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Exercise 3.1

(a) Show that Brownian motion and the simple Poisson process are good integrators.

(b) Let B be a Brownian motion and f : R→ R a function which is continuous
except for one point where there is a jump. Show that X = f(B) is not a
good integrator.

Exercise 3.2 Recall that a process X is of class DL if for each t ≥ 0, the family
{Xτ : τ ≤ t stopping time} is uniformly integrable.

(a) Show that X is a supermartingale if X is nonnegative and locally a super-
martingale with integrable X0.

(b) Suppose X is nonnegative and locally a submartignale. Show that X is a
submartingale iff X is of class DL.

(c) Suppose X is locally a supermartingale. Show that X is a supermartingale iff
X0 is integrable and X− is of class DL.

Exercise 3.3

(a) Suppose that f, g : [0, T ]→ R are functions of finite variation. Establish the
following integration by parts formula

f(T )g(T )− f(0)g(0) =
∫ T

0
f(s−) dg(s) +

∫ T

0
g(s) df(s).

Written symmetrically, we have

f(T )g(T )−f(0)g(0) =
∫ T

0
f(s−) dg(s)+

∫ T

0
g(s−) df(s)+

∑
0<s≤T

4f(s)4g(s).

(b) For t > 0, define Ft− = σ(⋃
s<tFs). Show that if X is predictable, then Xt is

Ft−-measurable for each t > 0.

(c) Suppose that M is a bounded martingale and A is an increasing integrable
RCLL predictable process null at 0. Show that E[MTAT ] = E[

∫ T
0 Ms− dAs].
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Exercise 3.4 Recall that the space H1
0 (on the time interval [0, T ]) is defined by

H1
0 :=

{
M ∈Mloc : M0 = 0,M∗

T := sup
0≤t≤T

|Mt| ∈ L1
}
.

(a) Show that every local martingale M in H1
0 is of class D; that is, the family

{Mτ : τ stopping time} is uniformly integrable.

(b) Show that every local martingale in H1
0 is a martingale.

(c) Show that every local martingale is locally in H1
0.

Exercise 3.5 LetX = (Xt)0≤t≤T be an adapted RCLL process andDn := k2−nT, k :=
0, 1, ..., 2n, the n-th dyadic partition of [0, T ], for each n ∈ N. Suppose that X is
bounded.

(a) Show that for each stopping time ρ with values in [0, T ], we have

|MV(Xρ,Dn)−MV(Xρ+,Dn)| ≤ 2‖X‖∞.

(b) Show that MV(X) = lim
n→∞

MV(X,Dn).

Updated: October 5, 2018 2 / 2


