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Exercise 8.1 Consider a financial market modeled by a semimartingale S satisfying
Pe,σ(S) 6= ∅.

(a) A mapping ρ : L∞ → R is said to be a coherent risk measure if it satisfies
i) H ≤ H ′ P -a.s. implies ρ(H) ≥ ρ(H ′);
ii) ρ(H + c) = ρ(H)− c for all c ∈ R;
iii) ρ(λH) ≤ λρ(H) for all λ ≥ 0;

Show that ρ := −πs is a coherent risk measure.
Hint: Use only the definition of πs.

(b) i) Show that S satisfies NA iff g := 0 is maximal in Gadm.
ii) Suppose that S = (Sk)k=0,1,...,T is a discrete-time process with T < ∞.
Denote by Θ the space of all predictable processes. Show that if S satisfies
NA, then neither Gadm nor GT (Θ) contains any non-maximal element.

Exercise 8.2 Let U : (0,∞) → R be concave and increasing. For x > 0, define
u(x) := supV ∈V(x) E[U(VT )], where V(x) := {x+ ϑ • S : ϑ ∈ Θx

adm}.

(a) Show that u is concave and increasing.

(b) If additionally u(x0) <∞ for some x0 > 0, show that u(x) <∞ for all x > 0.

(c) If U is strictly increasing with U(∞) < ∞ and S satisfies NFLVR, then
u(x) < U(∞) for all x > 0.

Exercise 8.3 Consider a financial market modeled by an Rd-valued semimartingale
S satisfying NFLVR. Let U : (0,∞)→ R be a utility function such that u(x) <∞
for some x ∈ (0,∞).

(a) Assume that the market is complete in the sense that there exists a unique
EσMM Q on FT . Fix z > 0. Show that h ≤ z dQ

dP P -a.s. for all h ∈ D(z).
Deduce that

j(z) = E

[
J
(
z

dQ
dP

)]
.
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(b) Consider the Black–Scholes market (S̃0, S̃1) given by

dS̃0
0 = rS̃0

t dt, S̃0
0 = 1,

dS̃1
t = S̃1

t (µ dt+ σ dWt), S̃1
0 = s > 0.

Denote by S1 the discounted stock price. Let U : (0,∞) → R be defined by
U(x) := 1

γ
xγ, where γ ∈ (−∞, 1) \ {0}. Show that for z > 0,

j(z) = 1− γ
γ

z−
γ

1−γ exp
(

1
2

γ

(1− γ)2
(µ− r)2T

σ2

)
.

(c) Show in general that

j(z) = inf
Q∈Pe,σ

E

[
J
(
z

dQ
dP

)]
.

Hint: Modify the argument in (a) by showing that for any h ∈ D(z), we have
h ≤ z dQ

dP for some Q ∈ Pe,σ.
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