REPRESENTATION THEORY OF LIE GROUPS EXERCISES

Exercise 1. Let G be a finite group. Deduce from the Peter—Weyl theorem that
#G =) (dimV)?,

with the sum taken over the isomorphism classes of finite-dimensional irreducible represen-
tations of G.

Solution 1. Peter-Weyl says that the characters of the irreducible representations 7 give
an orthonormal basis for the space of class functions f, thus || f||?= >__|(f, xx)|[>. Taking
f(g) = 1if g = e and 0 otherwise gives || f||*= 1/#G and (f, x») = xx(1)/#G = dim(7) /#G.
Summing over 7 gives what we want.

Alternatively, use the decomposition of the coefficient ring A(G) as the direct sum of A(7)
over irreducibles 7, use that A(m) = End(7)*, and compare dimensions: dim A(G) = #G,
while dim End(7)* = (dim 7)?.

Exercise 2. Let G1,Gy be compact groups. For j = 1,2, let ; be a finite-dimensional
representation of G;. The external tensor product m X my is the representation of Gi X Gy
defined by (g1, 92)(v1 ® v9) := g1v1 ® govg. Compute Xmmr, 0 terms of Xa, and Xr,. Show
that the map
(7'('1, 7T2) — T X T

induces a bijection between Irr(G) x Irr(Ga) and Irr(Gy x Ga); here, as usual, we denote by
Irr(G) the set of isomorphism classes of irreducible finite-dimensional representations of a
compact group G.

Solution 2. Let {u;}; and {v;} be two ONBs of m; and 7, respectively. So that, {u; ®v;}; ;
is an ONB of m; X 75. Hence,

Xmi®ms (91, 92) = Z(ﬁ X 7291, g2)Ui @ V5, Ui @ Vj) ry2my
i,J
= Z(m (gl)uz‘, Ui>7r1<7T2(92)Uja Uj>7r2
i,j
= X1 (91)Xms (92)-

First we show that the map is well-defined, that is, m; X 7, is irreducible, if 7; and 7y are.
To check that we use the irreducibly criteria of the character that it is a unit in L?. Indeed,

HXm@Wz ||L2(G1 xG2) ™ HXM HL2(G1) ||X7T2 ||L2(G2): L.
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Next, to check injectivity, let m X my = 71 K 7}, so that

X (91) X2 (92) = X (91) Xy (92), Vi € G

Choosing g2 = 1 we get X, = Xy From irreducibility of 7; one gets that ¢ = 1, hence
m1 = m. Similarly, mo = 7.

Finally, to check surjectivity we invoke Peter-Weyl. Let 7 be an irreducible representation
of G x Gy which is not isomorphic to any m X m for m; € Irr(G;). So

X 4 X7 Rmas \V/TFZ' € II‘I‘(GZ)

But {xr, }rem(a;) is an ONB of L*(G;), so that, {Xx Xx,} is an ONB of L*(G; x G,). But
then, x, L L*(G1 x G3), which is a contradiction.

Exercise 3. For n > 1, let V' be the regular representation of Z/nZ, thus V consists of
functions f : Z/nZ — C. Define a linear map T : V — V by

fla—1)+ flz+1)
; :

h@%z{l if v =0,

0  otherwise.

Tf(x):=

Define fo € V by

Define fi, inductively by fri1 := T fx.
(1) Verify that T is equivariant.
(2) Decompose V' as a sum of inequivalent irreducible invariant subspaces W, and com-
pute the eigenvalue of T on each W.
(3) Suppose that n is odd. Show that there exist positive constants C,c (not depending
upon n or k) so that

Z | fr(z) — 1/n|*< Cn® exp(—ck/n?).

TEL/NL

Thus, informally, fy is rather uniform for k a bit larger than n*. [Hint: write the
LHS in terms of the eigenvalues of T on the nontrivial W.]
(4) What happens if n is even?

Solution 3. (1) We compute

m(y)f(x —1) +7(y)f(x+1)
2

fa+y—1)+ flz+y—1)
2

=Tf(x+y)=n(y)oTf(x).

Ton(y)f(z) =

Hence T' is equivariant.
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(2) As the group is abelian the irreducible representations are one dimensional. We claim
that {e;}rez/mz are all possible characters, where ey (z) := e?mwk/n - Consequently,

V = @rez/nzCer.

