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Exercise 5.1 Construct an example where S is a martingale but Gadm = {0}.

Exercise 5.2 Let (Ω,F , (Ft)t∈[0,T ], P ) be a filtered probability space, S = (S1, . . . , Sdt )t∈[0,T ]
a d-dimensional semimartingale andQ ≈ P on FT an equivalent probability measure.

(a) Assume that F0 is trivial and Q is a separating measure for S. Show that if S
is (locally) bounded, then Q is an equivalent (local) martingale measure for S.

(b) Assume that Q is an equivalent σ-martingale measure for S. Show that it is
also an equivalent separating measure.

(c) Now assume that d = 1, that (Ft)t∈[0,T ] is the natural (completed) filtration of
S and that the process S = (St)t∈[0,T ] is of the form

St =

0 for 0 ≤ t < T,

X for t = T,

where X is normally distributed with mean µ 6= 0 and variance σ2 > 0. Show
that in this case, the class Msep of equivalent separating measures for S is
strictly bigger than the classMσ of equivalent σ-martingale measures for S.

Exercise 5.3 Let (Ω,F , (Ft)t≥0, P ) be a filtered probability space and X = (Xt)t≥0
a d-dimensional RCLL σ-martingale with X0 = 0.

(a) Prove that there exists a sequence of predictable sets (Σn)n≥1 (i.e. each Σn lies
in the predictable σ-algebra P on Ω× [0,∞)) such that Σn ⊆ Σn+1 for all n,⋃
n Σn = Ω× [0,∞) and for each n, the process 1Σn

•X = (1Σn
•X i)i=1,...,d is a

d-dimensional uniformly integrable martingale.

(b) Show that every continuous σ-martingale is a local martingale.
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