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Exercise 6.1 Show that a renewal process with renewal function M (t) = ct, t > 0 for some
constant ¢ > 0 is a Poisson process.

Hint: The Laplace transform determines the distribution.

Exercise 6.2 Vehicles of random lengths arrive at a gate. Let Lj denote the length of the k-th
vehicle. We assume that the random variables Ly are i.i.d. with distribution 3 + Geometric(1/2).
The first vehicle that arrives parks directly at the gate. The vehicles arriving afterwards queue
behind, leaving a random distance to the vehicle parked in front of themselves. We assume that
these distances are independent and uniformly distributed on [0, 1].

(a) For x > 0, let N, denote the number of vehicles parked at distance at most x from the gate.
Compute lim N, /x.
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(b) Suppose that the k-th vehicle is carrying Dy people, where the random variable Dy is
distributed as 1 + Binomial(2Ly, 1/2). For & > 0 let IV, denote the number of people inside
the vehicles parked at distance at most = from the gate. Estimate IV, for x large enough.

Exercise 6.3 Central Limit Theorem for Renewal Processes
If (N¢)i>o0 is a renewal process with inter-arrival times T;, ¢ > 1, not a.s. constant and such that
E[T?] < oo, show that when ¢ — oo,

N —t/u

o(t/i)
converges in law to the standard normal distribution, where y = E[T}] and o = Var(T;) > 0.
Hint: Let S, :=1T1 + ... + T,,, then by the central limit theorem

lim P[(S, —nu)/ovn < x] = ®(x)
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uniformly in x € R, where ® denotes the distribution function of the standard normal distribution.
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