The claim follows from the fact that the characters are inequivalent and by the Fourier
inversion formula any f € L*(Z/nZ) can be written as

fle)y=">_ fhea(),
I€Z/nZ

where the Fourier transform is as defined in the lecture.
Finally, we compute the T-eigenvalues:

ef(x—1)+e(x+1)

Te(x) = 5 = ¢(x) cos(2lm/n).
(3) Let us start by writing fp in its Fourier expansion as
1 A 1
fola) == Y et =+ Y a)
TEZ/nL l€Z/nZ

Thus from (2),
1
frl) =T fo(z) = - > cost(2nl/n)ei(x).
1€Z/nZ
Hence using that for n odd
|cos(2ml/n)|< 1 — ¢/n* < exp(—c/n?),

for some positive constant c¢. Thus

S @ -1l = 5 S LS costnt/myal)

TEZL/nL 2€Z/nZ |0AIEZ/nZ

< n(nn;zl)Q)exp(—ck/nQ),

by Cauchy-Schwarz and trivially bounding all the characters.

Exercise 4. For the representations Sym*(C") and N*(C") of U(n), describe the weights,
determine the lexicographically highest weight, and use the Weyl character formula to prove
that these representations are irreducible.

Solution 4. We work out the A\"(C") case, Sym*(C") would be similar (also done as a
sketch in the notes). We recall that

X/\k((cn)(t) = Z til .. tzk

17 < <ig
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Thus the highest weight is A := (1,...,1). Thus the dimension of the irreducible sub-
representation V) attached to the highest weight, by the Weyl dimension formula, is

ITIT - () —am(A(©).

Jj—1
i=1 j=k+1
Thus A"(C") = Vj hence the claim follows.

Exercise 5. Use the Weyl character formula to describe the decomposition into irreducibles
of the representations Sym* (C?) @ Sym*2(C?) of U(2).

Solution 5. We know the character of Symk((C?) is given by

hl tl2c+1

diag(t,, t2) thth—t =
(diag(tr 1 z —

Let WOLG k; < ky. Hence for characters x, of Sym" (C?) we get

tk‘z-‘rl kz—l—l k1

Xk1 (t)ng (t) = thtkl i

b — tz —

k k _ .
1 tk2+1+’btk1 % tk‘l ’Ltk‘2+1+l 1 tk‘g-‘rl k1+21 tkz-ﬁ-l k1+21¢

=2 t — ts =2 ()" —

=0 i=0
= Xkrtho (t) + titoa X 1ho—2(t) + (E1t2) Xy ha—a(t) - - ..

Thus
min(k1,k2)

Sym" (C%) @ Sym™(C*) = @ (det)’ @ Sym* Th7(C?).
1=0
It is easy to check (by Irreducibility criteria) that the representations in the summands are
irreducible.

Exercise 6. For 0 < k < n, establish the existence of the following isomorphism of repre-

sentations of U(n):
k n—k

A(C") = A (C")* @ det.
Solution 6. We check by the equality of the characters in the both sides.
XAK( (C” Z tu .. ’Lk7
11 <<l
and
11 <o <bp_k

The claim follows immediately from det(g) = [], .
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Exercise 7. Recall that SU(n) = ker(det : G — U(1)). Let Z = U(1) denote the center of
U(n), and set PU(n) := U(n)/Z. Let p, C Z denote the subgroup of nth roots of unity, so
that p,, = Z NSU(n). Observe that

e given a representation of PU(n), we obtain a representation of U(n) by pullback, i.e.,
by composing with the projection U(n) — PU(n), and
e given a representation of U(n), we obtain a representation of SU(n) by restriction,
i.e., by composing with the inclusion SU(n) — U(n).
Show that the operations of pullback and restriction just described preserve irreducibility,
imducing an injective map
Irr(PU(n)) < Irr(U(n))
and a surjective map
Irr(U(n)) — Irr(SU(n)).
Show that the latter maps and the bijection Irr(U(n)) <> {dominant elements of Z"} as in
the Weyl character formula are compatible with bijections

Irr(SU(n)) <> {dominant elements of Z"/Z(1,...,1)}

and
Irr(PU(n)) <> {dominant elements of (Z")y :=={\ € Z" : Z A =0}}
J

Solution 7. Let m; € Irr(PU(n)) for ¢ = 1,2 such that 7; = Ty where 7; is the represen-
tation of U(n) obtained by pulling back. Thus, xz, = x# on U(n), hence equal on PU(n).
Consequently, m; = m,. If 7 is irreducible then ||| z2(pumy= 1. Note that, by definition
of the pull back map the center Z acts trivially on 7. Thus yz(zg) = xz(g). We calculate
under a probability Haar measure of U(n)

Loeri= [ ] eCot= i o b0 iz [1=1

Thus 7 is irreducible.

