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numerical guadrature of function 141 +[5t)2}

numerical quadrature of function sqrt(t)

o i}
10 T 10 T
—+—trapazoidal rule —+— trapezoidal rule|
—+— Simpson rule —+— Simpson rule - . ]
- oom 107 ---0on'% e
- - -ofnY P 3
- T o
1077} R T
= 107 = - T T
e e L
5 @ 407 = .
@ g e
F 2
B g .
E-] T 107 4
o
=3 3
j=» 101 =
107%, -
10°® .
107 : : 107 . .
107 107" 10° 1072 107" 10°
meshwidth meshwidth

Quadratur-Fehler fiir fi(t) :=
Ordnung 2 fir die Trapez-Regel und

1
14 (5t)2

Ordnung 4 fiir Simpson-Regel

Quadratur-Fehler fiir f5(t) := /1
Unglattheit von f beschrankt die

Konvergenzordnung

Die Trapez-Regel auf aquidistante Punkte hat Ordnung 2, aber angewendet auf den
1-periodischen glatten (analytischen) Integrand

1

J(t) =

V1 —asin(27t — 1) ’

O0<a<l1

erhalten wir folgende erstaunliche Ergebnisse (als “exakten Wert des Integrals” ver-
wenden wir 75g0):

10

|quadrature error|

o

Trapezoidal rule quadrature for 1./sqrt(1-a*sin(2*pi*x+1))

T T T T T T
e
N- - -+..___+ A
B L S T e A
iy ., - |
. \ T
T+ o+ —+ Ak_i—*\--k
~ -

. .
6 8 10 12 14 16 18 20
no. of. quadrature nodes

Quadratur-Fehler fur 7,,(f) auf [0, 1]

Exponentielle Konvergenz!

|quadrature error|

Trapezoidal rule quadrature for non-periodic function

;
+ - -+
—_
N
N
1 +4k\\ e g i
™ YA
. *\ VAN
\K Voo&
=] ~ N\ s ]
. j e v
~. ¥
B -\\\ +
Tl e
a A&.‘\*
~—
ey,
al
—+—a=0.5
—+— a=0.9
2=0.95
|l—+—a=0.99
- 1
10° 10' 10°

no. of. quadrature nodes

Quadratur-Fehler fiir 7;,(f) auf [0, 3]

nur algebraische Konvergenz. ..
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if __name__ == '_main_ '

X -
lc . :
S‘ Gf J l( Lg // / f = lambda x: exp(6*sin(2*pi*x)) (D é/‘ ((_ ‘éf\/\
(70 A Q 7[ + C /h,,m: ) 7[ #f = lambda x: 1.0/(le-4+x*x) T
X / 7({‘-'/ )(l‘) ¥ ).1, ... 0.9, 1 ot a1 <
o s

M = arange(11.)/10 # 0, 0.

S /
e Lx 7 ] rtol = le-6; abstol = le-10 O {
<17 € I = adaptguad(f,M,rtol,abstol)
exact,e = integrate.quad(f,M[0] ,M[-1]) %ﬂ: C— ]
print 'adaptquad:',I, '"exact":',exact

print 'error:',abs(I-exact)

X <
J ,[(z) Ix = Q (4, e, %) %J.S”w/qﬁw‘%)l
et

Lte C-Xesz/){e_) Lz,,.--) l\/"‘(/]

h = diff(M) r ) compute lengths of mesh intervals

")(l mp = 0.5%( M[:-1]+M[1:] ) # compute midpoint positions
‘ T fx = £f(M); fm = f(mp) # evaluate function at positions and
( _ A midpoints
g‘ 4 x) /X Q { ’F/ 7((0_91&) ~/ trp_loc = h*( fx[:-1]+2*fum+fx[1:] )/4 # local trapezoid rule
X simp_loc= h*( fx[:-1]+4*fm+fx[1:] )/6 local simpson rule
e A
Loka(_ (

§ 4,2
[QS ~(QT’ -‘—So[l:l{huj Joc za/Ca/n éé(nr_ L y f{ LA

[ Dec: Verqfcc'hue Poré Wo Ofc'ege \

SC[\(:({'?—UJ(? gress (st
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I = sum(simp_loc)
intermediate approximation for integral valu
est_loc = abs(simp_loc - trp_loc)
local composite trapezoldal rule and local simpson rule 1s used as an estimate
for the local quadrature error.
err_tot = sum(est_loc)
moduli of local error contributions)
# 1f estimated total error not below relative or

# use simpson rule value as
ue

difference of wvalues obtained from

+*

# estimate for global error (sum

absolute threshold, refine
mesh
if err_tot > rtol*abs(I) and err_tot > abstol:
refcells = nonzero( est_loc > 0.9*sum(est_loc)/size(est_loc) ) [0]
I = aNaptquad(f,sort(append(M,mp[refcells])),rtol,abstol) # add
midpoints of iMNervalls with large error ebhtributions, recurse.
return 1
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Beispiel 3.6.3. F(r)=xe* -1, 2" =0, 2 =5,

k F) oW =W g TRl
2 0.00673794699909 -0.99321649977589 -0.56040534341070

3 0.01342122983571 -0.98639742654892 -0.55372206057408 24.43308649757745
4 0.98017620833821  1.61209684919288  0.41303291792843  2.70802321457994
5 0.38040476787948  -0.44351476841567 -0.18673852253030  1.48753625853887
6 0.50981028847430 -0.15117846201565 -0.05733300193548  1.51452723840131
7 0.57673091089295  0.02670169957932  0.00958762048317  1.70075240166256
8  0.56668541543431 -0.00126473620459 -0.00045787497547  1.59458505614449
9 0.56713970649585 -0.00000990312376 -0.00000358391394  1.62641838319117
10 0.56714329175406  0.00000000371452  0.00000000134427

11 0.56714329040978 -0.00000000000001 -0.00000000000000

Wir beobachten eine fraktionale Konvergenzordnung p! Man kann p = L(1 +
2

V5) & 1.62 beweisen. Sfqot¢ Ko verfam ordney 2 wie Mewfon /
/

Beispiel 3.6.4. (Lokale Konvergenz des Sekantenverfahrens)
Fi{r) = arctan(x)

Abb. 3.6.5
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Beispiel 3.8.1. (Lokale Konvergenz vom Newton-Verfahren)
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ra Code 3.9.4: Broyden-Verfahren

0 ) e T |~ - (n)
o K' ) 9 ()C from numpy.linalg import lu_solve, lu_factor, norm, solve
; ()( A > 4 _ g = — =0 / — 2 from numpy import dot, =zeros

4 def fastbroyd(xz0, F, J, tol=le-12, maxit=20):

{ x = %x0.copy() _ } 0))
2 1 ¢ lup = lu_factor(J) ’f(xc”) ‘/ ’9 - D ()i'
k =0; s = lu_solve(lup,F(x)) i

B x == s; f =F(x); sn = dot(s,s) L
dx = zeros((maxit,len(x)))
11 dxn = zeros(maxit)

dx[k] = s; dxnl[k] = sn

19 k += 1; tol *= tol

"4 while sn ol an maxit:
w - g 7((4)) Lel’ eol”'\?,( a [S gShk VO3 14 ’ lw = 1z_zoive(cliul;,;) [t_
— 0 - J

for r in range(1l,k):
w += dx[r]*( dot(dx[r-1],w) )/dxn[r-1]

16
! é; q z = dot(s,w)
S 90 11/ ""’J C.)_(_ ) 15] s = (1+z/(sn-z))*w
> —

sn = dot(s,s)
21 dx[k] = s; dxnl[k] = sn
x —=s8; f = F(x); k+=1

return x, k

a
\)
1>
o
—-)
1)
%

(

R n = 1000, tol = 2.000000e-02

1>
()
5
4
)
.\-

. _ _ . Lo Broyden: ||F(x")||
10 k... \|—+—Broyden: Fehlernorm ||
' ' ' ' ' Newton: ||[Fix")||
| —+— Newton: Fehlernorm
MNewton (vereinfacht)
1 |

; i i i i T
0 1 2 3 4 5 6 7 8 9
Iterationsschritt




SQJFKmVQ: 6F{€%i}e, ¥Soév9 In [9]: def f(r):

return 2 * np.pi * r**2 + 2 / r

\ r_min = optimize.brent(f, brack=(0.1, 4))
l ) O\(A‘I— 2l ny Gr\(jerQ r_min, f{r_min)
Out[2]: (0.54192807725571351, 5.5358104459320854)
neH‘O d@ ’ .

