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Solution 3.1

(a) Recall that a simple Poisson process has a.s. increasing trajectories, so it is of
finite variation. Therefore, a simple Poisson process is a good integrator.

Now we argue that Brownian motion is also a good integrator. Let H" € b&
and H" — 0 uniformly in (w,t). We claim that Ig(H™) — 0 in L?. To this
end, we compute

k(n) k
E[(Ig(H"))’] = [Z Z hi Wi (Brp | — Brn)(Ben, | — BT;I)]-
=0 j=0
For i # j, using the optional stopping theorem, we get (assuming i < j)

B[N} (Brn, — Ben)(Brn | — Brn)] = E[hi'hi(Brn | — B ) E[(Brrn, | — Ben )| Fon]] =

So all cross terms vanish and we have
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(b) Suppose f has a jump at zg > 0. In particular, we may assume that f is
right-continuous at xy. By the continuity of f, we may assume that for some
e>0, f(z) < (f(zo)+ f(xo—))/2 for all x € [xg— &, ). Define iteratively the
stopping times 7y := 0 and

op:=inf{t >0: B, =0}, 7y :=inf{t >0y : By < xg— e},
o =inf{t > 11 : By = a0}, 7 :=1inf{t > 04 : By < 9 — &}.
For each n € N, we consider H" := %ZLI 1j5;rp- Clearly H" € b€ and
|H™(w, )]0 = % — 0. But
1 & 1 Af(z
= LS (B (Bo) = S Y o — )~ flan) < -21) 4
=1
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3

Therefore X is not a good integrator.
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Solution 3.2

(a)

Let X > 0 and (7,,)nen @ localizing sequence such that 17,500 X™ is a su-
permartingale. Fix s < t, K > 0, and let A € F,. By the supermartingale
property, we have

Bl snixm<iilin >0 X5"] 2> Ellanixm <y Lir, 03 X

Applying the dominated convergence theorem on the LHS and Fatou’s lemma
on the RHS gives

Elangx,<ryXs] 2 Iminf E[Lanixm <y Ui, >00 X" 2 E[Langx.<xp X

Sending K — oo and using the monotone convergence theorem give the
supermartingale property. Now F[X;] < E[X] < oo shows the integrability.
The adaptedness is clear.

First suppose that X is a nonnegative submartingale. Then for ¢ > 0, for each
stopping time 7 < t, we have X, < F[X;|F,]. This implies that the family
{X, : 7 <t stopping time} is UL

Conversely, suppose that X > 0 is locally a submartingale and is of class DL.
Let (7)nen be a localizing sequence such that 1, -0 X™ is a submartingale.
Fix s < t. We have

]]-{Tn>0}XS/\Tn S E[]l{rn>0}Xt/\Tn|‘FS]'

Before we proceed, we prove the following

Lemma. Suppose Y,, — Y P-a.s. and E[Y,|F] < E[Z|F] for all n € N. If
(Yo)nen is Ul then E[Y|F] < E[Z|F].

Proof of Lemma. For all B € F, we have E[1,4Y,| < E[1gZ] and Y, 15 — Y1p
P-a.s.. Moreover, (Y,1g)nen is Ul like (Y},)nen, so that we get E[Y1g] =
lim,, o E[Y,15] < E[Z15]. The result follows.

Now we get back to the main assertion. Since X is of class DL, we know that
the family { X, ; : » € N} is UI which also implies the uniform integratbility
of the family {1(,,>0y(Xr.at — Xruns) 1 7 € N} Now applying the lemma, we
get E[X; — X,|F,] > 0. Therefore, we establish the submartingale property.
The class DL property also gives the integrability. The adaptedness is clear.

Suppose X is a supermartingale. By definition, X is integrable. Also X~ =
(—X)* shows that X~ is a nonnegative submartingale. By part (b), X~ is of
class DL.

Conversely, suppose that X, is integrable and X~ is of class DL. Let 7, a
localizing sequence such that 17, -0} X™ is a supermartingale. We can rewrite
the supermartingale property as

E[]}'{Tn>0}(X7—"’;/\t - XT_n/\t)|'F5] < ]]‘{Tn>0}XTn/\5'
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which gives
B, 01 X il Fs] < E[Lir, 50 X0 Fol + Lin 01 X ns-

Applying Fatou’s lemma on the LHS yields

E[X/[|F] < llmlnfE[]l{Tn>g}X el Fs] - < liminf B{L e Soy XO [ Fo] + lm L 501 Xz ns

Because X ™ is of class DL, 1y, >0y X7, o, — X; in L'. By the P-a.s. uniqueness
of the L'-limit, we have liminf, o E[1(, >0y X5, | Fs] = E[ X |Fs]. This gives
the supermartingale property. Also, the class DL property gives the integrability
of X~. Now the supermartingale property gives

E[X/"] < E[Xo] + E[X,] < co.
Therefore X, is integrable for each t. The adaptedness is clear.