Let m be a representation of U(n) with 7 corresponding restriction representation of
SU(n). We check irreducibility in a similar way as previous. Let 7 be irreducible, so that
Xl L2(umyy= 1. Note that, for a € U(1) = U(n)/SU(n) we have x(ag) = x(det(a))x~(9),
for some unitary character y of U(1). Obviously, xz(g9) = x«(g) for g € SU(n). Thus under
a probability Haar measure of U(n)

/ o= / 3 / o xslog) = / el / et <0 /. el

Thus 7 is irreducible. To check surjectivity let = € Irr(SU(n)). We define 7 € Irr(U(n)) by
(g) = det(g)m(g/(det(g)"").

Clearly, 7 = 7. Irreducibility follows from the previous computation.
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Let m € Irr(SU(n)). We construct 7 € Irr(U(n)), as previous, so that 7 restricts on SU(n)
as m. Let A\ € Z" is such that yz = sx. For t € TNSU(n), so that det(t) = 1, we get Vk € Z

Xr(t) = sa(t) = Sx—(k,...h)-

Thus 7|sy@m) corresponds to A + Z(1,...,1), hence the correspondence is compatible.
Similarly, if 7 € Irr(PU(n)), we pull back 7 to 7 € Irr(U(n)). Let A € Z" so that xz = sj.
As Vz € Z we have xz(zg) = xz(g), we obtain

22idigy (1) = sy(zt) = s\(t), VteT.
Thus Y A; = 0, i.e., the correspondence is compatible.

Exercise 8. (Knapp, Ezercise 11.4) Fizn > 2. For nonnegative integers p, q, let V,,, denote
the space of polynomials f € Clzy,..., 20,21, ..., 2] that are bihomogeneous of degree (p,q)
with respect to the z;’s and the Z;’s, that is to say,

Vo = @<, Caiy - 20,2525,
J1<<Jq
We may identify V, , with a space of functions f : C* — C given by polynomials in the real
and imaginary parts of the argument. Regarding C" as the space of row vectors (z1, ..., zn),
the group SU(n) acts on V,,, by the rule g - f(z) := f(zg).
(1) Verify that V,, actually defines a representation of SU(n).
(2) Write down a natural isomorphism

(0.1) Vg = Sym?(C") @ Sym?((C")").

Determine the weights of V, .

3) Show that the Laplacian A =" . 22 defines a equivariant surjection A : V,, —

J Oz 0z; pyq

Vo14-1-

4) Let H,, < V,, denote the space of harmonic polynomials, i.e., the kernel of A.

P.g P.q

Show that H, , is an invariant subspace. Compute its dimension and lezicographically
highest weight. Show that it is irreducible.

5) Show that every irreducible representation of SU(n) is isomorphic to some H, , if and

P.g

only if n < 3.

Solution 8. (1) This is clear if we check that if f is a monomial of degree (p,q) then
f(zg) is a bihomogeneous polynomial of degree (p,q). Let f = [[i_, 2z with
Y.;si=pand ) t; =q. Then

n

7(z) = [T gz (3 guz)"

1=

Each factor is bihomogeneous of degree (k, 1), so is f(zg).



REPRESENTATION THEORY OF LIE GROUPS EXERCISES 7

(2) Let {e;} and {e}} be the standard basis of C" and C**. The idea is to “map z; to
e;”. Choose the standard basis in V},; to be

{H %'z Zsi = p,zti = q}.

i=1 %

We claim that

n

Si =ti n ®s; *Qt;
| |Zi Z e 6
i=1

is SU(n)-equivariant. We note that, as g € SU(n) we have ¢g=* = g, so that, SU(n)
acts on C** by g. Finally we see

n

IO gz => oI5 = D gs @™ = @ilge)®™.
J i

i=1

Similarly, we work out the dual action. This proves the natural isomorphism.
We use the isomorphism to calculate the characters. Hence for t € T'N SU(n)

NMOEN I oottt

i1 <. ip G1< g

Thus the weights form the set

Ae@nl=ap)" | 3N =p—a}/Z(,....1).