In [1): import numpy as np

from scipy ilmport optimize Tn [10]: def £(X):

; ) - % y =X
import matplotlib.pyplot as plt return (4 * np.sin(np.pi * x) + 6 * np.sin(np.pi * y)) + (x - 1)##2 + (y - 1)#+2

optimize.bisect(lambda x: np.exp(x) - 2, -2, 2)
In [11]: x_start = optimize.brute(f, (slice(-3, 5, 0.5), slice(-3, 5, 0.5)), finish=None)

¥_start, f(x_start)
In [4]: x_root_guess = 2

f = lambda x: np.exp(x) - 2 Out[11]: (array([ 1.5, 1.5]), -9.5)
fprime = lambda x: np.exp(x)
print (optimize .newton(f, x_root_guess)) In [12]: x_opt = optimize.fmin_ bfgs(f, x_start)
print (optimize.newton(f, x_root_guess, fprime=fprime)) x_opt, f(x_opt)
0.69314718056 Optimization terminated successfully.
0.609314718056 Current function wvalue: -9.520229

Iterations: 4
Function evaluations: 28
In [B]: def f(x): Cradient evaluations: 7
return [x[1] - x[0]*%3 - 2 * x[0]#*=2 + 1, x[1] + x[0]#*=*2 - 1]

timize.fsolve(f, [1, 1
optimize.fsolve(f, [1, 1I) Out[12]: (array([ 1.47586906, 1.483657871), -9.5202292730550155)

Out[6]: array([ 0.73205081, 0.46410162])

In [7]: import sympy
X, y = sympy.symbols("x, y")
f_mat = sympy Matrix([y - x#*3 -2%x**2 + 1, y + x**2 - 1])
f_mat.jacobian(sympy.Matrix([x, y]))
def f_jacobian(x):
return [[-3#x[0])**2-4=*x[0], 1], [2=x[0], 1]]
optimize.fsolve(f, [1, 1], fprime=f_jacobian)

Out[7]: array([ 0.73205081, 0.46410162])

09



In [13]:

def func X Y to XY(f, X, Y):
R

Wrapper for f(X, Y) -> f(lX, ¥Y])

s = np.shape(X)

return f(np.vstack([X.ravel(), Y.ravel()])) .reshape(+s)
fig, ax = plt.subplots(figsize=(6, 4))
¥_ = y_ = np.linspace(-3, 5, 100)
X, Y = np.meshgrid(x_, y_)
¢ = ax.contour(X, Y, func_X_Y_to_XY(f, X, Y), 25)
ax.plot(x_opt[0], x_opt[1], 'r#', markersize=15)
ax.set_xlabel(r"$fx_1%", fontsize=18)
ax.set_ylabel(r"$x_2%", fontsize=18)
plt.colorbar(c, ax=ax)
plt.show()

In [14]:

Out [14] :

»@)»(())x«g)-«(__ | [l

ENEEEEEEEEEEEEEEE
o

result = optimize . minimize(f, x_start, method='BFGS')
x_opt = result.x
x_opt, f(x_opt)

(array([ 1.47586906, 1.48365787]), -9.5202292730550155)

(C) V. Gradinaru

03




Sg?— !fn'ter%e,?;%b L/} OV'Hnojo%a(e Tquus;‘oyn—:,a([c‘oxza (2 /'/éq‘.‘

a=| |1

RO%Q‘(‘(‘O;\ Qu’ S,F('ng {uh(yq 2 4 'OQVQ‘-U(\O (Y‘OL\

A e A= . Bewn Gejaéah Xq, oy, & (e ukdél{grg(jz

[

[q, 9,
@,:[ ot orthugomal funitir

H
g g —:]=: _614.--1 C{ OF(’Lamok'h«aL

-

Urh("@gkl TP‘Gzﬂs 7[°r %2 e "c‘o oV RN ey-La('fea\ \)Uclr\/CeC
Mké I_—C('; ‘hjtl\

“g?&}[ (Qk) [QxB x y Q’C ‘Z_H_'E:”_’ﬂ/:

\/Q,f//forem —") ONB ("h /)7201’\% _6.&(/ g—Ll"'} 0—'\’-\\{

it Gram- Schacgd

L_n \)l/c'o(aét'(j . Omo Glcr,fc"é('ek I(( Ve rS¢es .

g?,//. \)l/((/hfc'gs(eu ”'oll'fc'/t 2erF ngqmyaz\

/f) L U'— OAQV Z_R -—Ze; (QJ 676(055" Eé(;ﬁ"("‘a\((:,l‘

ey
A = L/t Oi[ [\]
féz_?h Falls ) Sy%"r@,‘f'PISCA..,)
A= [REXINT= LT
L D> T 7

04



é‘pg%%@h(‘solu /705. Olé/c'm'{

,szmgs;@mw st ooy micht.

S'— Cp— T T
—6 = .2;_‘ 2 2 Z— = ’:\ i CLloZeskg—zeer? “hg ﬁ.’ﬁ ”/é &~ gf x —/é —
N = -7 | y T
g L I‘(_(;“@ Euh/bbsfeAQk‘
éaUSS ‘E[,c\’h.cryaé("oz,\ E_/i)— — Z;é c‘k‘ﬂnu(ah'ok
L = __@ X = 0_2}(‘3 ang  Roclkw cE‘H‘SSuQS\LMl(« feon,
—> 6bere — ‘
2,> Q/ E *ZZPZ@gun !ﬁ" = (g S })fe('uc_go,_aﬂc')( —_ VC'@L Sgag;de,e ,4,.{:— Lég ’Z—u(ése;\

C5 (’)Ir-'é'['\oao-ha (Q r‘(g'{'l"é,y-

" O JP:'\ N
%: R —R __/jx ¢ R
¢SS Noy 2 ,F&‘ MNo€reren. - ‘lﬂ_,(: /)4/70 u_/_;;f/(
B rdo Ui

é 0[!4 G 011’6& G‘\SOZ\
Def cod(A)= 1A 140

gl;«d('(ta\[ur @L J6~$ Lé’sez\ Vo= Z,ég
AL‘E ;_é’ ’h\c‘e éaaSg ‘G—éc‘@.(';c‘/('oz\ au%&'léc'a 7EN

Cleosfet auch circa 3 Nel amchv &Lg viz LU ).

(sSvh) é ’pe,(c'(,éc‘y

3) sc‘mgulgweyheyijnj

C

H
A= U LY 7= VX
/ A °

2 ec o
or . 2ec G\4 >0, = 2V, >0

me € F= Rﬂ? ({_1;)

DPH( O Moria g /e 5/(; (e 2N

05



Lt> SCLIQV/ZQV(Q 301'(7- ﬁ ée((‘a,éf‘j 1uodlra1tc‘so“

=) @3 3('£(_ _yfh'h(r FOHV y So dGSS

[ -
._(=—j é‘ ‘C—)‘ — ( Oé_eye :Drec’c,l«s %até'//('/(.

f) ?o{.o#'lerlegq;a /j_‘: @ ’

133

—

/ ~ S92 na éy(‘scl )

oké’Lo’*\él—hQ ( [P 6s. Jefc'hr'{
C) A PRVEN e bro {

/1 r)-c',(,?(e-:\»)
A= SN <~

L,.) E\/ OCS S,FOL.{\Q% .

or Fhogena L.

2
?'\ é: MY Sb%'»-é_f"(‘564‘=—) _/_\:::_ @{_\ Q H

=

-~

LU—lﬂk('—gwa : 22(‘(27«56*7(\(1—\ #olf%, ,‘c‘c‘v txin Mo terdx

\/ omn ch-g Y <

A
- =
&<
l
A
NM&%((’QL\ =
GH) =

C:l(\\/th —Rota "foz«

06



E_s_,o 5/[@3; (u.xﬁ

AN o 4 © o ?
13( '():__ o ,{ o '{c U(/t,'H[ce,( Z-ch'sdek ')_(/ig
y
X > ~ los o A~ A\ b o /- &
" v, =t f o> 4 e &1_ t=
‘ . \ 7(//
& . d
x4 J ¢ dx o-=lizxh co» 4
- A
7
. ' ' (9\1: E -+ ('—LQ_M’) ':—'?_C_—z—&ki/‘
D= | et A e e -
= ¢ p ! <4 T
L - = 28 X5 [l qpf = mk-a= oo
p =
fer’h«a'(‘a&‘ -(- ' E’ ‘\ B Q - X — T - T — — T
on3 B fr iy 1 0 2= X -2(sx)a=x-2u8(ux)=X-"luu'x
1 1 £ [ > T
O . o A |& =(i—zza X
- \ = N~
\ 1 6()
@) 4 0
‘- L P,
Q= T .5 I Hooso hol Jov mmatric

97



§?,3_ QRR-2erle guxg
. e G
L)

Ers e HSJ(c‘c hloect:

’A—_ = ,:'\{_4 U—_-'l."' \_}:7\’] ~ q_1’_-..

‘L onv R
Y
- —Vr =3 v, o] loy |l = <Z
N R JJ(—A L j“v4>j4
v, = _
c = vy ~ Fa\ . Uy Lo, V> q,
A
4
S
(17' lre gt
= V3 — P v =3~ < U, V2 %" A A
PPN 9 44
C( — 1 c
1.7 UCBII 5
] ) _ v - £
Q=Y P N 1

Via (%o clc'f('zfc'ekfw) Gram— Soﬁ»w'd’/.

W= <& w,>
1 °(”1 ﬂ(,

- £ w7 1t < v,>
v T'H'LO('( ‘(’/)LTa

Ve €Y. W\ >
y= <1, Vv 2, # <o, W 2], < T, i> 4,

-~ Z
Vie ‘(“V,) C[(-F....‘F <74¢)v;¢> 7&

08



L’h« le—tee.  Schrc &€
o :
Vv = (@'Y“Siﬁ(jv E%)cla—e 4(1”?_@)7
&
(c'héqyé oz Linabeon Vo
D - f(_/,/ZL-"/ 7(
V. =

1

dos [5) Jodes  le=trnm
/

No-o!/\ n SCAF('H(‘.

| v | ]

L L

4 ,eor

i

S

L

'S

ZD S/a“au SC"«/ ortherornale Vel ‘("’”’“.

