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Exercise 10.1 Consider a Galton-Watson process (see p. 97 of the lecture notes) Zn , n ≥ 0, with
offspring distribution ν = Bin(2, p), p ∈ [0, 1]. We are interested in the probability ϑ(p) = P [Zn >
0, ∀n ≥ 0] that the population does not go extinct. Show that
(
0
if 0 ≤ p ≤ 1/2;
ϑ(p) =
2p−1
if
1/2 < p ≤ 1.
p2
Hint: One way to prove this is to use the results for the various cases (subcritical, critical,
supercritical) from Section 3.5 A), pp. 97-101 of the lecture notes.
Exercise 10.2 An urn initially contains one red and one green ball. At each time n = 1, 2, 3, . . . a
random ball is drawn, and then is put back together with an additional ball of the same colour.
Let Zn be the number of red balls in the urn before the n-th ball is drawn (so that Z1 = 1).


Zn
is a martingale for the natural filtration.
(a) Show that n+1
n∈N

Hint: Try to use Exercise 8.2.


Zn
(b) Show that n+1
converges P -almost surely and in L1 to a random variable X. Determine
n∈N

the distribution of X.P
d
n
Hint: Recall that n1 k=1 δ k −−−→ λ, as n → ∞, where λ is the Lebesgue measure on
n+1
[0, 1] and δx is the Dirac measure of x.
Exercise 10.3 Consider a probability space (Ω, F, P ) equipped with a filtration {Fn }n≥0 , and let
Xn be an Fn -martingale for which |Xn+1 − Xn | ≤ M P -a.s. for some fixed M < ∞. Define the
events C, D by
C := {lim Xn exists and is finite},
D := {lim sup Xn = +∞ and lim inf Xn = −∞}.
Show that P [C ∪ D] = 1.
Hint: Show that P [C c ∩ ({supn∈N Xn < a} ∪ {inf n∈N Xn > −a})] = 0, for all a > 0, by considering
the processes {XTA ∧n }n≥0 , for A = [a, ∞) and A = (−∞, −a], where TA = inf{n ≥ 0 : Xn ∈ A}.
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