(3) It is easy to see that A has image in V,,_1 ,_; just by differentiation and surjectivity
follows form “integrating”, and from the fact that differentiation and integration pre-
serve homogeneity. Equivariance can be checked by explicit calculation, as previous.

(4) If f € H,, then from the previous part

Hence, H, , is invariant.
As H, , is the kernel of the surjection V, , = V,_1 ,_1. So its dimension is

. | ntp—1\(n+q=1\ (n+p-2\(n+qg-2
dim(V,, ) — dim(V,_1 1) = -
11’1’1( ILQ) Hn( p—lg 1) < P )( q ) ( p—1 >( q—1 >

m+p—2)(n+q—2)!
plqg!(n—1)2 '

=n-1{p+qg+n-1)



REPRESENTATION THEORY OF LIE GROUPS EXERCISES

Highest weight is (p,0,...,—q). Using Weyl character formula we check that the
dimension of the representation attached to the highest weight is
n—1 . n—1 .
p+qg+n—1 n—1i+gq p—1+47
n—1 H n—1 H j—1
=2 7j=2
B n+p—2)(n+q—2)!
=(n—-1p+qg+n-1) Tl 1)

Thus H,, is irreducible.

(5) Let mirreducible representation of SU(3) with highest weight of the form (p, ¢,7)/Z(1,1,1)
which is same as (p — ¢,0,7 —¢). Thus 7 is isomorphic to H,_,,_,. Similar happens
for SU(2). Finally if n > 4 then there exists irreducible representation with highest
weight A\/Z(1,1,1,1) with Ay # A3, thus clearly can not be isomorphic to any H,,.
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Exercise 9. For a compact group G, prove that any subrepresentation (i.e., closed irreducible
subspace) of the representation of G x G on L*(G) is of the form Ey := ®renrA(T) for some
subset 11 of Irr(G). Give an analogous description for subrepresentations of (say) the right
regqular representation of G on L*(G).

Solution 9. Let (p, V) C (po, L*(G)) be a subrepresentation of G x G. Using an isotypic
decomposition of V' (theorem 4.11) we get

V = éBUEIrr(GXG)V[U] )

where Vo] is the o isotypic component of V. Thus it is enough to show that if Vo] # 0
then 3 € Irr(G) such that A(r) = V[o]. We recall (Lemma 3.3) that A(r) = « B8 7, and
the Peter-Weyl theorem
L*(G) = ®retm(c)AlT).

We also recall that m(«,) is a projector on the 7-isotypic space for a, = dim(7)x; and
7 € Irr(G) (theorem 4.9). Now let 0 = m M m,. But po(ay) |4m= 0 unless 7 = m and
7y = 7, in particular, my = 7;. In other words, L*(G)[o] = A(n) if ¢ = # K 7 and zero
otherwise. But p(a,) = po(ay) |v, which concludes the proof of the claim.

Exercise 10. Let G be a unimodular locally compact group and ™ a compact-type unitary
representation of G. Show that

= @Wj,
where m; are irreducible and #{k | m; = m,} < oo, for all j. [A proof is recorded in the
lecture notes at the end of §4, so the homework problem is basically to study and rewrite that

proof.]

Solution 10. First we show that there exists at least one irreducible subspace of 7. Let
[ € C.(G) with f(g) = f(g7'), so that w(f) is a self-adjoint, nonzero, compact operator.
Thus by the psectral theory 7(f) has an eigenvalue, call A, with eigenvector v. We consider
the cyclic representation m generated by v. Let m is not irreducible and has a orthogonal
decomposition of the form (v) = V @ V' with v = v, + v}, where V and its orthogonal
compliment are G-invariant. So they are also 7(f) — A invariant. This implies that v; and
vy are also w(f) eigenvectors with eigenvalue \. We confirm that none of the v; are zero.
Because otherwise V' would lie in a proper subspace of m contrary to the construction.
Thus if V) is the A eigenspace of 7(f) then we obtained

V)\ N <U1> g V,\ N <U>
As LHS has a strictly smaller dimension than the RHS and the RHS is a finite dimensional
space after finitely many steps we will obtain a nonzero irreducible subspace.