Heo
| 1y v
X .
\ -

99



\;Se,z,q A(gwg(/{\k\us va{‘s/,r('c/\{- T ﬂ(}('&'fl('/(aéfakoz—\ BU«,,., Gkaz«h—scbmc'd(— /irodu?;c‘c)r‘(' e(— =
/h—\('(_ béere» braf0céi%«aérc'eef,_ ! OrH‘oaoac.(z WO-(-V(.'\&’ & ('thea,\ DG 2 (Iz-\

6"9-0‘!2» Schctt ani b atrer olere
5: __@1 gz’, _@k:— & ks i'—"' (Q@ \Qrécnéc[e_g%.arlm'x 7710(\(6/)[(' ?('Gfl/.

-1 .. < ClH‘V' ' (L /
E Cd C J “':___b &’»\7[0{(('? 02~ Ruko(aujg/QA(eV .
V‘i "E’_’L _Yq,b N ) Q)Q% E(h \/orfl('( Vos- Q?Gzh- Sclnn(‘/l( r'S?‘/
1 rm ' —
Eq—; ! " ™ Wlut Zagn  Nech e SOAH"GT‘@ OU\/,LQh-](/
A b -
A o) LN Lerlc\LS _7_4 , e j_[( O,,(i,}togc)hé(
O
1 -
~ WQZM”" 7&LZ_/7%Q~V7)”')%7
{ A 1 4
= i el 1
EL Vie —V%, ] @}s 4
{ i,
1 — 4

100



107+ 1QTQ -1,

n—1 1
t[] Co tU 1

st

CLassc'ScLes GS. :

/_\) al(z 9[:@[ q.@'[/(;

n—1 1
t19 tls:} 1_

10° || =+ Householder
»—<  Gram-Schmidt
“Lle—e m. Gram-Schmidt

108

=

=
s
=1

1012 ¢

1U-l4 |

lm-lﬁ

20

aufcr ﬁ’rod'L’Z:é"fo-

l<

Sa'fc.ré | {il ) 72—1 Vevweuol!n\ '
(VOaZK{l LE 0((QY got(g 61\1(.01/\
c(oSsz'3oL_ 54 A gr\b\‘te’“ 0“&; C)\lua neLw _3(31:%)0112_
(\(‘, rﬂ;‘/\ A".._4, = n -
L Y9 T

’\f.-‘:_ ¢
J 9 2 <
W}' c=1,ten 4! f#” (= 7.,
A
_ |8 - = — U
Veg ™= O « = v L
R ¢ g W oa — )(LL (e
T YR et
AFF T — = (.-f', )
J d rﬁa ﬂt
= -~ | oo = C(H
,__ d v,
=\~ .
= Y4 s =Yy I g,
J e — - =
dd



Fa?—c‘f :

. Uﬂe: Crieuge Jc’é ) MnfevLaL(e de
i 4
D &(.aggr'gclleg GP&%rSGAL('dé hur ,)Cb‘y a-nalal((’Sc/Q Hag_f(- d(‘ago;\a(g ’h\c‘téelg
2W€c{(€ < verwﬂ.’*\dﬂ.n_{ \96 h Ore(’\oaouo(e ﬂafw’?e»\
2) ”"\OA%[(‘%('QH(G G G- Schancdb  mur ,’[b‘lr le (o ¢ma "ﬂoﬁ,g},,_\ . — ’:brelluVJeu_’
5
OO\QV Mu v ,ﬁ&'r ec'm‘;z v@k{(d’@h Ta vevwcup/u\ N
ta vevewaoden ! Y , T 91
3> S'oz,\sé' :{_{—)E 0‘[( ﬁo(()vazl,’ 2'_ 0 l= S XZ_. = BL %,L
. xl\b | : [ 93 %5
_L/_ (___)__ __@ Ve o= Rofa(‘c'o NN / 4 P
B " A~ m Xq 1 O ) 1
) T /]Y—L‘—Cﬁj 5>
&,
I é T Q o= Q, [—i
A -
- . -~ (V@hs-b\fe,l\uuj , &(ce 3_2_ T o /hlaclt“
= i (L K ¥
W&é 1‘"[@]%5 |-ae 670D 4= 2
9, %, -

102



k " 5¢ X X ~--- X ’)
- O N ‘( |
4 607/(45 fin 45 4 9) X > . .. X~
> A
— 0 X< > - - - <
4 (1, @
_:_:/L:%'('fg 2, wb{(b > _—O ) x e
& Gf\/d_hs.— DI’QJAU»-U p d("@ \JS ZQw o oucc[('(~

G [?L )z
\j\/\/ ?b 0]

OVH’WJMW(? ﬂo(‘n‘?—ﬂu

-
3
2N 5 f{v 0 a1 4
=2 iKe — pA

2 < 6" 6 Ge T R ..Q A A&=R
E_/\/'\Qj : = — = =

Doun lown f 0(“9 %Mfa(ﬁ Vo é Olk'ah'. - Tore’L°J°"G{€ Pelr v

{ ”"'4)
rK %4 v (92/)‘” 6/2

° A=(@ [0V R =Qe
0 &5 £ Al (@ ) SR — — - =

orthogore le Natréc

103



/\4
()= | Co» { fesn {
1
' /I

—Uan f C {

: f

d

=
o> { =
m\»\(

_S o LAr Jac

6 T T WL

- ]:4 l—cj— o > /1 )
é: Cﬂ('& é(z

&Zi :Dc‘esg r(e_é’Lroo'z (G(‘th —bfejluz« TN ) l‘Sf
a‘a”’\s{"(b ;alls 14"

—

L\qg- ( oldm\éose\‘c-fQ Fotrin.

SC,A vy Ve {? O-€ n tv é{jg

104



—

I

a—

@R‘ ZU’(eywng @c'f S/CFQ Z{aujm,\‘
(Sf&hda,,y{ —§07C(*Warc)_

5
/ 2 RQ-T-zue’
O/ “w { €lere
‘>7rz_ Ki’.”""’

1
& 5/7‘"272(‘6 E So dl sss @ 9 a«/ oy [6'1;1/"

\)

tl

WIS

2 (2: >
) D) Sf,!, [ )
O
1
el = 2 +z7+4L =3
D’CH 2, v =D y: E //(J_SI/Q,
1__ o= i —1 _
&N/ JZ < =D
= 7
—_— -
S A N
B == &‘;{_ 1 —
4
A — ~ 1
2 L
1 - (] U & 2 -
-1 5 y
2 & A
[ 7 -t 2

105



{BN

uS W,

106



TL\Qovaz, /4‘ CQ%W\ m=n voller Ran T[/\Qovem Fo( :m(ﬂ),r < A ana
(/l/(b\? (z; ’ gcéf IS ec»e Per%q{‘of(ah

DX

Q‘hh zc L(‘ e e(ne oL olcod(c 2( n (‘y LX —E
ol’{'lnozoz«a( 0{093 = @ 544 :’(L Y
[2) g n~r

an( € g 6bera bf@f"ét/és%frc'x

%E(' Q ’r oée_,,a J)I’e(“CCl“S/hsq tr'x %c‘{

—_—
—

(>
™

A= Q /—._% %,
o

(=3 Cmaen Fltan an d@r Zj°$aé =0,
vor R sk, — 4 L . : /
e Sqq SU éen Feute R, meAf
&Q?’s FG [(5 0‘('4 géf”xovx{( Q0\7L V{QP b(‘6~3 ora lp Vo & WS Wg('l( ¢ [ (c‘a, . Uxng th é'k;('*j__g g/c,(‘fm,\/
@ >0 Scw o‘j dornn ¢ R devr Cloloslee _ Fateto, P2r 2nuATere  Sce *ch voru e
Vo T
(¢} 4 g ﬁ
".‘/f [ é‘ {_4 und Wy Vor (5 eq
l&Q wi s -

SN
.\)
(IR N
()
™
)
.-.\
IS
—J
=
)
(1=
S
o Nb

107



_f%—‘bh (_gg—?ﬂ//ﬂ u»-;l (Z*IC'E OV{/LQJOVQ (21,\
TV&%S;ov ’h.c,(z‘o—;,.m,\ 0’(3?,76 %thc,/lé VUV'Z@(T'FC;
aégo_grocl\a,, bU-QVa/avl.

o3 Singelimntae lggry  sivhe LA, Sleret

_ ~17 - 1 — 42
D’if) S23= 01 2 10 T'>///o/?7/(0 z. §-19 ‘2 2fo =2 fo Zo=o
()‘V\.a&'L\-e-"’héeé\SCL‘Q RO'P‘a_ : =9
Nawvmepcschy Rarg - dort wo VP —>> TFH V”G, cder 7. '& Amx/audq;\ﬂs aLLuc‘f‘h&c‘g ’
Gaﬂr ouch, r =4 125 ?

