+ (a+b)X +1

forces a +b =0 and a + b = 1 at the same time, a contradiction. Hence f is
irreducible in Fo[X].

(b) A decomposition of f in Z[X] gives via the map 7 (as defined in Exercise 2)
a decomposition of f in Fy [X] into polynomials of corresponding degrees, so
that by (a) f cannot be factored into a product of two non-constant polyno-
mials in Z[X]. Since f is primitive, we can conclude that it is irreducible in
Z[X]. By Gauss’ Lemma, f is irreducible in Q[X] as well.

The evaluation map ev, : Q[X]| — K has kernel ker(ev,) = (irr(co, Q))
as seen in class, and since f € ker(ev,) we know that irr(a,Q)|f. As f
and irr(a, Q) are both irreducible, we can conclude that (irr(c«, Q)) = (f) so
that by the First [somorphism Theorem on rings we obtain an isomorphism
QX]/(f) = K.
(c) For this task, we use constantly the fact that a* = a + 1.
e V=0 =af(a+1)2=a+2a3 +a? =2+ ® +a+ 1.

e Since a-a® = a+1, we realise that a- (a®>—1) =1, so that a™! = a® —1.
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e By the previous computation, we obtain (o + 1)t = o™ = (a™!)* =
(a® — 1)t = (a® — 2a* + 1) Since @® = a?*(a+ 1) = o + « and

ab = o + o2, we can conclude that

(a+1)"'=(a®—-2a°+1)* = (=’ + a® + 1)?
—ab+at+1-2a° - 2% + 202
=l +al+a+1+1-2a%—2a+2a% —2a3

=—a+a’—a+2

e We first compute (a?+2)7!. Let p,q,r, s € Q and suppose that p+ qa +
ra? + sa® = (o +2)7!. Then

(p+qa+ra®+sa’)(a? +2) =1 <

2p+2qa + (p+2r)a® + (¢ + 2s)a’ + ra* + sa° = 1 <=

20+ 2qa + (p+2r)a® + (¢ + 28)a’ + (1 + o) + s(a + o) =1 <
2p+7r)+ (r+s+29)a+ (p+2r+s)a’+(g+2s)a’ =1 <
2p+r=1landr+s+2¢=p+2r+s=qg+2s=0,

where the last equivalence is due to the fact that 1, a, a2, a® is a Q-basis

of K. Solving the system of equations in QQ, we obtain

7T o2 3 1
2 -1 2 3
o®+2)7 = —+ a- o’ —a’.
( U TR TR VR T

Hence

1 6 2 3
:(———i-— —0——052——043) (14 «)
1 5 8, 1, 3

402 8, 1.,

2. Let p be a prime number. Recall that the canonical projection Z — Z/pZ = F,
induces a surjective ring homomorphism

Tyt L[X] — FplX].

Let f =31 _,arX"* € Z|X] be a polynomial such that p divides ag, ay, ..., a,1,
p does not divide a,, and p? does not divide ay.

(a) Prove that m,(f) is monomial of degree n in F,[X].



(b) Prove that f is irreducible in Q[X] [This result is referred to as Fisenstein’s
criterion|

Solution:

(a) Write aj, = paj, for k =0,...,n — 1. Recall that 7, is reduction modulo p on
coefficients and maps X — X. Then

n—1 n—1

mp(f) = mplan X" —i—Zpa;ch) = Wp(an>Xn+Z 7Tp<p)77p(a;c)Xk = mp(an) X"
k=0 k=0

since m,(p) = 0. Since p 1 a,, we know that m,(a,) # 0, so that m,(f) is a
monomial of degree n.

(b) Suppose by contradiction that f = gohg for go, ho € Q[X] non-invertible poly-
nomials. Then gy and h( are non-constant and by Gauss’ Lemma there exist
g,h € Z[X] of corresponding degree such that f = gh. Then 7,(g)m,(h) =
mp(f) and since F,[X] is a UFD we know that m,(g) and m,(h) are monomials
whose degrees add up to n. This means by construction of 7, that p divides
the constant term of both g and h. Since ag, the constant term of f, is the
product of those two constant terms, we deduce that p?|ag, in contradiction
with our assumption. Hence f is irreducible in Q[X].

3. Let a € Z ~ {0,%£1} be a square-free integer, that is, an integer which is not
divisible by any perfect square except 1. Prove that, for each n € Z.q, the
polynomial X" —a € Q[X] is irreducible. Conclude that there are irreducible
polynomials in Q[X] of any degree n > 1.

Solution: Let p be a prime factor of a. Since a is squarefree, p* { a. Then X" — a
satisfies the hypothesis of Eisenstein’s criterion for p (Exercise 2), so that it is
irreducible in Q[X]. Since n > 1 is arbitrary and a = 101 is an example of square
free integer, there are irreducible polynomial in Q[X] of any degree n > 1.

4. Let p be a prime number. Let ( := s € C and consider the polynomial

XP—1
X -1

f =XP1 4+ X +1€Q[X].

