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DIMENSION THEORY, VALUATION RINGS AND DEDEKIND DOMAINS

1. Let R be a commutative ring. Show that the n-th symbolic power p(™ of a prime
ideal p C R is the smallest p-primary ideal containing p™ (here n > 1 is an integer).

2. Let (A,m) be a Noetherian local ring of dimension d. Let k := A/m denote its
residue field. Let fi,..., f. € m. Set A := A/(f1,...,[fr). Let m C A denote the
image of m.

(a) Show that dimy(m/m?) > dim(A4) >d —r.
(b) Assume that A is regular. Let fi,...,f. € m/m? denote the images of
fi,--., fr- Show that the following are equivalent:

i. A is regular of dimension d — 7.
ii. fi,...,f, are linearly independent over k.

3. Let k be a field, and denote by R = k[[ X1, ..., X,]] the ring of formal power series
in n variables with coefficients in k. Prove that R is a regular, noetherian local
ring of dimension n.

4. Let R be a Dedekind domain, a # 0 an ideal in R.

(a) Show that every ideal in R/a is principal.
(b) Deduce that any ideal in R can be generated by at most 2 elements.

5. Let G be a totally ordered abelian group, k a field. Denote by R the vector space
over k with basis (e, )o<aca (i-€, the vector space of formal k-linear combinations
of the elements e,, 0 < a € (). Define a product between basis elements by means
of the formula e, - eg = eq43, for every 0 < o, 8 € G, and extend it by A-linearity
to the whole of R. Prove that this operation makes R into a valuation ring with
value group GG and valuation

v(Z raea) —min{a € G :ry # 0},

«

where the r, are elements of the field k.
6. Let R be an integral domain. Prove the following statements:

(a) R is a valuation ring if and only if, for every pair of ideals a,b C R, we have
aCborbcCa

(b) if R is a valuation ring and p C R is a prime ideal, then R, and R/p are both
valuation rings.
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