10 Exercise Sheet 10

Exercise 10.1. Consider the cost c(x,y) = [|x — y|| (the ceiling function of the distance).
Prove that, for every u,v € 2(Q) with p < £ and Q C R? compact, there exists an
optimal transport plan for such a cost of the form ~ = Zfil i, where each ~y; is induced by
a transport map and N < diam(Q) + 1.

Hint:
Recall that we have proven the existence of an optimal map for the L°°-cost.

Exercise 10.2. Find an example of two probability measures p,v € P(R) with compact
support and p < L such that there does not exist an optimal transport plan between p and
v with respect to the cost c(x,y) = ||x — y|| (the floor function of the distance).

Exercise 10.3. Find an ezample of two probability measures on R¢ for some d > 0 such
that there is more than one optimal transport map, with respect to the quadratic cost, pushing
one into the other.
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