—

|
N1 o RY
Ly 'ﬂ,, © -Wr' \

ol

L —V

Bew Reduriepte SUD-

—

N
W)

108



Y.
N
M M G/P 0 3 ’.\_r’lj-")!y

—r€4)-") —
T ' = /=
Lresy Yo iR b Dasee) B, = line e e " EVven 247
V(‘ ,)[a[(s (';Agr
/ & AVA = Gy #y Ay - G, ™M
/

O o
O 2./ Kor fr = o Yytiyemy Vol ori

7 on 3

i Faz«a‘a'maxfa(sa\[?- oley Z-/q




A"'I\Xféhdau 21 dler SV/B

PGS A GRS M\/ll . \—‘7

D Qrec’oéer/ala(wa Al beor g =1
é Lo wchd Oop LI~ V(é‘l‘%e ((T,l? L=, 'P’Vr7°)

§VD - ki V- L r =T (41\—{'10414) P(a‘r#}c_ I

Norn, / b = — .
/QV /\/01"114 el ner ”o{'rt'z = \ v MVO"I(,, — “4 brreceh t 7[&'?

I Pl = ). 'Z]
A = Yoy “ﬂ_L“ - Z; .

&
N
=

1

N

V<

(v
_—
¥

110



Fa[(g _/j‘ Sg@uh\@\éw‘sc[( . >\47/ /\2,

W
W
N

T T T 2
5) A= Ny 4V T4, 1/;]—4.+Wr/¢‘/ Y N
—;Sqqu U oz f/laf‘l’c'b?h V6 /Qa%ﬁ 1 d =1 - = = =
zl'u ﬁ { ALu: > 0‘69 304{ So %ur j[ﬂr 7‘46 Jka(c'sc/{e Wdfw'}:ﬁ
—1 " /{\Jr ) Lf(___.) \-[f' Ll S({J =
# /
\gﬁ — ke,('"hQ OV'JT\&'la ;&\r ){Jr)%ol(s )\Jflﬁb‘hfzex
—) \wc'm( verwendel  wom ¢(re ﬂ//"‘»"“"’a—a’"’o\ #5)
VO 2 /_‘}-__ 2 F e rer HGFVR 1L o ~ lcec'hz Oy{"L‘cjo}a_(C‘ r/~a"f _EJJZ _/_l;r
el d:»ayeu @a%g T Lauen /
B\S__b 2 100 \
Daten onc X Qausol\ / F&“eyu: é - o A ] / 1= /\7':
r
b- J —J \’[J' ~ c)"‘id“‘_fa, /P\\"(' k <2l _ACS/\S = 2 ~+ A
d""/‘ ()":/I - === 0 1
Ters
w w
+ D¢ K N, ¢ 2T Mg 8T
(,O-Jo'hd CS(IC"(*""J Ve r Wé?«p’(u wu VG/?_ Ay 5,( <, L o2, SL

111



\/erSacd /ey A'f/?VOXc\%—Q Féon a,.c‘(' el Rdug 1 Hsfrix - Tll@vrem\ [ &clea) f’ \_Souuoc,]
M € EW c\/:

A 8T " hec B
e #20 T ]> Fehler ae 22 4 € LGy _gedvs ke ’2“7[“
o ) S‘CAr;l/of’S ?c'u A AN aéga Lroo/‘m\e SV
é‘ - >\‘L SZ SZ, = [ ] a(Sm So j@/tflg - H
i ° NickT (a &, = Z Ny 4
M€ Svd o 514
To_ﬂﬁjj"“v 0.0”ﬂﬁﬂ O. 995%7] ('5'6 dt‘f LPS{-C /:)-rrVoXc"h«-q%'('oz\ Vo Q&J\a l< G n é
/i‘: 1oo , 02y + (e S(ane  Vou:
0.001
V40 T n_/_)r”_ﬁf}i% {}/ﬁ_'—X”:G—
- ) [-0.9928 0.01999) S S—— =
0,0’f % ( XB ék
+ 0.01 =
- 0. pﬁjy | (_g\a {C((‘A(\Scl‘e & F”o L_@uc'hs Moy s )
L 441}]1;‘—
— T ’2_-/10/(1 O k (el n~er
Celilor é" G, ‘_’:4T = Fehler

112



[f> PCA— = ,’7(rc-14<.‘./00( 6017//761'01!{ G*ra (Zg/g_

2w el Sc‘yﬁa(i ,gc’z.eSszk 6n =50 Oyfo

ﬂoss[e,ﬂ(er (PSS @i 1o H(,( J'eadeg S\C‘J""G/z =y =220

/
he55“ﬁ7h,

Ehfth
Fmgz . Wole viele

Wee Sel\fk M('e tcl\'fq Sc';ho/e %hja_/anlr aa;?

tn elner Imxn HNotrix ﬁ(deec\a»\o‘wJ

Sc'guo‘o ?Z'h-\aSSﬂh Wora‘u\ S(L‘T”{?

bde Sprecke du LA s GF Re (4) 7

\&/CQ vie(e Uka“:é’!(j(y,z Vele for o /""egs U glan Sonot
C+n Z% [

= 10; m = 50
linspace(1l,m,m)
sin(pi*r/m)

cos(pi*r/m)

zeros ((2*n,m) )

k in range(n):

A[2*%k] = x*rand(m)

S A[2*k+1] = y+0.1*rand(m)

S
H e X KRB
Il

0
-

1.5

0.5

-0.5

+1+
L + + _
LA
T + F
+ +
F14 + + N
+I¢ : " ++
B ++ T4 .
+ +:I: + + + + +
+ + ot + +
+ 4o N +
++ +
+ 4+ ++ + + + + n + +
T o+ i toaly + ’ F +
_:’: + + + + + + + :’: 7
+
¢:|=
+
ty
R . _
+
4+ measurement 1 i
+  measurement 2 "Jzii +
+  measurement 2 + 4:4:
+ measurement 4 TF 4
| I | | | | | | | +
5 10 15 20 25 30 35 40 45

113



principa

singular value

| component

16

14+ .
12+ .
10+ .
8 - —
6 - —
4 o
2 - -
0 1 1 1 1 1 . P o o o ini q O P4
0 2 4 6 8 10 1 14 16 18 20
No. of singular value
0.25 T T T T T T T T T
% *Fa O
- # _ Y 3 .
02 i++++,};** +-++++-T--‘1'3|-_+++
Ty S+ o Hy )
++** = O i +, ©
0151+ ++#;__ o ++ 1
++74 +
+=.::::+ #* -+ i
;_+; + #* + L
-1 + 7 % # O
0.4 28 +*, o 4o .
+ +* +
+ +% 4 +
+0 +7 +
0.05 + + + 0
+ +# * + O
+ .0 +7 +
+ +7 +
oF -~ + -+
+**
++$
-0.05 - +#¥ |
+*
L #
+++
- L + _
0.1 +*+
o
+  1st model vector +j*
-0.15H 4+ 2nd model vector +t *, —
#  1st principal component +, *4;*
= 2nd principal component + +_|_ *x * 44
0.2 T T T ] ] 1 1 ] +4 4,
0 5 10 15 20 25 30 35 40 45 a0

No. of measurement

| component

principa

contribution of

0.4

0.35

0.3

=
(%]
3

=
(5

015

04

0.05

+ + +
-+ i
1 + 1
8 10 12
measurement

I I I
+ 15t principal component
2nd principal component
+ + + T+
+ +
1 + 1 1
14 16 18 20

114



AU\SJZQ('(,ASVQJ\MMJ \/OVSOAlog'- Ca

rec(éséeres -

< ,die 4P des Mendmen

mo{'t'\/a((ou ou Nor"maley?/a'cﬁuzaj j'_" )
) O, ) I%Q‘FTﬁc—'f-TI = Mis || ﬂ_‘/?_w,}}z
%ap Modell {(ﬂ: < - ,e_—a{’ bt anc Pe?k% (=1 B %e’khh
p,’\?séko(c‘gcl\eh Porvameter ok ¢ q &R
die avs 200 Messanges 2 Lostcaunes, . 9 N4, ) é/,T Oy (14n)
Limesres Mode(l - = [y)] &R ) é: 67 e
T
E = ?:Tf_{:' < .4 it gc—f/?%) celR Pakqwfer (' 4 o
D ﬂ055m(74>\ N 9 )
6, 6. 6, eR Mess puntle b= ¢
Loy L
I 9, Voo, Gemeossone Werte
Fov =1 1 : Methede  dor kletaste- (\)uc,a(m fe
// (Qec-sé Squeres l"”e?{‘oo’)_
g T ¢

115



Mo || Ayt .,

—G—
= _ —t 2 o 1
X
X ¢ ‘ \

d(g r’/‘OL(m,__- é = d€44(4 = A~7< _’()
= df,<c,

hebteire
g5=4/+54¢5 Lésuny.
M(:(Che 0 q(,Q‘, “LC'JS"'-‘? “ (‘b\ S("A:,-é_

“ évcfé ”2_ ?ﬁ HC\h }

o—V~
Re€S¢ el uwnn

-

1 AL jaLroc‘sc/le r\eﬁ‘oc/Z:

|

Lo 4T,

N—

\f¥

71

Z:

NN

fx
L_J Tﬂ U Clqao.kq\tfs(,ll s?;,,%eﬁ,sq

(-

I
Fuls [ (Bron| = Ah imertiorler o
\

kons 0{06 Z,GS e[}m’au{'fa [é‘se;\/ 0
be%Qh it @E—erlegan{

\\3 WQC'[ S‘{:QL(.[Z” &Lg Z,U’?Fl’/fﬁuz-g _/

Cod ( #14)= cord ()2

=

W(h&) gl’oSs =)

= 1 D) ( = —
(,0\1}(/}) o) Coyl A A= 16 -
/k"‘ N = /] L /\/o"hof!z«;/.e(‘(juhj.