(a) Prove that f is irreducible [Hint: g(X) := f(X + 1). Use Exercise 2]

(b) Deduce that [Q(¢) : Q] = p — 1. The field Q(() is called the p-th cyclotomic
field.

Solution:

(a) Consider the unique ring homomorphism 7 : Q[X| — Q[X] which sends
Q@>ar aand X — X + 1. Clearly, it is a ring isomorphism with inverse



defined via X — X — 1. In particular, f is irreducible if and only if g := v(f)
is irreducible. We notice that

Xg=vX =1y(f) =7(XP - 1) = (X + 1)’ - 1,

so that
P D p—1 D
= Xt = X"
=2 (-2 00
k=1 h=0
Since p| (hﬁl) for h=0,...,p— 2, while p 1t ((p—ll))—l-l) =1 and p? ¢ (Of-l) =p,

the polynomial g satisfies the hypothesis of Eisenstein’s Lemma (Exercise 2),
so that it is irreducible in Q[X]. Hence ¢ is irreducible in Q[X].

(b) First, notice that

¢P=1 1-1
=TT ioic
As in Exercise 1(b), since f is irreducible, we can conclude that Q[X]/(f) =
Q(¢). This is also an isomorphism of Q-vector spaces, so that [Q(() : Q] =

[QIX]/(f) - Q] = deg(f) =p— 1.

5. Let f =3, a;X" € Z|X]. Suppose that o € Q is a root of f and write o = 7 for
a,b € Z with ged(a,b) = 1.

f(©) 0.

(a) Prove that alag and b|a,,.
(b) Deduce that 2X*+ X +3 € Q[X] has no roots in Q. Is it irreducible in Q[X]?

Solution:

(a) Since « is a root of f, we see that

n a
p7—+ -+ +ar~ +ay=0.
b p 70

Multiplying both sides by 0™ we obtain

ana™ + - - + ayab™t + agh™ = 0.

In particular, a,a” = —b(3_ 71—y axa®b"*1) and agh” = —a(3_p_, ara 16" ),
so that bla,a™ and alagb™. Since a and b are coprime, we conclude that bla,
and alay.

(b) Let f=2X*+ X + 3. By part (a),

1 3
{roots of f in Q} C {il,i3,i§,i§} .



One easily checks that those eight rational numbers are not roots of the
given polynomial, so that f has no root in Q. This means that f has no
linear factors, but not yet that it is irreducible. In order to decide if it is
irreducible, we need to check if it possible to write it as a product of degree-2
polynomials in Q[X].

Suppose that f = gh for g,h € Q[X] of degree 2. By Gauss’ Lemma, we
can find g and h with integer coefficients. Since the product of the leading
coefficients of g and h must be the prime number 2, we can assume without
loss of generality that ¢ = 2X% + aX + b and h = X? + cX + d (the leading
coefficients can be chosen to be any two rational numbers with product equal
to 2) for a,b,c,d € Z. Then

X'+ (a+20)X? + (2d + ac + b) X* + (ad + bc) X + bd = 2X* + X + 3.

Comparing the coefficients of X3, we see that a = —2c, so that a is even.
Then, comparing the coefficients of X?, we see that b = —2d — ac must is
even as well. This implies that ad + bc = 1 is even as well, contradiction.
Hence f is irreducible.

6. Let x € R\ Q be algebraic over Q. Let f = irr(z, Q) and n = deg(f).

(a) Show that there exists ¢ € Ry such that, for any § € Q with coprime
a,b e Z,b>0, we have

[Hint: Write f(§) = f(}) — f(z) = (§ — ) f'(y) for some y]
(b) Show that o :=Y_°>7 10~ is an irrational number.

(c) Show that a is transcendental over Q. [Hint: Consider §= =3 " | 107" and

estimate [a — §=|]

Solution:

(a) Following the hint, we use the mean value theorem and write

Ol @)= rw o

for some y between § and z. If we take ¢ > 1, the statement clearly holds
for |z — %l > 1. So we can assume that |z — %| < 1. Then |y| < 1+ |z| and
|f'(y)| < & for some constant ¢ > 0 depending only on x. Hence (1) tells us
that

O TG T

where the last inequality is due to the fact that f (%) # 0 since f is irreducible

in Q, while 0" f (%) is seen (similarly as in Exercise 5) to be an integer, so

that [b"f (4)] > 1.

‘x—g‘>c'
b




(b) A basic result in number theory states that the decimal expansion of a rational
number is eventually periodic. But the decimal expansion of «, which consists
of 0’s everywhere, except on the positions n! for n > 1, can be seen not to be
eventually periodic, so that a € Q.

(c) Let a,, =10m™>"" 10~ and b,, = 10™". Then

a — Cl_m — i 107n! . i 107n! — i 10771,!
bm n=1 n=1 n=m-+1

= 10 10 1
< 107N P07 = 107 — = <
EE: 9  9pmtt pm’

n=0

so that a cannot be algebraic, because otherwise m > 0 would give a con-
tradiction.

