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Solutions to problem set 4

1. Let N be an orientable manifold and let f : M — N be a covering map. Then M is
also a manifold as f is a local homeomorphism. We now explain how to construct an
orientation of M from a given orientation of N. To do so, let € M and fix an open ball
B > z which gets mapped by f homeomorphically onto f(B). This induces an identification
H,(M|z) = H,(N|f(z)) using the isomorphisms

Hn(M|z) < Hn(Blx) = Ho(f(B)|f(x)) = Ho(N|f(2)),

and hence a given local orientation pf,) € H,(N|f(x)) at f(z) induces a local orientation
ty € Hy(M|z) at x. (This is in fact independent of the chosen ball: Given two balls By, B;
around z as above, choose another ball Byg; C BygNB; around x and consider the commutative
diagram obtained via the inclusions By — B; — M and f(Bo1) — f(B;) = N...) It
remains to show that these local orientations satisfy the local consistency condition required
in the definition of an orientation. Choose another ball C' around z such that C C B
and choose a generator pycy € Hn(N|f(C)) such that for every point y € C, the map
H,(N|f(C)) — H,(N|f(y)) takes pif(c) to the pis(,), the local orientation at f(y) determined
by the chosen orientation of N. Consider now the commutative diagram

Hy(M|C) =—— Hy(B|C) —— Hy(f(B)[f(C)) — Hn(N|f(C))

| l | |

Hy, (My) <—— Hn(Bly) — H,(f(B)|f(y)) — Ha(N|f(y))

Define puc € H,(B|C) to be the generator obtained from pscy € Hp(N|f(C)) via the
isomorphisms in the top row (which is independent of ). Note that the generator of H, (M |y)
we obtain from p ) € H,(N|f(y)) via the isomorphisms in the bottom row is precisely s,
(as indicated above, any sufficiently small ball around y can be used to define this generator).
Since the right vertical map takes p sy — fy(y), these facts together with the commutativity
of the diagram imply that the left vertical map takes uc +— . This proves that the local
consistency condition holds, and hence the local orientations on M obtained from those on
N fit together to give an orientation.

2. We have seen in class that every manifold M has an orientable double cover, namely p :
M — M with M = {(z, ps) | o generates H,(M|z)}. Hence what we have to show is that
if M is non-orientable, then this is unique up to isomorphism.

Solet p : M — M be another orientable double cover. Note first that M is connected,
because if it were disconnected, it would have two components each of which would be
homeomorphic to M. But then an orientation of M would yield an orientation of M,
contradicting the non-orientability of the latter.

Fix now an orientation on M, given by a choice of local orientation pz € H,(M|z) at
every T € M. We now define a map ¢ : M — M as follows: Given T € M, denote by
Dytiz € H,(M|x) the local orientation at = p(Z) induced by pz (using a small ball around
T on which P restricts to a homeomorphism). Then define



¢ clearly a local homeomorphism, in particular a continuous map. Moreover, it satisfies

po¢ = P, and hence p,m (M) C pum1(M). Since both are index 2 subgroups of 71 (M),
it follows that p,m; (M) = p.m1(M). But we know from the theory of covering spaces that
this group determines a connected cover uniquely up to isomorphism, so M and M are

isomorphic.

. We claim that for any ball B C M the map f: M — M/(M ~ B) = S™ given by collapsing
all of M ~ B to a point has degree £1. To see this, take a point x € B and consider the
commutative diagram

H,(M) — H,(S™)

l l

Hp(M|z) — H,(S"|f(2))

| !

Hy(Ble) —— Hn(f(B)|f(z))

Here the vertical maps on the left are induced by the inclusions M — (M, M \ x) resp.
(B,B~z) - (M,M \ z), and similarly for ones on the right; the horizontal maps are
induced by f. Note that the vertical maps are isomorphisms (the upper ones by orientability,
the lower ones by excision), and so is the lower horizontal map because f : (B, B\ z) —
(f(B), f(B) ~\ f(x)) is a homeomorphism. It follows from the commutativity of the diagram
that also the upper horizontal map is an isomorphism, which is equivalent to saying that the
degree of f is £1.

. Choose some z € B and denote by x; € B; its preimage under f|p,. Consider the commu-
tative diagram

H,(M) — H,(M|z1, ..., 2,) —> @, H,(Bilz:)

R

Hy,(N) ——— Hy(N|z) Hy(Blz)

in which the vertical maps are induced by f, the left horizontal ones by inclusion, and where
the right horizontal isomorphisms come from excision of M \ (By U---U B,,) resp. N \ B.
Denote by 1y, € Hy,(B;|x;) resp. p, € H,(B|x) generators corresponding to the fundamental
classes [M] and [N]. Then [M] gets mapped to (i, ,- .., ta),) € @, Hn(B;|x;) under the
composition of the top horizontal maps which in turn gets mapped to ), eip. € Hp(B|x)
by the right vertical map (by our assumption on the f|p, : B; = B). On the other hand,
the left vertical map takes [M] to deg(f)[N], which then is mapped to deg(f)u, € H,(B|z)
by the composition of the bottom horizontal maps. Commutativity of the diagram yields

deg(f) =>_;€i-

. Let z € N and let B > z be a ball such that f~!(B) is a disjoint union of balls By,..., B,
which f maps homeomorphically onto B and denote by z; € B; the preimages of x. In view

of Problem 4, we only have to show that the local contributions to the degree corresponding
to each B; are the same. Suppose that an orientation of N has been fixed, which yields a local
orientation u, at . As we have seen in Problem 1, the local orientations ., i = 1,...,p,
obtained from p, via the identifications f. : Hy(B;|x;) — H,(B|z) come from an orientation
of M, namely the one obtained by similarly pulling back local orientations from N at all
points of M (we have shown there that these local orientations fit together to an orientation).



Turning this statement upside down, we see that this orientation induces local orientations
at x1,...,2, which all get mapped to the same local orientation at x, so all contribute with
the same sign.

. [See p.152 of Hatcher’s book]

Note that all columns and the first two rows of the diagram are exact. Using this information,
it is easy to see that the third row is a chain complex (i.e. the two maps compose to zero).
Moreover, the diagram is a SES of the chain complexes given by the rows. The corresponding
LES in homology allows to conclude that the third row is exact (which is equivalent to saying
it has vanishing homology) because that’s true for the first two rows. Since the horizontal
maps are clearly chain maps, we therefore have a SES of chain complexes

0= S(QNR,SNT) = S.(Q,S)® S«(R,T) = S.(Q+R,S+T)—0 (1)

We will show that the homology of the last term is isomorphic to H,(X,Y). Taking this
into account, the LES corresponding to the SES of chain complexes is as desired.

Consider the third column in the commutative diagram for which there is an obvious map
of SES as follows:

0——=S5,(S+T)——=S.(Q+R)——= S.(Q+ R,S+T)——=0

| l i

0——5Y)——S.(X) ———— = S.(X,)Y)——0

Consider now the resulting commutative diagram in homology and recall from class that the
first two vertical maps induce isomorphisms in homology. Using the 5-lemma, we deduce
that also Sx(Q + R,S +T) — S.(X,Y) induces an isomorphism in homology.