116



Ef._’h_, DCS (‘S‘L C‘h/élf TQf)aqu 01(\6 16‘39“(7 VAVE I{_ 14]«(,(7\[13ch nd—\{’[qd()‘

M= Problamn. . W . fim
K] Fd- Iy Ll 4 R Lo ot
N i P = - Tt /
ﬁ-‘ﬁl-——\?k /LG';/Z =)£-:_ p-\t- nc‘n>?
é\z N b 7£(?_(J):o

= Z(}_/(_)Q — 2£T/4~Té <L =
—_— — - g —_—
w
" 4 2
= Z e 'Zﬂ”ca 2<) T Z'Z x5 e é/é =
C=a 31 =4

117



N n i
S i T D D
.——'2_ X, o s T
=X '..Zq%}fdrxd (_?‘z c,'\=1c c Tz ’Dj((i“(’) tzriﬁ—Léé:
J= N

~

RN

: n q,\ ,,,, k"(llc'scl'(' P‘*"éf@ \b (X)z20 &)
J=2 ") Ee fer (o2 A _/;7‘5: = /;):ré Wbrh-alﬂ“‘g/ec‘cluaﬂ
i _ | Vs g et
- 2 N, Wi "('é__% - Mine o Noy wee. bLJ,(E): 1A7ﬂ‘
Cc=1 = =
Bg'bﬁre{HScé VGS('OIPA/ /@c'h("l
N M " 7’
2_ —
= A, 4 Z 2 B x. -2 T,
" 1 ?—7(4 X(, 4"‘(,4 -l— :Z 'XC ahCJ XJ '\Z )(C-W(_- \‘L\ % Nuv wewv %/A )2),\
(=2 “3=2 =1 = '
%
LJ(?()’L 7,4»\4%,,-&12)(?,4,_114, =>
S ¢ 1 A
90U (=2

118



Bem  cod M= A7 ]

- Z

L=

[[?_ I?_if § 3 L?—T‘S‘f"l—ﬁz ; fHﬁ(ﬁlld'f coa'j
A
o3 \J

WL Se[u- scch die Ruha{uz«ys][eﬁler Stch

a“% dos  L§sen vom E?Cslb AuSwit ke ’}4,\ S \4\ ,A‘f'/th\/,,q C >0
C-e—‘*vl(f_j/) —>>1 => Jrosse Run fa g s ;@chey (a . Doses L,,_..l L,
— — J,,\ :‘:Z D(J Ld- = L) = Z Ay 4» (+)
wz,( ,ﬁTé)C Wz,(l_/zl éj gl’l)t W(\:/ %—L’YT) 4=
T, . verwenje Hessunyo 9. Q,/?[[é()
- W(ZZ = %7_ = rd(A) Ah&gaét : gejeéu\ (f¢,9.) Fir (=42, m FMossu»ges
.

»)(\("1«0‘0 Aie Lo fe A’//DVox('/@.a Lo, = 141
WOLQC G";-", ()—r /(.Q g(df\g (&y(x/eyfq Vo2 ﬂ—shwl

A" ‘p /ﬂ(l: 7(‘("‘"/6 7(112',_,-.-) s, Se 0’653
—_
2, ‘ 'giql('é},) “36‘ ]’L -=’*h(:'h(‘4ha< ,
¢ =1
5 AT L
Z %)'(’LC> 1(5 =90 = [ A(é(.)1 S, L,
o~ 5 (= 4%, B ) =l e
119



b@’h_, 5/624'1 (Q UUC'-[‘L i \/ = P "/'{)0 (71«0%\: Vo 6#’:0(
—_— M h

. p2 , 1A
Mbm'a@( n—1 Ytan )l -_ﬁ-)-(—/.é’uz,: P, ” @EE'— ];éllz =
51 2R e
Beses, (o Va, nb’hoz,.e L (¢)= 1 .
J X
—\ 'Oo (yho‘hc‘dlég 7(('{ ) fOIZ /‘{ = - ” Q/é/}_ - Q’ g E/,L -
XeR" }

&ﬂ)(‘ako»\_ (&
o @/(éx— g”é)/} =
i e i -t
L
- ’ o R -
xR L~
LgSH%g “nc'He(s ek{’Lo(jeka(eh Fﬁ’c“'\sfov»cf(‘ona\ F -

Fal(4 /\»M/?Lﬁ): %

A-Qr- g * " Len h
S [ -

)

P‘l £4
‘

0

—
-— -

(_\8 0?('1‘@361&(
120



= NRe Pl e .
xep® . L6s Px_- Q &
L——/ A ~ - = -
i apr X A'e L 2eun von Rx= ~ S - 6
o (g X Ju hD h 7_.E l/,_% —-—7; 1[)4] L"T@]:)
» | =
e\l = |2 -z €
NRG © % v
_ =) XI:S— A ==3
T ~ (X - / e
'[5_3[/ A O L;;K 6 Noyn.o 0~ 7(ec'ollu'/a_
y A = o [ 3 3 [X‘ 1,_- —61,3 Zlif Fal( 2, /l»ova(/j:\ e =) SVD ]
3 | o 35 X > 2,23
o~ J Y mer r
a Fr2. 1o | \/ v
_ v 1
QR-—Ze{/(agqu; ﬁ:- U4 UZ ] —
2 B = | 7 > O Ve h -
— A / ? j [~ ..%— = ~ —~
I V3 V3
A= @ﬂ - V3 Z
= - = o - _Q:_ — GI[ 0
- _A_. o) 2 Vo = %66 V1> Cry=...—= v, =0
-1 o7 T orthoona €
\fz U or °Jone _ T_L




T’lc'm"h, a_(

v

LéS‘*"’\J Vo

uq,\d (Jas “c'hc‘%,qz,,\ L"S+ ){ ELT ézu

= Stondad  in Cscee

~1
+ D
Z = Gz,d » © 7 I Oore—fehrose
G, \
o CmVerse
O .
-
ST
Oon £ x
YR_ A) B’L\ ) . |
. ' L> Mé}( _LML 4"\471,.
K r\ - -
_é"+ Ac'e_ /40\33/66045&65% 9.

\&% \Wos c"sé VWl . U S‘/d‘(ek ,Q,x{_d{ac/reu)

—_——

(} LOS(’C""M%,{( qegsqy(y oe. ,)Ca (SC/\ U’/&}e'k?‘

(_g é "NU&L'O(XQ ('S(' Ja Lossw-
‘[r_, JEM( Vouu)

SC('PJ

7’> {OZS\[C"‘?@. Kq %CSfS 7(«1. [?fC'Waq;_\ 26«1’ "\C"OA f O{cp,(e,, :

Se ' So[/m. [

1V~Mﬂb (%meq)

129



4\«)(\..\
F("I«Jé 5_67(2% lou' 36;440\@». /ieR 'Q/L (75—1?2) — A—T(,ﬁx _L) ch@ -
?; — - = - — —
v - P,
[Ax- Lyl = onininel] L R — (=0 0 + Cx-d T
CI: . fx
= = é’ 011({ C G,//R n‘m'é ,pérz’\ — r T, |
= T T 7 5 7 I
g ( C)ep As o | 4 2
P - - =
AR *
< 0 ” 4
} S P T S

]0
MQ,‘HMJL'T Laijha,_ ﬁa(\Lc'/J(c'Ca fOVek 4__:«_:6——/2

—

‘5[0(/((’ Lz- ZQvlﬂ- e N 7

1\ cle(oslua '—ZZI/Zﬂjury Vo :_/{’7;__4* -‘;_E_ E

A A
L (75,4:;\ = —z ’léz_é//b +ZM_ (gig,_zi) 1) laue(/llvo é 74U /QTG'T:_CT
%\ OWK L.(;X-)Z'—\) 3) i Gus CL°(Q$LU_ 2("[-27&“),2.
XeR” ""‘él’(z'p /vS_F:._S = 6GT

123



SVvD bessek 7[;,'1, die ffop.c/c't‘(ov,\}

-N (/H"o JL:Z_
verléept  dee Stvaletes

< o s
- 01 Le c-VU[Z 21TV
- v H n—p°

CADZQ")é(j_ Zay/zjq;a. (

Nechleels  cogf(A74)2 cogn)™  15) el )= A (V)
Vortecl ga[{S ﬁ/ :C etme  Stroktur [Iaé(h) Tvick: bﬂf)(tlhferp X, = \=/1 Z,,—qz):uai
0‘&%% ltann #non /4%0}(,'(’4%—\0;\ ?\eéa\aj )
Hlo diese Stiubtur erbholtes daxnn Su che xX= XKt Vg om‘ng_?/l
N—~
2,



