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Exercise 5.1 Set E := [0, 1]. We say that a set is co-countable if its complement is countable. Let
E be the family of subsets of E that are either countable or co-countable.
(a) Show that E is a σ-algebra.

(b) Find a measure η on (E, E) such that for all B ∈ E , η(B) ∈ {0, 1}, which is not of the form
δx for some x ∈ E.

(c) Show that there exists a point process on (E, E) which is not proper.

Exercise 5.2 Let N be a point process on (E, E) with intensity measure µ and let B ∈ E . Let
LN be the Laplace functional of N , which is given by

LN (u) = E
[
exp

(
−
∫

E

u(x)N(dx)
)]

.

for all u : E → R+ measurable.
(a) Show that if µ(B) <∞, then

µ(B) = − d

dt
LN (t1B)

∣∣∣
t=0

.

(b) We no longer assume that µ(B) <∞. Show that

P[N(B) = 0] = lim
t→∞

LN (t1B).

Exercise 5.3 Poisson Boolean model
Let N =

∑
i δXi

be a Poisson point process on Rd with intensity measure µ = Leb(Rd). Let us
consider (Ri)i a sequence of i.i.d. positive random variables with law ρ, and independent of N . We
define the occupied set by O =

⋃
i B(Xi, Ri), where B(x, r) ⊂ Rd is the closed ball of center x and

radius r.

(a) Let N0 the number of balls B(Xi, Ri) which contain the origin of Rd. Show that N0 is a well
defined random variable with distribution Poisson

(∫
Rd

∫∞
|x| ρ(dr)µ(dx)

)
.

(b) Show that the event {O = Rd} is measurable and that P[O = Rd] = 1 if and only if∫∞
0 rdρ(dr) =∞.
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