By Zorn’s lemma we can find a maximal collection of mutually orthogonal collection {r;}
of irreducible subrepresentation. We claim that @, is dense in 7. If not we can take the
orthogonal compliment of the above which would satisfy the same hypothesis without any
irreducible subrepresentation, contradicting the previous argument.
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For 7; we choose a self adjoint compact integral operator 7(f) having an eigenvector in
mj. if m; = m, then 7(f) will have an eigenvector in 7, with the same eigenvalue. But the
eigenspaces of 7(f) are finite dimensional, which concludes the proof of the claim.

Exercise 11. Let G be a unimodular Lie group, equipped with some Haar measure dg. Let
(m, V) be a Hilbert representation. Say thatv € V is a smooth vector if the map G — V given
g — gu is smooth (i.e., infinitely differentiable, with the same definition as for scalar-valued
functions). Show that:

(1) For f € C*(G), the map G — LY(G) given by g — [z — f(g~'x)] is smooth.

(2) For eachv €V and f € CX(G), the vector w(f)v is smooth.

(3) The space of smooth vectors is dense in V.

Solution 11. (1) Let X € g := Lie(G). Then the induced action by X on f is given by
Xf:xw Oof(exp(—tX)x).

As f is smooth the X f exists and f being compact supported confirms that X f €
LYG).

(2) Note that the composed map G — L'(G) — V given by g — f(g7'.) — w(f(g7".))
is smooth, as the first map is smooth by (1) and the second map is Lipschitz. Now
by differentiating under the integral sign and a change of variable

Xm(f)v= 8t0/Gf(x)7T(exp(tX)x)vdg

B /Gat=of(exp(—tX)év)7T($)Ud9 — (X f)o.

The last equality holds from (1) and implies that v is differentiable, hence smooth
by repeating the same argument.

(3) Let € > 0. Note that for any v € V there exists a neighbourhood U of the identity
such that by the continuity of the representation we can obtain

[m(u)v —v|v<e, Yuel.

By C* Urysohn’s lemma there exists f € C2°(U) with || f||i= 1. Then

In()V — vll< / F@)lln(g)o - vlI<e.

But 7(f)v is smooth by (2), hence we conclude.

Exercise 12. Let G be a reductive complex algebraic group, and V a finite-dimensional
vector space. Show that any holomorphic representation G — GL(V) is algebraic. [You
may use that if 2 is a connected open subset of C™ that intersects R™, then any holomorphic
function Q — C that vanishes on R™ is identically zero.]
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Solution 12. We start by recalling the Caratn decomposition G = K exp(p). Note that if
7 is a holomorphic representation of G then for g = kexp(X) we have

m(g) = m(k)m(exp(X)) = w(k) exp(dm (X)) = 7 (k) exp(idm(X/i)),

where dr is the differentiated representation of Lie(G) which is C-linear if 7 is holomorphic,
and the second equality follows from the uniqueness of one parameter flow with given velocity.
Now we recall that p = i€, thus X/i € €. In other words, 7 — 7 |k is injective. Finally,
we recall that C[G] = A(K), in particular, algebraic representations of G are in bijection
with finite dimensional representation of K (theorem 5.13). As V' is finite dimensional there
exists an algebraic representation 7 of G such that 7 |[x= 7 |x. But the injectivity implies
that © = 7, hence algebraic.

Exercise 13. Let G¢ be a complex reductive algebraic group, embedded in GL,(C) in such
a way that O(Gc) = Ge. Set G := Gc N GL,(R) and K := Gec N O(n). The groups G
that arise in this way turn out to be the reductive real algebraic groups. Extend the Cartan
decomposition, as proved in lecture for reductive complex algebraic groups, to the real case,
as follows.

(1) Set ¢ := Lie(K), g := Lie(G) and p :== {zx € g : ' = x}. Show that g =t Dp and
that the map K x p — G s a diffeomorphism.

(2) Take p,q > 1 and G¢ := U(p,q). Show that G = O(p,q) and K = O(p) x O(q).
Describe €, p and the decomposition of g explicitly. Assuming the fact that O(n) has

two connected components, show that G has four connected components. Can you
describe these explicitly?

Solution 13. (1) Let 6 := dO, so that, §(Lie(G¢)) = Lie(G¢). Also g = Lie(G¢)Ngl,(R)
and 0 |;: @ — —a'. We also note that, ¢ := {x € g | 2" = —z} as € = Lie(G¢) No(n).
As 6 is an involution we can decompose g in *+1 eigenspace of 6. In particular, we

can write
r+0(x)
Se=a 427, zFi="-"
gor=z"+4z x 5

Hence, g =t @ p.

