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Exercise 1. Let n be an odd integer. The goal of this exercise is to prove that

vn o ifn=1 mod 4,

G(2,1;n) =
2 1m) {z\/ﬁ ifn=3 mod 4.

proceed stepwise as follows:

n

i) Let S be the n x n matrix whose (j, k)-th element is ¢(/* where ¢ = e(1> and 0 < j,k <

n—1,1ie.
1 1 ... 1
¢ .. Cn—l
S=11 ¢ ... 0
|t e
Show that
n 0 0 0
00 -+ 0 n
S2=10 0 --- n 0],
On -+ 00

and conclude that det(S) = i™("=1)/2pn/2,

1) Show that

det($)= [ «=H=na" ] @7 F9)=nUirt=02 [  2sin((k—j)n/n),

0<j<k<n-—1 0<j<k<n—1 0<j<k<n—1
where 1 = e(%) and

U:= Z Jj+k.

0<j<k<n—1

Hint: Observe that S is a Vandermonde matrix and that
¢ = =R — M) = i sin((k — j)7/n).

iii) Prove that U = 2n((n — 1)/2)? and conclude that det(S) = i"(»=1)/2pn/2,



iv) Show that
G(2,1;n) = Trace(S) = Ay + -+ + A,

where Ay, ..., A, are the eigenvalues of S.

v) Show that
det(S? —zI) = —(z — n)("+1)/2(x _ n)(n—l)/Q

and conclude that for any j = 1,..,n one has
A\ =tvnor £ivn.

vi) Suppose that \/n occurs r times, —/n occurs s times, iy/n occurs ¢ times and /n occurs

u. Show that
n—+1 n—1
t+u=

rre=T 2

and that
r—s==21, t=wu ifn=1 mod 4,
r=s, t—u==x1 ifn=3 mod4.

vii) Show that
det(S) = 2T un2

and use part (ii7) to conclude that

2s+t—u=n(n—1)/2 mod 4.

viit) Conclude.

Exercise 2. In this exercise we are going to prove the law of quadratic reciprocity: let p,q
two distinct odd prime number, then one has:

() ==

Proceed as follows:

i) Let m1,ng be two coprime integer, x; a multiplicative character of (Z/n1Z)* and x2 a
multiplicative character of (Z/n2Z)*. Show that

Txi1x2 = Xl(nQ)X2<nJ)7X17X2'

i1) Conclude using Exercise 1.

Exercise 3. Let 9,7 be two additive character over F,, one define the Kloosterman sum
associated to ¢ and n as

Swon) = 3 blan(@),

xeF;

where Z denotes the inverse of z in F,. Our goal is to show that

1S (b, m)| < 2¢°/*,

the so called Kloosterman’s Bound.



i

i)

i)

iv)

vi)

Show that for any b € F, one has

S, m) = S, 1),

where y(z) := ¢(bx) and ng(z) := n(bz). Conclude that

)

Mk’,q>1/2k

1S(w,n)| < (q_ :

for any k > 2, where

Show that
Myg = ¢*Nig —2(q — 1) — (¢ — 1),

where Nj, , is the number of solution over F, of the system

r1+..+Tr =y + ... + Vg,
L4 T =T+ + g

Prove that My, = (¢ —1)? and My 4= (¢* —q—1)(¢ — 1).

For any a,b € F; consider the system

{xl +x2 = a, (1)

T1+To = 0.
Show that (1) has an unique pair of solution if and only if b = a?/4. Moreover show that
{(a,b) € F x T : (1) has two distinct pairs of solutions}| = (¢ — 1)(¢ — 3).

Conclude that the contribution of the solution of (x1,z2,y1,y2) of the system

r1+ 22 =y1 + Y2,
1+ T2 :yl ~|—§2.

with x1 + 29 # 0 is given by 2(¢ — 1)(¢ — 3) + ¢ — 1.

Show that the contribution of the solution of (z1,x2,y1,y2) of the system

r1 + 22 = y1 + Y2,
T1 + T2 =Y +Yo.

with 21 + 2o = 0 is given by (¢ — 1)? and conclude that
Naq=3(q—1)(q - 2).

Compute Ms , and conclude the exercise.



Exercise 4. Same notation of Exercise 3.

i) Show that
My < (Tﬁ%ﬂs(ﬂ}ﬂ?)li,q-

i7) Deduce that there exist ¢, 7 non trivial characters such that

1S, ) = 2q - 2.

Conclude that the Weil’s Bound
IS, m)| <24

is sharp.