DGS (.'Sé eCn Séa%olayd

Aas?/u'oés frc Lle’k‘ / H &" éll [: ':'%—n{ Fyoée“"“gq‘w‘”\ N
—_ A A u y:/\_l(fzt Z\Hcd'l
\o%a le% [C"hdakég 4&&;/&'045}&1«;4/22.\ /hu/{’ _L—(—, &M(g ) ‘7.)'
P ~—————————
oy () = auch %(é‘):;\_
to{.“(v: H2$57[@MU’ buch, Cin Ao Nesg sife ,_{;c'
l LQS&\‘&'- Jos C"SYL d‘( /Vt‘ey{fc‘g l’a'hg a,&yrd)(_('@arl('oz\
/ﬁ _75;_;{? bl _él U g _é" Fd'(c’l//w%/. Von 9
. ,, -~ K =
_&—4,_1:, 4{ -4 )’ta{' 1<€(.he Lojq;,p 7[,[[5 o % W/é) C:; = Y _Z: \_{ _ 2’ ga, 26, l{))'/
3=1
\ 4
?_";‘:,L %'w}e —é) Z/E‘ / é Se dless Dq_;c‘m’erﬂ A .
t= 2 vy 4N
|| N = =
A=t (TeBttd) 4 2 [ =t
= — — /
N . <§ 6’9'60'1»5{2 Af/a}())((‘qa-qlél'bh &/hg,
go ’)'\GL \X/(.r@ o '

e~ Au Menye Aov Motiqen Vion
'2“77 ~ (st

Nsch Adera Wissen A '\IA' or\LLc?oua(f—) .SE—,,HT’"

125



Fellsr Vi 0 0 L Neckblemeare Ausgleicherechnioy

41 ’7,-('4
pr=l o L= o odoll it -
= '\/’:\'('1,114‘1 \5 Para%e(erg} aue H€3$‘47‘;Gh Tau LPS[L(’IMQ.QL.
BQW?<$ g(-{.(t) 'E—\% :—7(‘ P C“z f(z'/"')n‘
A 4 AV A Al X (€, x)-9, )
Ail o ffl=o o (4 L\LX fre,0-y o
T ) = - = — R
'g(+Ll§5—31 ) _I-: (IR d N
A A _:F(’.S): Finde =* € 72
- ? - |
i MENNE F(ﬁ)[{ ﬂ("‘\(("-\qé.
(=> \/,\11 S l L:> =) Lq(({ﬂp\; ?(/3__“641\ ) u )
g A
h"'»\ }@'\ C» =1 U:hu Cf[C’L—__C_ o} 1,\_
hom (& LT (b(gw: L Fesh, ) N: R — 0w

- Findr 2* - \Dd}(ﬁ):o P (\/u“gfe,((uSucAa_/

/;C‘ rlt\’ht."l—nuzh Von lﬁ:
[ = k V’M-QA
~A

1 Lo L
-y & -
b T = — — LI v —h¢s € [\/wao.,\_\/ 7[al.y~ea =\ uo-oora/'c’goéé [Cou verge
e (ZNTY "¢l e e 24 1 72
NEL ng
/ mc/k

126



Dfﬂpkzg\; D( %F(BT (:<§\>': Py Fexy

D ~y T

)=
L———/—ol Fur A/QW\(DM_,

D ( >[_2§(§)>:H INER

Hesse McErix Vo {f#

[ Ne b LVdac/\Gq,\ wd

H ‘j>(“"‘ B ( F(QT_/’:L)) = bFfﬁ)Tl F(x)—F

+ ZF (7<)> ]‘:(x)

J =1
L‘% ﬂc’f‘rb(
s
WA

s
X

dFy  Ofy PGS

H lj}bﬂ = Z J (% ) (%) -PF’(?_(’\ *
2 ) > X J

— = le_ o, B)(c. D)“c

ﬁ(,te rnafive

(et
I\/Q\V/(‘on—gcéh'éé ng )-' ;_J_(/(M4 A

Newlon- lcorrele fur P aug L &S

c—

b (x°)p= = DF <) Fae)

Gaug S - /‘/QUUfOL\ — Vev,ﬁaér('/h_

\Aﬂei (C""UQI’L‘S('QVQ Zolcqé Cn ()'9/12.,. Sol"’f‘éﬁ
Z(‘VI ey /le/a (L(‘OZ,_ ~) g(‘hQ Fo(_; g Vo
(. Ausg lecchs prollene

L(\h (e H'S('WU%D ,

— 7
O g Tt | l“Q&H(L < L [|FaC)+ DF¢ (°>)(rx°)//1
xe R



)((_o\ S x( __‘4_3 e) (

- —

IR
1
b

LD o

—

— / —

Nackfé c'(. : (6“*\ ear? (Cov\vmz?/hz_ .

PVOJ\(’SS('U)-QIP Sajft(waye: ”‘ooL\ Vo/)('h('u,f“f A'(;

L Q\/Q}\L.el"y_ M“"j"/\&ol?(— VQV/OLVzm_

2 (e (&
Chairn l, llf;(xk') +DF (%) / [(z/ A )lkgl{p k(
» =
B &)>o/ I/IQQH'.S'HSOL\
Jowiul(

T;J'(‘a [-2.5 AUSéI[ZC'CLS fvoé/ﬂa- /Sb,}['élkra» 2
”qyg.odr_

=X -+ /) po - W // F(x{‘),,(_ DF(I(.{‘))O

128



M Fir “lelecme W <20 *- fMMA (A€)

So¥twaye., Q,(g (‘i) [(,,5{‘@(‘ O(NSB f&'k L}:GRNX A((you'Pl\")\uS [)0042/~ /}'//h»“'?yqvéc'oz.

ecsh () kb QWY Lo #7=p X ™
- - L 741(%}
Lo, Die GCJQ%V@,{&%OI’QI«\ (eV) werder \B_s_[) e M 0 ] ew - s ecfeck
6?/7('351/@/ wecse n2ht <o aq‘{ a[z/ava)(("zu ‘er l‘) ;_)—/ = \;OO S ;_ EV = [:5]
© N
’ AN xho -
P)iﬁ ‘J = _]—4‘ ‘5} /i‘ S '/—(2 ) = Mokt O{(l()joha (r‘_y'eréay
{?(ﬂ:‘g | Ji Ts 4 %) 9%sq+*9
g ° ~ 1 , =
it ‘3 p 5 S ‘gz §‘,JL+‘2} _5
Nzt,N=y O Y= 2 = YY) - °© o 3 U= S92 9.l Gme >
= - L 3 3 3 S
¢ = " “ys . -
AL T (a s [B) | \L {
hz o Lab—': S_‘QL.(_ ‘33(07 ZS- = ;’L(f)—"(‘gbﬂn)—(— %7.5‘&) gs-

=\ €L s{
‘?4('f)’-‘— {"94(0) + +7 (ol _—_ Y (o>> £ .
é"‘, S P{' ~ [___j” I\/gvcgs k“] v - 3
129



-

/\/\/\N\—/V\

Fal s ‘] ons  E&mnen wer Pofonametlo dun A >en Hobucx
D,

NS
\)

L “(3 = K 2 — 1904 ’Vu{ye(_—/ru‘_s VLbsz'lc
- = DQ,J- Qa?(&‘jh— QMOA:QM{QI« "
Lxelet  Léson l xHA
= [Tx
e S)ﬁ’( X)) = ) % #0
T H
\X/L’h'h (}‘umariscAa &ereczxn RE TN U %ccAo.z» Scl;\(/, x X
da‘xa« /V[E/'l/‘l'(,S govﬁloulg Noy %o {folz?h}
olo. S’G/Z\V (_‘kgfagz'(_ _Bi’_" X ev Voﬂé : ﬁf:AL
21\
f\/uhqﬂrc,'[c: S(,Aur’ ZGV{QiuyD- =) .S)A' (XY = Q - N
LA

S'Far?c'onb‘k/)u nkle Vo /04’(35/) =) G V.

laal(,t/ P @(x) U eV =)

T
%}5)— yﬁ(g\/) — O( (x - E—'V“b> g«r_xﬂ/&&

owcl .

130



Diyekte beau} h«(&f’l«oJe .

el ,St('v.de é’os Le.f'lrc;s?vé‘&sfe W veu ’:4

sV chrg.

