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Exercise 12.1 Let (Xn )n≥0 be a sequence of random variables with values in [0, 1]. We set
Fn = σ(X0 , . . . , Xn ). Suppose that X0 = a ∈ [0, 1] and




1 + Xn
Xn
Fn = 1 − Xn ,
P Xn+1 =
Fn = Xn .
P Xn+1 =
2
2
(a) Show that (Xn )n≥0 is a Fn -martingale that converge to a random variable X∞ P -almost
surely and in L2 .




(b) Show that E (Xn+1 − Xn )2 = 14 E Xn (1 − Xn ) .
Exercise 12.2 Let (Xn )n≥0 be a uniformly integrable family of random variables on (Ω, A, P ).
(a) Assume that Xn converges to a random variable X in distribution. Show that
n→∞

E[Xn ] −−−−→ E[X].
Remark: Compare to (3.6.18)–(3.6.20), p. 112 of the lecture notes.
(b) Assume that Xn converges to a random variable X in probability. Show that X ∈ L1 and
that Xn converges to X in L1 .
Exercise 12.3 Let (Ω, F, (Px )x∈E ) be a canonical (time-homogenous) Markov chain with a
countable state space E, a transition kernel K, and canonical coordinates (Xn )n≥0 . The matrix
Q = (Q(x, y))x,y∈E := (K(x, {y}))x,y∈E = (Px [X1 = y])x,y∈E
is then called the transition matrix of the Markov chain. For the meanings of notation Px and
transition kernel we refer to p. 146 – 147 in lecture notes.
Let E be a countable set, (S, S) a measurable space, (Yn )n≥1 a sequence of i.i.d. S-valued random
variables. We define a sequence (Xn )n≥0 through X0 = x ∈ E and Xn+1 = Φ(Xn , Yn+1 ), where
Φ : E × S → E is a measurable map. Show that (Xn )n≥0 induces a time-homogenous Markov chain
and calculate the corresponding transition matrix.
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