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Exercise 5.1 Compute the characteristic functions of the following distributions:
(a) The triangular distribution (1 − |x|)1[−1,1] (x)dx.
1
(b) The Cauchy distribution α
π x2 +α2 dx with parameter α > 0.
Hint: Use a contour integral.

Exercise 5.2 Let (Xn )n∈N be a sequence of i.i.d. random variables in a probability space (Ω, A, P ).
Define the two sequences of random variables (Yn )n∈N and (Mn )n∈N by
Yn := min Xi
1≤i≤n

and Mn := max Xi
1≤i≤n

(a) Let X1 be uniformly distributed on the interval [0, 1]. Show that nYn converges in distribution
to an exponential random variable Z with parameter 1, i.e., the density of Z is e−x 1[0,∞) (x), x ∈
R.
(b) Let X1 be exponentially distributed with parameter 1. Show that Mn − log n converges
in distribution to a random variable Z with Gumbel distribution, i.e. the density of Z is
e−x exp(−e−x ), x ∈ R.
Exercise 5.3 Let (Pn )n∈N be a sequence of probability measures with
Z
n→∞
xk Pn (dx) −→ αk ∈ R
for all k ∈ N.
R

R
Assume that there exists exactly one probability measure P with the k-th moment αk = R xk P (dx).
Show that (Pn )n∈N converges weakly towards P .
Hint: First show that (Pn )n∈N is tight. Then show that each subsequence of (Pn )n∈N has a
sub-subsequence that converges weakly towards P .
Remark: Note that in general, there is no uniqueness of such P . A counter-example would be
Y = eX with X a standard normal random variable.
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