/T 0(““7 onq (esier bar

A

S—I‘/}S— — M()L,..u )\,h)

— 3

Khd dn

A’H%a Ll'h«o

eV sfehen n don S‘Po({u\ VA N sl =1
/ — T

Co:

AMKQL%QI

{>\4\ > L>\z,\_3 \)‘5\ > - 7,1)\7\(

rl
g
h
N =
M3
QP
e,y?
2
Ql_l/)
o~
(]
A>’
W,
o~
—
> >
~ N

lc - e le S X -
A’jc; Z A /\’“'dﬂ/\,f (a4_§4+z“a &, 3,
5= I=2 /
ke
/\b <1 => \ é‘) z21 — AJ
_/\7 A1

301,,1((' 4:} - -i §4
(4%,
H
X
/\/ofcer? &: /;"/(1 =) _? ('_2446)::. L —= =
- ) 5ty

131



Pof@hlwe Moolz-' 'U(/é‘h/e X, 'Z—q/é'/(z'g) (();o/(:4 &,27,\ /‘]‘Dﬂ‘H OARL vos EV -
f— — —_— pu—g —
Pfr k:I)l,'__.. . [//
wo A x x= ) c. o= Vc
— = < —1 ~ P) d = =
-~ ¢ =1
X, = H K- H
=< w1 x £ T c T_—_)— &'99 PN e
K o= —=
A= e /-—g: 7_{_“ 2 x CH'S)HUc I -

—

‘I_Llo,ar L3 Po'z"Qh %%@'{/Lode (fnb/eké 2 a g Zéékqnéc‘o».
Afe Umesr

[cO»\\/Qt«;('u’f Jy e /\1 =

B ]C((L-@.-._ £ IC“/L
mef e Rade \)\2
,\7 \, 4 L
g =Aate ;\j\ - )
Re,. Galls A el =

eV ovfhoora (=

—’Fe“(r O( ATL (u@)
M

=) 6(‘«&/”67(('5(/1‘2 [CO"\VQFJG,M?—,/
@,e,,,,’ bag Wl d,’e CVSY(Q /a/(q PV ﬂu;,q /‘)a'*uc— }4—(7_
Vo Cc "] [e /

132



el fod dos éo_%ragsk/ec'usfe €W ‘_Zi_f'_e:(- . Gag@éau xe C, finde €W mob an -
A'h‘halk’y\e_: Z_']- (nvertievbal |oe 2| = %y, g (o(—/ui} Y’ cW \r‘@ué %
Ar=dx = 2= A4
,{4\ 4 ) _’i”ff/)\} => ﬁE—“Elff (A-o) 2=
- /\irzc = fs’} <
(B-eD)ee Gz o = 2o fut)
> befrogs kleste e . ), - ifﬁ: A7 < |
i b ven A . = |teratior £ <£*¢£) =) /(’t(w
}T,,\ agS ;POSS ¢ 4! bn
diec(Len GV ] “SL;c',g:ffol (hverse /feyqf(‘ou ’
Darwm “c"werse Fo'{Oz«?—’nQ,'Hﬂco’e "o /)o'("“?%GH"JQ ol
far 47 e :
Ben.  Wer berechren ccht 4"1 Sondesn A Ay ’\b A /\Y

Ny r 2('?\.2 LL) —-'Zu'leéam,a., Vo é
(S'Erukf‘ulf ek/no[f 2:«/) nur gon Mol

Danrm L('J'_SZ LGS ’144("6 ”G—ﬁ(‘??b\ é/ U
i
i Ay ta (m (M\en fleren |
£ X 4 Ay, & St -



_Bi'z% bc'e Po'{.zn'?ahelé’éd/g\as/gcllhe((.ek w L 2 O(ﬁ)\a.

-bqlru’h\ p{c.d /o(ﬂ(_". wé'/\(e X 0.0/\6-/0{“/) ?B

ke~1) .
x= fA— ( é > (2 k-Ten, SGL»[LC

= bzﬁclz .Zeq_p\(‘g/e kcaverﬁﬂk@
Raazec‘gé_ Qo\of("eufex\ — /l‘Qrayé('oz\
( gk/‘(‘pf G e & /35/)

.Bzh"“ Dr'e ’00’(@:1?4,@{/40/% ér‘aqc/he 20 L gq%h—\
Starf- VeleTor
For RQl Gokormmnf e oinen gufen
oyt ~Veletoy  omef €<‘7H‘;1 Schictfe von
gl;c‘#aﬂ‘ (nwverse ftevateos,

=) kghvergeu ?—er%una RS } //

134



\

Xe(
x| «,
/\41___1 s 8/4_(?_&) Mg So 'U(/(C'/(‘/'
Xeg™
XKl m
)\Lr_:" daes 9’4/()&) = P gﬁ(x) i}

= Mon 3 (a) e
X &
“’\L Aek-(—f)"') @;\Ll %g -',{‘/"-"'/_‘_’Q?

135



TAQGFZ’;\ C (O(AVGI\\L’ 7:('54@;'] ‘ioz"se‘(héh'l- N xR H
LS

— N~ = = 2, =
)\z VS None S) () = =hoxt (i 3 (%) -
e A !
MM% xe U A Y hteg s AR
erweefore (}4\ ao-./ OB b5 ¢* —G_:Z"" Q_zz,\ ‘—:_ (3_
S A
Th [ Ceuch e ¢ el - H K F/\’ ’
Qorexn GuC cC € Sy ..
of } Lﬁ(‘:’ G/ i 7, )67"\ Q A‘Q (—)\2_”% _:/q_-(i(L glf 98@
— » -T A H \ H A
A - H & O << 9 «, /i(\:é S&% :/4 K,
é R haf dieselle cw wule Via
Do A ¢ 6 ¢ ANkt dee For o grose wnd = klecn  witly O

=\ Vox A
2

Se dess @,/Qﬂ/ é_&h/\‘/‘ /’f/“"“ﬂ ﬂ”,-"/i"enL]

— gQTQ A’ﬂfr())(,('@ a_’é(lOL\ é‘kx _)f/( /VHV /\—:/



Wi e 3 /)7\0(/'7['E-c'u"fs Graz. SCAV\('/?L #"" = Zlf(/j‘)g /}9: Fo{‘(j’ho"k vor Gred é/ff]
vy, A, AT

) "'_/_—/F ) — -

\CVy [ov—— R e

Sucé\a 0cne oG ("‘\ _gi,e(/j,_:_?_)
I<V?/o V-~ Vek,/‘@ [VCL

14~/77/""\S%L'\C/777""\ }/'L:?-'Ll —Ji <-. < j<-€

o\
S,Z:v [C{.Q(_"he( “G{H‘?ek:

\

66'2” ( QR,A(a ] ) gu+

H\Ql’alt(:\/ . &Q;LL!M ’__\_/‘4.__,)_\{\2 ONB 6\\—; &é[_é/i)

QG
}iﬂf groség" na('h'}ek (':S(L e(‘ﬁ a2 Zmﬂjsq'z«z_,

7

auSseko’Qk QR—A{J fbel’gllb'k?‘ d{'@ S%Po»lcfav Vou /4 /27)/0.,(7 V- )V &l :j< (ﬂ' =) F(‘;r rf/ 'Q

=<

[(ma (ov /VQr/aAréu : ?ko Sg_a) d(;lg.m éase}({—-l(e A GF#{E—QL‘. Lau! V. =y !/—H onh ¢, y/ﬂ (/___""l 2 )

4 %
D&L Sed 0 FT & @ y é\C— @ i 9 ¢
) 7<)(.;4('>/z_j %S %/—4}/*",4 “1{‘ _/i %\

-

137



entveder Al K (82) Jh £l (hatigy,

/

VO ’;E‘_ )= éﬂ"@
odev ,
—3:?’[ 12(.4"_%'_3—:;) ﬁ‘(-?: G—'}p \I
- <7 4
’\&)4 é\g%
T !
et 7—_ a'ﬁ Yy
o m £ on 7
\ nhogl(“,;c' e
mogty

2 - =
J=1
_ ’\AZ_,Q—H ‘ L _ ,U_HA
2 T dalec sovd e T =y 2Y
[l Vol
- Cong (. :(rz)

A'(-jolrc'f'l'h\u_s Cﬂkhol&/c' F/’G?PSSJ

’z—:- = Le {{peélij_
= 2/ 1z

Y,

(-

,)C&‘r j': »{,2_)”,, ke~1 :

v Av,
ﬁgl/ AN-__’, (T £
— H ~
L‘()ﬂ. =y Y
r\.l'_ ~ __L\.. )
&d. @S Y= — "y Yy ]
L
l/\f—(-/ ,'Q = ”Z(/
oo X
g1 = /L\“‘M
=1 Q=2
I"L/] I'\L'L
by,

138



%’: Fd[($ [4 =0 =) A’Lérucj\ /g;/ /{‘(Va{(o;_\ A(»s L'e“}‘f: r\ff-"'

v ho g
| T e ——T#
/’f/l A_ \—/,( _ \/g l:fﬂ _ L] H )
£ e = -
L’s éy{ < j\/Q (é/ ¢) ! =2 =2
M L a?—(—; | __,Q_
\/ = [ LR A —& < me‘( i J 7 D¢
=4 e L » /]r -
i ha W fer £ L2
Ha’: 11 LIZ,L S & y \/
] ° L 2,4 =4 Mz
_ S - 1:_(2  C ; ,
{/ O 0 _k ] _Q ] y
Hessen ! b \ = | 5"
H @éeke eS5sSen v 920 viy YL i
=2 o y 7’\
Dx 2 B J
k y B
fros Korstrotteo Z{:’_\fk = L‘uf,/c Fert Z L'o'k vy \’//k —\—_/z = J;Q
J=1

FGV k=1, z_../ g

139



H I Pas, g l{-\ go((S ﬁ; ”Z)”M(‘(@—— Sy’h‘m(?thkod_' é#::
— h AV =V v oresra TR M_
U — = <=y 4 A+ =2 =R =Y
v d = H oot o Mk
o Z, _@(:(-\ffzﬂ/e}: Ly A Y=Y AV,
K
=\ Yy é v, - t—‘z = E{Z - _k_\‘( ao(‘,&_ HGV%[((—-——S79-,,;,¢/M“S(/j
H Hessen Lev W
= ¢ d \X
veu r K L(D‘\\
= 4 A
- =) \
O ftc‘% (o~ ( /
~ aé}-a _
o L\‘/Q - O\\]\)
| N, F
3> §0[(S L\(-H/Q — :JQL ug,\% f Bi —
A \/ — p H =] Q4 }"Q(r(lak d(.e VQ(R-’LOV('L\
== =£ =4

Srf(hcj\(‘.r 2

und e Cmere Scllecfy  (m Aronslde horess 4y, 1

Consfunte Longo R=2

140



v o Low -

0+ 1 =Z SL _R L-t,q —#~1
J_ouk %og_,. VQV{@LMH O(%k‘>
/qv-l-o(ol(‘-— \/Qr;a(«ra\_\ O(ﬁk_v

/4'('('51 0 L (N0 "-'/\/0\% P - [Cr-a [o(/- ,ZQU'?;\ - ]/@/%\G Arau .