7. [Transcendence of €] Let f € R[X] be a polynomial of degree m. For ¢ € R, define

(a) Show that I;(t) =" 37" f9(0) — 37 fU)(¢). [Hint: Induction and inte-
gration by parts]

(b) Show that [I(t)| < |t|e f(|t]), where f =37 ai| X7 if f =" a; X"

(c¢) From now on, we assume by contradiction that e is algebraic over Q. Show
that there exist n € Z~q and qq, ..., g, € Z with ¢, # 0, such that

Qo+ qre+ -+ gue” =0.

(d) Let p be a prime number and f, = XP~}(X — 1) -+ (X — n)P. Define

Jp = Z qk]fp (k’)
k=0

Show that there exists a constant ¢ € R-( independent of p such that
PARNES
[Hint: Prove that f,(k) < (2n)™, where m = deg(f,), for k=0,...,n.]

(e) Prove that

Jp== 3> aufP(k), wherem = (n+1)p—1.



(f)
(2)

Using part (e), show that if p > n and p > |qo|, then J, is an integer divisible
by (p — 1)! but not by p!

Conclude by contradiction that e is transcendental over Q.

Solution:

(a)

Let Ly(t) == €' Y7 fO(0) = 327 fU)(t) for m = deg(f). We prove that
I¢(t) = L¢(t) by induction on m = deg(f).

For m = 0, i.e., when f is constant r € R,

0 0

Jj=0 j=0

which means that I;(t) = L¢(¢) in this case.

Now suppose that the equality has been proven on degree m — 1 and let us
prove it for f of degree m. Via integration by parts and inductive hypothesis
we obtain

I;(t) = / e fu)du = [ F)]|"~ + / & (u)du
= =10+ 0+ Ly ()

= —f(t) +¢'£(0) +62f1“ -3 s

]:

=—f(t)+ef(0 +er“ Zf”)(t)sz(t)-

This concludes the proof of the given formula by induction.

By triangular equality, for every w in the segment from 0 to ¢, |f(u)| <
f(lu]) < f(Jt]). Moreover, for those values of u, the values of ¢ — u range in
the same segment, so that |e~%| = e~ < elfl. Then, denoting by 1h([0,¢])
the length of the segment from 0 to ¢, by basic calculus we obtain that

115 (1) =

t

e f(u)du| < In([0,2])]e" " f(u)] < [tle F(|¢])

If e is algebraic over Q, then there exist n > 0 and ¢, ..., q), € Q, coefficients
of the minimal polynomial of e, such that

@+ ge+--+qe=0.

Multiplying out all denominators of the rational numbers ¢), we integers
qo, - - - , @n, satisfying the desired equality.
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(d)

If one replaces all minus signs appearing in the product f, = X?P~}(X —
1)+ (X —n)P with plus signs, one gets a polynomial where each coefficient is
a sum of absolute values of integers whose sum is the corresponding coefficient
of f,. Hence each coefficient of fp has coefficients respectively smaller to those
of this polynomial. This implies that f,(k) < kP71 (k+1)?--- (k4+n)? < (2n)™
for 0 < k < n, where m = (n+ 1)p — 1 is the degree of f,.

By the triangular inequality and part (b),

ol < D lanll 15, (R)] < ) lawl ke o (k) < (Z !qk!kek) (2n)™

k=0 k=1 k=1
n n p
<<ZMM¢>W@“W<<@N“§]mmﬁ <o
k=1 k=1

for some constant ¢ > 0 independent on p.

Using part (b) and the equation in (c) satisfied by qo, . . ., ¢, we obtain

peSa (S m0-5w)

7=0 k=0
— Z ( que Z%fé”(@) =— Z Qkfzgj)%),
j=0 k=0 J=0 k=0

where m = (n + 1)p — 1 is indeed the degree of f,,.

For j > p, we have p!]flgj)(k). Since k = 0,...,n are all root of multiplicity

at least p — 1 of f,, we see that féj)(k) = 0 for j < p— 1. For all values
of k, except k = 0, we actually know that they are roots of multiplicity p,
so that for j = p — 1 and k£ # 0 we have fIEJ)(k;) = 0. This means that all

f,gj )(k;) appearing in the sum of part (e) are divisible by p!, except eventually
f,ﬁp _1)(0). Hence, using also Leibniz rule we can write, modulo p:

Jp = w7 0(0) = aolp = DI=1)" (1)
This number is not divisible by p! if p > n and p > |qo|, but it is divisible by
(p =1
By the previous part, we see that |J,| > (p — 1)l. By Stirling’s formula,
(p— 1!~ —\/27r (2)? for p — oo meaning that (p — 1)! is eventually bigger

than P for ¢ > 0. Since there are infinitely many primes, we can find a prime
big enough to get a contradiction.

Hence e is not algebraic, but transcendental.