G, K, and p are intersections of smooth manifolds with closed subsets. So the
restriction of the corresponding diffeomorphism in G¢ would yield a diffeomorphism
in the real group.

(2) Recall that, for J := (Ip —I)
q

U(p,q) = {g € GLy14(C) | g"Jg = J}.

Clearly,

U(p,q) N GLy(R) = {g € GL,4(R) | g'Jg = J} =0(p,q).
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We write an element ¢ € K in p + g block matrix form, that is, k = <é IB;) with

A € Mat,y,, B € Mat,.,, etc.. As k€ O(p+ q) N O(p,q) we have
Khk=1., KkJk=.J

we obtain

A'A=1,D'D=1,B"A=0=D'C = A€ O(p),DeO(q),B=0=C.

Thus k£ € O(p) x O(q). The reverse inclusion is obvious.
By differentiating we obtain

g={X € glpy(R) | X'J + JX =0} = 0(p, q).
From the description as # eigenspaces we can calculate
t={Xegl ,(R)|JXJ=-X"'=X}.
Doing a similar calculation as the above one obtains

t=o(p) x o(q).

Similarly,
X
p= {(—Xt ) | X € Mat,,(R)}.

Using Cartan decomposition, K = O(p) x O(q) is the deformation retract of G =
O(p,q). Thus K has same number of connected component as GG, which is 4. They are
given by K; exp(p), where K; are of form O(p)° x O(q)°, O(p)* x O(q)°, O(p)° x O(q)*,
and O(p)! x O(q)', where O(n)* = O(n) \ O(n)°.

Exercise 14. Following the hint given in lecture, show that for any compact connected Lie
group K and torus S < K, the centralizer Z(S) is the union of all the mazimal tori
containing S.

Solution 14. We want to show that
Zx(S)= | T
torus TDOS

Note that, “2” is obvious; as T is abelian and contains S, T clearly centralizes S. We prove
“C”. Let g € Zk(S). This implies that S C Zk(g)° as S is connected. Let S" C Zk(g)° be
a maximal torus containing S. by theorem 6.21 we have Z(Zk(g)°) C S’. But from theorem
6.19 we know that g € Zk(g)°, hence g € Z(Zk(g)°). Choosing T to be a maximal torus of
K which contains S’, we conclude.

Exercise 15. Let K be the compact connected group SOn(R). Let {e;} be the standard basis
of RV,

(1) Give a description of the complexified Lie algebra g of K.
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(2) Show that with a mazximal torus T < K can be represented by block diagonal matrices
(t1,...,tn, [1]) where each ty, is a 2 X 2 matriz of form

(0059 —sm@) C heRr

sinf  cos6

where [1] denotes 1 x 1 block which arises only when N = 2n + 1 odd.

(3) Compute the root space decomposition of g. For a given root a compute X, Yy, Hy,
and the root reflection s,.

(4) Compute the Weyl group W generated by s,. Check that that indeed coincides with
N(T)/T.

Solution 15. A summary of the solution is given here. We realize SOy (R) acting on RY
equipped with the standard inner product. We check that 7" is indeed a torus (compact,
connected, abelian), in fact, is homeomorphic to (S1)” for r = [N/2] when 6 is restricted to
R/27Z. We want to show that it is a maximal torus. It is enough to show that Zx(T) C T.
Let A € Zk(T). We consider an element ¢, := diag(1,1,...,—1,—1,...,1,1) where (-1, —1)
lies in (2k — 1,2k)th position. Let Aey 1 = S.~  ase;. Then

trAegr—1 = areq + - -+ — agk_1€2p—1 — Qore€2r + -+ + anen,
and
Atpesp—1 = —Aegp_1 = —aje; — - -+ — anen.

Hence a; = 0 for i # 2k — 1,2k. In other words A is a rotation in the plane generated by
€ok—16€2k, thus must be of the form ¢,. So T is a maximal torus.

Now we complexify 7" and K, and denote them H and G respectively. We will now describe
H. We construct a new basis

€gj-1 1 €2 €2j—1 — €25

fi= Tufn+j = Tv 1<) <mn (font1 = €2n41)-

The above basis is an eigenbasis and digaonalize T' over C to
{diag(e™, e ... e e [1]) | 6; € C}.

