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Exercise sheet 11

Exercise 11.1 Recurrence and stationarity.
Consider the Markov chain (X, ), .y With state space N := {1,2,...}, and transition probability

r(G) it i=1, 51,
pij=4 1  ifi>1 j=i—1,
0 else,
where 7 denotes a probability distribution on N with ), i7(i) < oo.

(a) Determine the positive recurrent, null recurrent, and transient states.

(b) Find a stationary distribution v for this Markov chain. Is this the unique stationary distribu-
tion?

Exercise 11.2 Let (X,,),>0 a Markov chain on a countable state space E. Let x,y € E such that
x +— y. Prove that x is positive recurrent if and only if y is positive recurrent.

Exercise 11.3 Simple Random Walk on Z¢ and Fourier Analysis.

Let (X,,)n>0 be the simple random walk on Z%, d > 1. Suppose that X, = 0 and let V; be
the total number of returns to 0. For & € [—m,7]?, we denote the characteristic function X; by
p(§) = Eolexp(i€ - X1)].

(a) Show that

P, =0 = o [ e

(b) Show that

1 ©(&)
BVl = a /[] @™

(c) Calculate explicitly ¢(¢) and show that

1 1
1l <1 -0 < el

(d) Conclude that 0 is a recurrent state if and only if d € {1, 2}.
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