T}/‘Q oren. FOUS L\

=
d /'L,,.-/ﬂﬂ’f)

('6‘/(_

Adana

Theorem 7.4.12. Seien \; > Xy > --- > A, und ,u.gfj > pig?) > e > ugf) die
Eigenwerte der Hermite-symmetrischen Matrix A € C**", bzw. von H, = VF AV,
fur/=1,2,.... Dann gelten fiir 1 < 7 < £ die Ungleichungsketten

/

(0+1) (0)
An—jir1 S Hpprojpr S Holjpn

und

V)
U4 i oo
pe z 1
—_— [ | [ | — | [ [
— A \ 1 0 LN R 0 —
/\ /UJ{ >\ _ /\ /ML /\ /44\/'7 A4
Y\V Mo S \_/3 l

Skrcpt = elnfo che {m/)Zehdnlé('éraz;
ARPA e <— ec'gval_g
Bsp (- Skrrpt.
LO"SGS A2 '}4056 cw’ da (]PFLoqu/rr’*a"f verloron |

=\ ve - ow"L 0301rq [c'S('Qre

141



Ldmeara /4"'1 {aw(js W@V{-Pr@éle%q

o grose é‘ Agrnbosefet - kalov -Wkﬁﬁ;«eq

I Fall d
. A \ X7
9= 83y A=5DS For fo eegte Ve € it obomenales
- A . . Sfo(fe,x_
(o] = -
ka _do 2—_- é 2 > Zﬂ%kaf/’@(’\ \/Ah él‘ \__’/%:: _{/_(”\ NN Nebrce (e lech )
oS Y Slesetes meed
— 7/ = = .
(=M . 902 (f 4) o . 5 _
X ) ¢ fer .cm}e AR cR D %(éf,;ta 7=/’7””‘§‘ao/_f%,—--)_’i L1
70{1 )74 J(e- /4-7((—)?—0 ]
.o.,M<~ 1 - T = op Yty U
~ - ol = (9 |
)
Ok, 70“\" klecne A y aLer «F“"r 0(25‘ tnsfalel. / f\
For A;?/ (-my 20 L‘exer l!Z,')cEfzo\ Z
[__)

Z(‘(’) 2’/ -Q/)q/yty\(éé\ Y

Pmole/— A’p/)raxc.&\a feo 2,

Daﬂﬂy\ erSe,\l?Gk iy 0‘63 /)roé(?fu\ a(w'ol\
0{?-11 %uLa'h;Sa‘;\

142



) FU”‘AQ U/lk c 14,,\ (&)2") So 0"*53 2‘:1‘5@{}6% K

.

Do O
Qasga“h\ Qj\ﬂh({’)—- /ﬂ_‘u%({l)\> ~I__ -j<4n(’@-/ ga) < "_f\_[) Z clc.(é)y_—l‘— Z C';‘(f)ﬁvzg> =
- X )= 9 ’F“*\" alle '{'\_/'C—j(,hfé,‘39>
~ 2
\
v «
Fend g o ¢ Ky, ( é)_a) Walbie W= W
I s =
LW w0 Lam>=o firdlbweX g, < L Loy > Ly, T o by
— k=,, — 1(24
M,._h( 0) :ya
O N
kz__ clc(ﬁ 4_47\_/“67 = LZ G (F) 4\_/‘ )é}-f >
=1 N~ =1 - —J
'{—’:4,‘('("3 G y%(é-’?‘)):/’?”’ﬂ"\gl\f4,-../£q\7s .
D c(£) 7 4"‘\; =0 7[4(LS e #4 0“* oy
— . AZ,
Mo, (F) = 2, rck(\c) v, o C,({-);[ G 1 fn((g =1
k= PRI L
oG, - )

143



| - 2-Full cgm: /ig(+)+ gt Cﬁ’hl“’“’\«(yw FalC.
Cy () = —Z Ql_’( < (L) ]

/Uc

’\/a\r(\a{[ou d@_r koas‘l/c'h‘{e,,,

Fir  we -
Y W E’Z. ) 7,_[5 rTT _1-{2.,\ a7 (05 = IA-_—,({’{") 'e -4_(.(-’4)
’ y(#¥) = 2 g, * J 2 900 ds
< (£) = Ha,,\ e () M Elegn [ = F, /e’ - - ‘o
-4 geht BE(C (9 (B = /4‘(+> S+ Mo—gv\qs- [w'fGJI’O.JD}'e‘L.
o % OOZMCZ — = -
Jorso, = for= Nl | ]
u.,,'(‘er LQS{C‘%QJZ ,Vora.qsse{(?-u% Q2 !’
__I'f%é :’o &HJ t)
8=l 2 ’ g(tl= &= £ Mognas Enfarciion,
o
= LOSMHZJ (an ;j<1n( T 20) %c-(: \S}Z = 24 \%}C /' ko‘l’h'mu(a‘u)’ Cﬁlﬁ]“—'ﬁﬁ—&a
A ¢
~ 1
M, (£) = L C (é) ‘U‘ = 1‘9 /l \/ Va "1"‘ [?/]
le =1 °

144



QQ = / " [A(Tl )}dng’Tl
to Y to
Qg = / / / [ ’Tl TQ) (’Tg)} -+ [A(Tl)j [A(Tg), A(’Tg)”d’?’gd?’gd?‘l .
to “to
v . A
\Jﬂa: Statt g = é‘Cf)? (55e ﬁ_ = iﬂ')g Domn Hagms ,C%fhéwac/c(“a 7[:‘};»
A A g_ - /f(f)/\a\
\X/oLQ_C é (H= Z /Qc () é ( -f-/h__e c L) =
(,"7—4 \/oyfec' ['. (‘nfegyoéc'o hur Vow PO la’ho-,}_e C‘ﬁ—( .6 =)

QCv\j[ocL aud exale € éerecéxanﬂ_
fg(ﬁ—, Lagvorﬁz Po(?kw\ €2 64,\-&((‘.[,

A
— QUG-A"G‘{'LU’ [C“no'l‘eq,\ %\)Udﬁolte-,ﬂ Co,/{l é(—<'> g(ﬁté- }%&M [Ca""\ ?:-e(.géhj

é“"‘c‘;['\ ¢ Cé}‘) éh‘él‘l 205"6 (:P\ O{ZP MOJVUUS- Ghtbwrcé’,((.n«g C_é:..)
§ —
= P {‘ohou« Vo chal S C‘;\ ‘6 D(-(: ) O'\-O-(,L & /Q'Y%e.

> \\§>>

( “—('C_C!Lp)'-: /ji('(y\{-Cg\L) 7(&“’ (“’.'_/(27-.../ A
145



TLQ(Jr 02 ( L) (—) C(" ) L\:, /) Quo‘ d’"ﬁ 1LO(V 7[6}’9"‘0( /QV Beispiel 2.8.3 (Magnus-Verfahren 4. Ordnung - Simpson-Regel). Die Simpson-
I — 7/ Regel mit 3 Punkten auf [0, 1] ergibt den Schritt von ¢,, zu t,41 als:

Olfol’htng Fz /] n

Vo1 = 2y mit QP = %(A1 + 4A5 + Ajz) — h271—2[A1 + 4A5 + Az, Az — A4
\ {1
9 (ta+h) - Gt +by= 0( [[7")

wobei
Beispiel 2.8.1 (Magnus-Verfahren 2. Ordnung). Die Mittelpunktsregel auf [0, 1] A = A(tn),
ergibt den Schritt von ¢, zu %, als: A, — A (f + h)
2 — bn - 3
5]
QP R h
Vi1 = ey, mit QP = hA(t, + 5) , Ay = A(t,+h).
mit dem lokalen Fehler O(2*"!) und dem globalen Fehler O(h?). Der lokale Fehler ist O(h**') und der globale Fehler ist O(h*). Eine andere Methode

derselben Ordnung ergibt sich mit
Beispiel 2.8.2 (Magnus-Verfahren 4. Ordnung). Die Gauss-Quadratur mit 2 Punk-

ten auf |0, 1] ergibt den Schritt von t,, zu t,; als:

h 1
Q= E(Al +4A5 + Aj) — hZE{Al, A:ﬂ
1 . h
Vol = eﬂ[ ]yn mit QY = §(A1 + Ay) — hQE[AI’Aﬂ

wobel

OA%Q /Co‘hq .« {6 '60)' €2

Ay = A(tn+(é+§) h) &Sf"

Der lokale Fehler ist O(h**!) und der globale Fehler ist O(h?).
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