For future purpose we define H to be a permutation of the above
H := {diag(e”, ... % e e [1]},

which can be obtained by conjugating by a permutation matrix from SOy (C).
We now note that the complexified Lie algebrag := son(C) can be written in the split
form as

son(C) :={X € My(C) | X'J + JX = 0},
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where )
I
( > , if N =2n
Iy
J = I, )
I, M N=2n+1
1
\
a b =
For instance, a generic matrix in $0q,,,1(C) is given by | ¢ —a’ y | witha,b,c € M,(C)
¢ ¢
-yt —xt 0

and z,y € C", and b' = —b, ¢! = —c.
Now we compute the root space decomposition. We have to compute the action of ad(H)
for H € h where

= {H = diag(el, e ,Hn, —91 ey —Qn, [O]) ‘ 91 € (C}

We fix a basis of h to be {E;; — Fyinyi}. Let the dual basis of h* is given by {\;} such that
that 0, = \;(H). Now we calculate the eigenvectors of ad(E;; — Epntin+i). We list the roots
acd X,eg9% Y, €9 % and H, = [X,, Y]

= {+(N £ M) [J < kPU{EN},

where the second part arises when N = 2n + 1.

« X, Y, H,

Aj— Ak Eir— Entkntj Erj— Entjnik Eij— Bk — Enyjnri + Envkntk
Aj+ g Ejnir — Epntj Enirj— Enyjk Eij+ Exr — Enyjnyi — Enykntk
A =X || Bk — Engry Exntj — Ejnyk —Ej; — Exg + Enyjntj + Envkntk
Aj Ejoni1 — Eongintj 2(Bant1, — Envjont1) | 2 — 2B 4 jiny

—\; Eoni1j — Enyjontt 2(Ejon+1 — Bonyinag) | —2E5 + 2Enyjntj

The last two rows appear only when N = 2n+ 1. A positive system of roots can be given by
O ={NEN | J<kPU{N}
where the second part appears only when N = 2n + 1. simple system of roots is given by
A={\ =N | 1<5<n, 31 =0,—X\,_1, for N odd or even, resp.}.
The root space decomposition can be checked by means of the formula
ad(H)X, = a(H)X,, ad(H)Y,=—a(H)Y,.
Let us choose following “standard” chamber C' C hg:
C :={diag(b1,...,0n,—01...,—0,,[0]) | 61 > --- > 6,[> 0]}.
With respect to this chamber the positive roots in & would be
AjEXN, 1<7<k<n,
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for N = 2n, and
)\jﬂ:)\k,)\k, 1<7<k<n,

for N = 2n + 1. We claim that A as described above is a system of simple roots. First
we check that they are indeed simple root. Then we check that A is linearly independent:
If > ci(N — Xig1) = 0, then ¢; = 0 invoking linear Independence of \;. Finally, we check
that @ can be obtained by a Z>0 span of A. To check this we note (for N = 2n + 1), for
example,

N+ = = A+ e (M — M) + 200 — Agr) + -0+ 20,

Rest of them can be proved similarly.
Now we turn to find the reflections s, for a € ®. Recall the map F, whose differential

dF,, sends < 1 ) to X, so that s, = Fa(<_1 1))T. Note that

Ay ) =rl (T ) = e (L ™))
—ep(Gar((_y 1)) = e - 1),

The Weyl group is generated by {s4}aen-
Now we construct the Weyl group analytically. We claim the following;:
o For N =2n+1, W = (Z/2Z)" X S,,.
e For N = 2n, W = H, x S,, where H,, is the hyperplane in (Z/2Z)" defined by
E € = 0.

First we construct the map explicitly. We understand CV as complexification of the standard
representaion of SOx(R) on RY. We checked that the torus T acts on CV by distinct
characters e for j = 1..n. Thus any g € Nk (T) permutes the eigenlines. But the action
of g is defined on R so it preserves the complex conjugation, in the sense that, if ¢ maps
¢ to € then it should map e~ to e, Thus Ng(T) naturally acts as a permutation on
{£1,...,£n} such that o(—k) = —o(k). We also have permutations in n pairs of {—7, j}.
Group of such permutation is (Z/2Z)" x S,,.

Now we show the injectivity. Let g acts trivially on every eigenline. As g preserves every
one dimensional subspace it must be diagonal. Thus it commutes with 7. Hence g € Zg(T).
But maximality of T" implies that Zx(T) =T > g. Thus the map is injective.