Solution 3.3

(a) Denote by u,v the measures associated with f,g. Obviously we can write
f(T)g(T)—f(0)g(0) = ([0, T] x[0,T]) where 7 is the product measure induced
by p and v on [0,T] x [0,7]. Thus, using Fubini’s theorem, we have

F(T)g(T) = x([0.T] x [0.7])
= [ [ vam - w({0} x 0,7) + (0, 7] x {0)) +x({(0,0))
= [ [ dmw({0} x (0,70) +7((0,7] x {0}) + F(0)9(0)
Note that

/OT /OTldﬂ' = /T/T]l{,,<8}u(dr)u ds) —i—/T /T]I{TZS}y(ds),u(dr)
—/ ((0,8))r(ds) —{—/ r])p(dr)
—/ f(s 0)dg(s +/ )df(s)

_/ ) dg(s +/ = f(0)(9(T) = 9(0)) = g(O)(f(T) — f(0))

:/0 F(5—)) dg(s +/ s) = m({0} x (0,7]) — x((0, 7] x {0}).

It follows that

FO)9T) = [ Fs=))dgls) + [ 9()df(s) + 7(0)9(0).
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Of course, we can also derive more symmetrically that

/OT /0T1d7r ~ /OT /OT]I{KS}M(dr)I/(dS) +/0T /OT]I{,.>S}1/(ds)M(dr)

+ [ 1pmnuldr)v(as)
_/ ((0, ) ds+/ ((0,)) dr+/ ({s})v(ds)
- / ) dg(s) + / )+ X Af(s)Dg(s)

0<s<T

—m({0} x (0, T1) = m((0,T] x {0}),

where we used that p({s}) is nonzero iff Af(s) is nonzero, in which case the
integral reduces to a sum. The rest follows exactly as above.

First note that the collection C := {X : X is F;_-measurable} is a vector
space closed under multiplication and monotone bounded convergence. Also C
contains the constant process 1. If X is adapted and left-continuous, then for
each t, Xy = lim,,_,, X, for any sequence (s, ),en With s, T ¢t. Note that each
X, is Fi_-measurable. Therefore, using the completeness of the filtration, we
get that X; is F;_-measurable. Now by the monotone class theorem, C contains
all bounded predictable processes. For a general predictable process X, we
have X € C because X = lim,, oo X AnV (—n) and each X AnV (—n) is in C.

For any partition 7 of [0, T, write

MTAT = ZMT At )

=1

Because A is predictable, A;, is F;,_-measurable, and because M is a martingale,
we get

E[MrA7] = lz M,,_(A;, — At“)l .

As || — 0, the sum inside the expectation converges to [j M, dA,, and
because M is bounded and A is increasing and integrable, a majorant for all
sums is || M||.oAr € L*. So dominated convergence gives

[MTAT] = lim E[ Z Mtl Atl Ati—l)‘|

|7|—0 tier

= E[ lim Y M, (A, — Ati_l)]

|7r\—>0t or

— E[/O MS_dAS}
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Solution 3.4

(a)

Obviously, if M € H{, then for any stopping time 7, it holds that |M,| < M.
Then since M; € L', we must have

lim sup E[| M- |1qa, 1> x3] < I}i_IPOOE“M;“M{IM;IZK}] =0,

K—oo

whence the uniform integrability of the family {M, : 7 stopping time}.

Suppose that M is a local martingale in HJ, and let (7,,),>1 be a sequence of
stopping times such that P[r,, = T'] tends to 1 and every stopped process M™
is a martingale. The latter means that for any 0 < s <t < T and A € F,, it
holds that
E[M;—"]IA] = E[MST"]IA]

Note that |[M™| < M3 holds for all n > 1 and for all » € [0,T], and because
M € H} implies that M; € L', we can apply the dominated convergence
theorem to both sides of the equation above and use the fact that lim,,_,o, M =
M, for all r € [0,T] to obtain

E[M1 4] = E[M,1 4],
which implies that M is in fact a martingale.

