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Exercise E.1 Let A be an RCLL adapted process of FV null at 0.

(a) Suppose that the variation of A is locally integrable. Show that there exists a
unique predictable RCLL FV process AP null at 0 such that A — AP is a local
martingale.

Remark: The process AP is called the compensator of A.

(b) Show that any local martingale of F'V has a locally integrable variation.

Remark: Also, it can be shown that any RCLL predictable process of FV is
locally bounded.

Exercise E.2 Let M, N be two local martingales null at 0 with the property that
[M, N] is locally integrable.

(a) Show that (M, N) := [M, NJ? is the unique predictable RCLL FV process C
null at 0 such that M N — C'is a local martingale.

(b) Suppose that both M, N are locally in H2. Can you give a different construction
of (M, N) in this case? Show that (M, N) is the compensator of [M, N].

(c) Show that M € H3,,. if and only if [M] has locally integrable variation.
(d) Suppose X is adapted RCLL and of FV. Show that [X|; = > g..<;(AX,)%

(e) For a Poisson process with intensity A, define M; := N; — At. Show that
M e M§,.. and compute [M] and (M).

Exercise E.3 Let (0, F, (Ft)tco,r1, P) be a filtered probability space satisfying the
usual conditions. Moreover, let R = (R;)co,r) be a simple jump-diffusion, i.e., there
exist a Brownian motion W = (Wt)te[(]’T] and an independent compound Poisson
process X = (Xi)¢>0 with jump intensity A > 0 and jump distribution v (with
v({0}) = 0) such that Ry = at + oW, + X, t € [0,T], where ¢ € R and o > 0.
Suppose about the filtration that R is a Lévy process with respect to (F):cio17,
and suppose about v that v((—oo, —1]) = 0, i.e. the jumps of R are strictly greater
than —1. Define the process S = (Si)scjor] by dS; := Si— dR;, Sy = so > 0, i.e.,
S = s50E(R).

Suppose that R is a martingale for the filtration (F;)scjo,77. Show that S is then
also a martingale (and not only a local martingale) for the filtration (F3)scpo,r)-
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Remark: It can be shown that in general S satisfies NA if and only if the paths of R
are not monotone.
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