To show surjectivity we need divide into parities. Let N = 2n + 1 first. For given (o, ¢),
where 0 € S,, and € = (eq,...,€,) € (Z/2Z)", we first choose the permutation matrix which
permute the eigenplanes P; := R(eq;_1 & +e27) to py, such that o(j) = k. Then we transpose
between a line and its conjugate line according to epsilon. We need to to make sure that
this matrix lie in SOg,, 41, that is, it has det = 1. For that we choose action on Res, 1 by
(—1)Z¢;. Clearly this matrix lie in Ng (7). We prove the even case similarly. Because the
codomain only contains € with > ¢; = 0 the det = 1 property is immediate.



16 REPRESENTATION THEORY OF LIE GROUPS EXERCISES

Exercise 16. Say that a pair of chambers C,C" are adjacent if they are separated by exactly
one root hyperplane 3+; in other words, there is a oot B so that

e 5(C) >0,
e 3(C") <0, and
e a(C) and a(C") have the same sign for any a € & — Qp.

We say in that case that 5 is a wall of C and also of C".

(1) Interpret Lemma 6.39 in terms of these notions.

(2) Show that if the chambers C,C" are adjacent with common wall 3+, then sgC = C'
and sgC" = C.

(3) Let B € ®F(C'). Show that the following are equivalent:
(a) B+ is a wall of C (in the sense defined above).
(b) B € A(C).
(c) B+ NC contains a nonempty open subset of the hyperplane 3+.

(4) With notation and assumptions as in the conclusion of Lemma 6.39, show that there
exist B, ..., B, € A(C) so that C = sg, -+~ 53, C; for j =0..n.

(5) Show that for any Weyl chamber C, the root reflections sg taken over [ € A(C)
generate W'.

Solution 16. (1) Left for the reader.
(2) Let z € C. Then

B(ss(x)) = B(z) — B(x)B(Hp) = B(z) < 0.

We know that sg reflects with respect to S+ and sg is continuous so sz(C) C (.
Similarly, sg(C”) C C. Thus s3(C) = C" and s3(C") = C.

(3) (a) = (b): By the part (1) if 8+ is a wall of C then C and sz(C) are adjacent.
So that S+ is the only root hyperplane between C' and sz(C) such that the three
conditions of the adjacency hold. Let 5(C) > 0 and 8 = a3 + ay where a; # Qp.
Then «;(C) > 0 and «;(s3(C)) > 0 which contradicts that 5(sz(C)) < 0.

(b) = (c): Let B € A(C). We claim that there exists x € C so that (z) = 0 but
~v(z) > 0 for all v € A(C')—{S}. Then z admits a small convex neighborhood U that
doesn’t intersect any root hyperplane other than 8+. Moreover, sgU NU contains z,
hence is nonempty. We may assume also that U is small enough that v(U) > 0 for
all y € A(C) — {B}, hence that U N g+ C C. But U N B+ is open in U, so this gives
(c).

(¢) = (a): We essentially follow the proof of Lemma 6.39.

(4) We induct on j. Note that C" := sg, - --s3,Cjp1 is adjacent to Co. Let f8;,, with
Bis1 € A(Cy), be their common wall. Then s, C" = Cy, as required.

(5) We know that W acts freely on the Weyl chambers. As from part (4) we conclude
that for given C,C" = w(C'),w € W Weyl chambers, there exist a; € A(C) such that

Say - 8a,(C) = C". Hence w = sq, ... 54,
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Exercise 17. A root system is a finite dimensional Euclidean space (V,(,)), equipped with

a spanning subset ® C V s.t. Ya € &, s, : V — V defined by v — v — 2%, satisfies
S0(P) = P and 2% € Z for a,p € . A root system is called reduced if Ca N ® = {£a}.

(1) Show that if (V,{(,),®) is a (reduced) root system then (X, ®,X,d) is a (reduced)
root datum, where either

Simply Connected: Weight lattice:
X ={ eV |{\a) €ZVac ¢},

and coroot lattice:

X=za a=2 (o)

acd

X = ZZQ,

acd

Adjoint: Root lattice:

and coweight lattice:
X :={zeV*|z(a) € Z,Va € d}.

(2) Show that there exists a unique (up to isomorphism) simply connected compact group
with root system of G type.



