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Definition 1. Let p be a prime number and let a € F. The Heilbronn sum H(a;p) is defined

by )
H(ap):= > e(%) (1)

z€F) b
The goal of this exercise sheet is to prove the following

Theorem 1. We have
H(a;p) < p'/12,

X

»» where the implied constant is absolute.

for all primes p and a € F

Exercise 1. Show that for any n,m € Z such that m =n mod p, one has
(amp) <cmp>
e =el—),
p? p?

and conclude that H(a;p) is well-defined.

Exercise 2. Let p be a prime number. Define the polynomial

X2 xp-1
Ly=X+" 4.
» LT T

€ Fp[X],
and let
Np(Fp) :={xz € F,\ {0,1} : L(z) = r},

for any r € Fp. The goal of this exercise is to show that, for any a € F, one has
[H(a;p)| < (p—1)'2 + N(Fy)*p**,

where
N(F,) := max [N, (F,)|.

relfy

Proceed as follows

i) Assume p # 2. Show that

|H(a;p)|2:p—1+ Z Z e(a(xp(l—(;—U)p)))

xEF;; UE]FP\{U,l}




i1) Prove that for any 1 < j < p — 1 one has

Py _ 1D
) =(=1)yY""=,
(J ) ( J
and conclude that

|H(a;p)*=p—1+ Z Z e(“”p(up +2pr(U)))'

z€Fy u€Fp\{0,1}

i1i) Show that

Hap)P=p-1+ 3 3 e(a(‘”“y)(l _QPL”(U1>)),

zcFy u€Fp\{0,1}

and deduce that

|H(a;p)> =p—1+ Y H(a(l—pr);p)|N:(Fp)l.

relf,
iv) Prove that

S Nl =p-2, > |H(a(l—pr);p)* =plp-1),
refy refp

and conclude the exercise.

Exercise 3. Let K be a field of characteristic p > 0, f € K[X] a polynomial and 0 < m < p.
Prove that an element x € K is a zero of f of order > m if and only if

fl@)=f'(a)=-=f""z) =0
If x # 1,0, then x € K is a zero of f of order > m if and only if
fla)=6f"(x) =-- =" f(z) =0,

where ¢ is the linear map

5 KIX] & K[X]
P e XU-X)f"

Exercise 4. We denote by ® the F,-linear map

Fy[A,B,C] — F,[X]

U R o FIXXP LX)

where L, is as before. The goal of this exercise is to prove the following: for F' € F,[A, B, C]|
and G = F[X, X?, L,(X)] € F,[X], we have

5G = X(1— X)G' = O(F)(X, X7, Ly(X)) = B(3(F)),
where 9 denotes the map

5. Fol4,B.Cl — [
' F = A(l- AL

Proceed as follows



i) Reduce to the case when F' = A?B°C¢.
i7) Show that either A = ® 00 or A = § o ® as Fp-linear maps
F,[A, B,C] — Fp[X]
satisfy the following version of the Leibniz rule:
A(F1Fp) = O(F1)A(F,) + ©(F2)A(FL),
for Fy, F» € F,[A, B,C].
i7i) Conclude.
Exercise 5. Let r € F, be fixed. If 0 < m < p and a,b,c > 1 are integers such that
m(a+b+m—1) < abe. (2)
Then there exists a non-zero polynomial F' € F,[A, B, C] such that
degy(F) < a, degp(F) < b, dego(F) < ¢,
and
F(X,X,r)=(0F)(X,X,r)=---= (0" 'F)(X,X,r) =0,
and in particular such that each x € N, (F)) is a zero of

G = F(X,XP, L,(X))

of order > m.

Proceed as follows

i) Fix a,b,c > 1 and let V(a,b, c) denote the Fp-subspace of F,[A, B, C] of polynomials F
such that
deg4(F) < a, degp(F) < b, deg(F) < ¢,

and similarly H(d) be the subspace of polynomials in IF,,[ X ] of degree < d. Prove that for
any j =0,....m—1 '
o (V(a,b,¢)) C Ha+b+2)),

where
N\ .Fp[AaBaC] - FP[X]
"~ F - F(X,X,r)

i1) Conclude.

Exercise 6. Assume F' € F,[A, C] is not zero and is of the form

F = ZFkC’“

k<c
where Fj, € F,[A] has degree deg(F) < ag, Fe—1 # 0, and
ag > a1 2 0 2 Ge-1.

Moreover, let us denote
d:=ap+--+ac. (3)

Our goal is to prove the following claim: if d 4+ ¢ —1 < p, we have v(F (X, L,(X))) <d+c—1,
where v(-) denotes the order of vanishing of a polynomial at 0.

Proceed as follows



i) Prove the case ¢ = 1.
ii) Let ¢ > 1. Prove the statement in the case d = 0.

i17) Assume that the statement is true for all integers < ¢ and all integers < d. Let F' € F,[A, C]
be given with deg-(C) =c¢—1 and

d=ag+-+ac1
and satisfying v(F (X, L,(X))) > ¢+ d. Prove that
(X — D(F(X, Ly(X))) = ¢(H) mod X7,
where

H=Y ((A C)FL— (k+ 1)Fk+1)0k (A 1)F_,Cc L
0<k<c—1

Deduce that v(®(H)) > c+d— 1.

iv) Consider the polynomial H := H — (deg4(F._1))F, use the inductive step to deduce that
H =0, and thus

(A—-1)F;_y —degy(Fe1)Fem1 =0,
(A — 1)Fc/—2 — degA(Fc_l)Fc_g = (C — 1)FC_1.

Hence, conclude that F' = 0, which contradicts our assumption F,._1 # 0.
Exercise 7. Let m < p and let a,b,c > 1 be integers such that
ac<m

Then

is injective.
Proceed as follows:

i) Let us write

Prove that if ®(F") = 0, then

for some j.
i7) Use the previous exercise to conclude.

Exercise 8. Show that
N,(F,) < p*/3.

Proceed as follows



i) Assume that
m <p,
m(a+b+m—1) < abe,
ac < p

then prove that

< a—}—pb—&—(p—l)c‘

N (Fy)

m
ii) Choose m = a = [p?/3], b =10[p'/?] and ¢ = [p'/?] and conclude’.

Exercise 9. Prove Theorem 1.

![x] denotes the integral part of .



