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SCHEMES

1. Double Points. Let k be a field and Y < A? be a closed subscheme with image
containing the origin (0,0) in A2 and such that Oy (Y) = kle]/(¢?). Denote by
¢ ¢ klz,y] — Oy(Y) the surjection defining the inclusion ¥ < A% Prove that
the kernel of ¢ contains a non-zero element ax + [y for some «, 3 € k. Write
Xop := Spec(k[z,y]/ ker(¢)) and show that X, s can also be characterized as the
composition of the natural morphism Spec(k[e]/(e?)) — Spec(k[e]) = A}, with the
inclusion of the line A} < A given by z — (fx, —ax).

2. Let k be an algebraically closed field and let Z := Spec(k[X1,...,X,]|/I) C
A7 be a closed subscheme of dimension 0 supported at the origin (i.e. VI =
(X1,...,Xy)). Furthermore, suppose that k[X,...,X,]/I is a 3-dimensional k-
vector space. Prove that Z is isomorphic to either A := Spec(k[X]/(X?)) or to
B := Spec(k[X,Y]/(X? XY,Y?)) and that A and B are not isomorphic to each
other.

3. Let X := AZ . {0} C AZ. Prove:

(a) The restriction map Oy (AZ) — Ox(X) is an isomorphism.

(b) The scheme X is not an affine scheme.

4. In the following if X is a scheme we denote by sp(X) the underlying topological
space of X. Let S be a scheme and 7 : X — S, p : Y — S be S-schemes.
Let sp(X) Xgp(s) sp(Y') be the fiber product of sets defined by 7 and p, endowed
with the topology induced by the product topology on sp(X) x sp(Y). We are
going to study some property concerning the relation between sp(X x Y) and

Sp(X) Xsp(s) sp(Y).
(a) Show that we have a canonical map f :sp(X xgY) = sp(X) Xgs)sp(Y).
(b) Show that f is surjective.

(c) Let us consider the example X =Y = SpecC and S = SpecR. Show that
X xgY = Spec(C @ C) and that f is not injective.

(d) Show that in the case of the previous Exercise, with X = Speck(u), ¥ =
Spec k(v) and S = Spec k, the map f has infinite fibers.



(e) Let S = Speck be the spectrum of an arbitrary field. By studying the
example X =Y = Al show that the image of an open subset under f is not
necessarily an open subset.

5. Let C be a category and X € Ob(C), one defines

3 Cc = (Sets)
XY+ Hom(Y, X)

(a) Show that hy is a controvariant functor.

(b) Show that any morphism f : X; — X5 induces a morphism of functors
h f: h X, —7 h X

(c¢) Conversely, let ¢ : hx, — hx, be a morphism of functors. There is an unique
f Xy — Xy such that ¢ = hy.

6. Let S be a scheme and consider the category C = (Schemes over S)

(a) If X — S is a scheme over S such that
hx : T — HOH’ls(T,X) = X(T)

is a functor to groups then X has a structure of S-group scheme.
(b) Consider G,, := Spec(Z[X, X~]). Prove that

G (T) = Or(T)"

for any scheme T" and conclude that G,, is a group scheme. Moreover, describe
the morphism of rings corresponding to the multiplication

m: G, xG,, = G,,.