Let X = (X¢)co,r7 be a local martingale. Then there exists an increasing
sequence of stopping times (7,,),>1 such that P[r,, = T] tends to 1 and for
each n, the stopped process X™ is a martingale. Since 7, is bounded by a
finite T', by the optional stopping theorem, X™ is even a uniformly integrable
martingale and therefore X7 = X ,, is integrable for any stopping time o.
Now we define another sequence of stopping times (0,,),>1 by

o ::inf{t20:|Xt| >n}/\T.

Clearly, (0,,),>1 is increasing and satisfies that lim,,_, Plo,, = 7| = 1. More-
over, by definition we have for each n that | X;| < n for all ¢ < o,, and therefore
| Xo, | =] lim X, <n.

t—on,t<on

As a result, for each n we obtain that

(XA = sup | X7 < osup | XY+ [ X ne |

te[0,T t<Tp/Aon

S n -+ |X’rn/\(fn|‘

Since X, no, is in L', the inequality above shows that (X™"7)% is in L' as
well. On the other hand, by the optional stopping theorem it holds that X ™/
is a local martingale null at time 0. Hence, we conclude that X™"» € H}
for all n > 1. Finally since (7, A 0,)n>1 is increasing and satisfies that
lim,, o P[7, A 0, = T] = 1, the claim follows.
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Solution 3.5

(a) We define the stopping time p+ := inf{t € D, |t > p}. First, we observe that
for each t; € D,

E[Xp+ —X£+ ‘ftz} - E[(Xti+1 _th') 1{ti<ﬂ} ’th} - 1{t,-<p} E[Xt“'l X

tit1

Fi-

i

Thus, we obtain that

MV D) = B 3 [BXELXE 7

tit1
t, €Dy,

] = Z E[l{ti<p} ‘E[Xti+l_Xti |]:tz] ]
t, €Dy,

By Jensen’s inequality, we obtain for any two processes X’ and X" that

IMV(X',D,) = MV(X",D,)| = [E[ 3 [B[X],, - X, | Fl| - [EIX7,, — X7 | R

t; €Dy,
t; €Dy,

<E[Y [B[X],, — X | ] —EIX[,, — X\ | R
t; €Dy,

<E[ Y El|(X/., - X)) — (X7, = X)) | 7]
t; €Dy,

<E| & |0, - x0) - (x1, - X))
tz‘GDn

Take X' := X? and X" := X**. Then, we see that the only (possibly) non-zero
term above in the sum is the one for which p € [t;,¢;11). Thus, we obtain that

IMV(X?,D,) = MV(X?*, Dy)| < 2] X |-

Remark: In fact, this holds true for any partition 7 of [0, 7.

(b) Let n € Nand let 0 =ty < --- < t, = T be a finite partition of [0,7]. We
have for all ¢ := 0,...,n — 1 the existence of a sequence (k!"),, such that for
each m, we have k" € D, k" > k[ ,, k" > t; and n’ng%o kM =t;. Set k' =T
for each m. Then we have for each m

rn—1
MV(X> 7T) =E Z 'E[XUH - Xti |‘Ft1] }
- 1=0

+ |[E[Xip — X, | 7

rn—1
<E| ; B[ Xk, — Xig | Fipl| + [E[Xr,y, — Xim, | Froc]

|

~2m—1

<E Z ‘E[XjT/zm — X(—nr/2m |]:(J'—1)T/2m]”
- =0

n—1
+ E{Z 'E[XtiJrl - Xkﬂ_l | ‘Ei+1]
=0

+|E[Xip — Xi, | Fu

|

n—1
= MV(Xv Dm) + E[ Z ’E[XtiH - Xk‘ﬁ_l |~Fti+1] + ’E[Xklﬂ - Xti "T_;fz] }
i=0
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By dominated convergence, as X is bounded and right-continuous, we have

+ [E[Xpp — Xy, = 0.

Il

m—0o0

n—1
lim E[ Z ‘E[Xti_,_l - Xkﬁl |’Fti+1]
=0

Thus, we obtain that
MV(X,7) < Wlll_rgo MV(X,D,,).

As the partition was arbitrarily chosen, taking the sup over all the finite
partitions in the above inequality yields that MV (X) < nll_r}loo MV(X,D,,), and
so MV(X) = Jim MV(X,D,,).

Updated: October 22, 2018 7 /m



