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Please hand in your solutions until Tuesday, 18/12/2018, 18:00 into your assistant’s box next to
HG G 53.2.

Exercise 13.1 Let (Q, F,F, P) be a filtered probability space with F = (F;);>0. Let M = (My)>0
be a local (P, F)-martingale and W = (W});>0 a (P, F)-Brownian motion.

(a) Let H = (Hy)t>0 be in L?*(M). Compute E UOT Hdes} and Var UOT Hdes] How do the
expressions look for M := W?

(b) Let Hs := exp(—4s). Show that fOT H;dWs; is in fact normally distributed. What are the
mean and the variance of this normal distribution? How would the result change if H : R — R
were an arbitrary (deterministic) continuous function?

Hint 1: Use the dominated convergence theorem for stochastic integrals from page 94 in the
lecture notes.

Hint 2: If X,, ~ N(un, n) X, — X in probability, p, — pu and o> — 0% > 0, then
X~N (,u,az).

(¢) By coming up with a counterexample, show that the normality of fOT H,dW from does
not hold for an arbitrary continuous H € L?(W).

Exercise 13.2 Let T > 0 denote a fixed time horizon and W = (W});c[o,7] a Brownian motion
on some probability space (Q2,F,P). Let F = (F;):e0,r) be the filtration generated by W and
augmented by the P-nullsets in o(W;s < T) Consider the Black—Scholes model, where the
undiscounted bank account price process S¢ = (59 )tefo,r) and the undiscounted stock price process

St = (gtl)te[O,T] are given by
dS? = S%rdt and dS} =S} (udt + odWy), (1)
where 7,4 € R and o > 0 as well as §8 =1and §3 > 0 are deterministic.
(a) Prove using It&’s formula that the discounted stock price process S! = St / S0 solves

ds} = S} ((p —r)dt + adWy) . (2)

(b) Prove using Itd’s formula that

1
sl — (Sé exp (O‘Wt + <u —r— 02) t)) ,
2 t€[0,T)

i.e. show that the process (Sé exp (th + (,u —r— %02) t))te[oAT] solves .

(c) Let L* := —AW and Z* := £(L*). Prove that the process W?* = (W, + A)ieo,r) is @

Brownian motion under the measure @ given by = dQ* = Z%.

(d) Prove that for the right choice of A, the discounted stock price process S is a Qy-martingale.
Hint: Rewrite oWy + ( —r— 70 )t as function of W t,0,p, and r.
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Exercise 13.3 Let 7" > 0 denote a fixed time horizon and let W = (W})¢cjo,7] be a Brownian
motion on some probability space (2, F, P). Let F = (F})c[o,7] be the filtration generated by W
and augmented by the P-nullsets in o(Ws;0 < s <T). Consider the Black—Scholes model, where

the undiscounted bank account price process S0 = (§t0)t€[07T] and the undiscounted stock price

process St = (§t1)t€[0)T] are given by

4SO St
& =rdt and é = pdt + odWy,
S7 S

with 7,4t € R and ¢ > 0 as well as 58 =1 and 53 > 0 deterministic. Using the notation of the
previous exercise, denote Q* := Q)+, where \* is the unique value of A making @, an equivalent
martingale measure for S := S§1/S°.

Hint: If you did not find \* in Exercise 13.2|(d), you can use that \* = £=.

(a) Hedge the square option, i.e., find a self-financing strategy ¢ = (Vj,d) such that

T (~1)2
v0+/ pdst = O
0 SO

Hint: Look for a representation result under Q*, not under P.
(b) Hedge the inverted option, i.e., find a self-financing strategy ¢ = (V,9) such that

1

S9.5L

— T*
V0+/ 9,dSE =
0
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