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Exercise 10.0 Frog Markov chain
Let (X, )n>0 be the Markov chain with state space {1, 2}, initial distribution p = (p1, #2) and
transition matrix

I—-p p >
P = , where 0 < p,qg <1
< ¢ 1-4q p.q

(a) Compute P,[X,, = i] for every n.
(b) Deduce the value of lim,,_, P,[X, = 1].

Exercise 10.1 Let F be a a countable state space and fix x € E. We consider a Markov chain
(Xn)n>0 under P,. Assume that P,[H,f < oo] = 1. Define HY = H} and

H;"'H) =min{k > 0; Xp 4r =2a} forn >1,
where T; = HY + -+ HY,
(a) Show that under P,, the random variables (Ha(f))izl are i.i.d.
(b) Show that the process defined by N; = Z1§¢gt 1{x;=z} s a renewal process.
Exercise 10.2 Let us consider the reflected random walk, that is, the Markov chain with state

space Ny and transition probability given by po1 = 1 and py z41 = @, prz—1 = 1 —a for x > 1.
Show that for o < 1/2 all the states are recurrent, and for o« > 1/2 all the states are transient.

Exercise 10.3 Snakes and ladders.
A simple game of ‘snakes and ladders’ is played on a board of nine squares.

FINISH 9

~
oo

At each turn a player tosses a fair coin and advances one or two places according to whether the
coin lands heads or tails. If you land at the foot of a ladder you climb to the top, but if you land at
the head of a snake you slide down to the tail.

(a) How many turns on average does it take to complete the game?
Hint: Call k; = E;[Ho] and find some relations between the k; for i € {1,...,9}.

(b) What is the probability that a player who has reached the middle square will complete the
game without slipping back to square 17
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Solution 10.0

(a) We know that P,[X,, =i = (uP");. The eigenvalues of P are 1 and 1 —p — ¢, and since
they are different P is diagonalizable. We can explicitely find the d1agonahzed form

— q _p_
G D6 B
L1 0 1-p—gq p+a  ptq

pr_ 1 (q+p(1—p—Q)" p—p(l—p—Q)”)
p+q\g—ql—-p—q)" p+ql-—p—q)"

Then,

Therefore

PulX, =1 = i (nla+p(1—p— 0)") + ala — ol = p = "),

PulX, =2 = —— (= p(1=p—0)") + palp-+ a1 —p = 0)").

(b) First, note that puo =1 — py. If p = ¢ =1 we have that
Pu[Xn =1] =5 (1= (=1)"+2m(=1)"),

5 L+ (1" =2m(=1)"),

\H[\D\)—l

P,[X,=2]=

which does not converges as n — oo. On the other hand, if min{p,q} < 1, we have that
(1 —-p—q)™ —— 0. Therefore
n—oo

lim P,[X, =1 = —1—, lim P,[X, =2 = ——,
n—oo p+q n—o P+q
which does not depend on the initial distribution.
Solution 10.1
(a) First, notice that for every ¢« > 1, T; is a stopping time. Indeed,
{Ti=n}= |J {Xj=wzjelu{n}}n{X;#zje{l,...,n—1}\I}.
Ic{1,...,n—1}
|T|=i—1

To prove that (Hg(f))izl are i.i.d. we proceed by induction on i. Suppose that Hg(cl), e Hg)
are i.i.d. ﬁnite almost surely Let fi1,..., fi+1 : NU{oco} — R measurable bounded functions.

Since f1(Hz ),...,fl( )efT,we have
E.[fi(HD) -+ fi(HD) i (HSTD)] = Bo[f1 (HY) -+ fi(HD) B[ i (HIT)| Fr]). (1)

We know that T; < oo a.s. and that X7, = x a.s. Also, notice that fi+1(Hg(f+1)) =
fixr(min{k > 0; Xr,46 =2}) = g((X7,4n)n>0) for some measurable function g. By the
strong Markov property, we have that P -a.s.

E,[fir1 (H{D) | Fr] = Eo[fi (H)).

This shows that Hé” has the same distribution as Hg(cl). To conclude independence, we use
last expression in (1) and the induction hypothesis to conclude that

E,[fi(HD) - firr (HI)] = Bo[fi (HM)] - B[ fi (HD)).

Therefore HS), ey HSH) are i.i.d. and in particular finite almost surely.
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(b) Notice that Ny = 37 ;o 1ix,=2) = D ;51 l{1,<t}, Where T is the sum of ¢ i.i.d. random

variables with PI[HS) = 0] = 0 by definition. Hence (INVy);>¢ is a renewal process.

Solution 10.2

(a) We will compare the reflected random walk with the following biased random walk (X,),>0
on Z. Let (Y,,)n>1 be a sequence of i.i.d. random variables independent of (X,,)nen under Py
with

PolYi = 1] = a = 1 - Po[Y; = —1]. (2)

Set Xo=1and X, =1+ oY, for n € N. Define Hy := inf{n > 1; X,, = 0}. Noting that
X1 =1 Pgy-a.s. we have
Po[Hy < oo] = P1[Hp < o9). (3)

Notice that, Pi-a.s. the process X,, and )Z'n have the same distribution before they hit 0.
This implies that B
Pl[Ho < OO] = Pl[Ho < OO} (4)

Since (X,,)n>0 is a Markov chain on Z starting at 1, we know by the simple Markov property
that _ ~
5170 = Pl[Ho < OO] = (1 — OL) + O[PQ[HO < OO}

Observe that if we start from 2 we need to hit 1 before hitting 0. Then,

Pg[ﬁo < OO] = Pg[ﬁo < oo,f[l < OO]

= EQ[E2[1{ﬁo<oo}1{ﬁl<oo}|‘F§1H

By the strong Markov property, we know that

EQ[ = EQ[El [1 = Eg[l

1{ﬁ0<m}1{ﬁ1<m}|fﬁl] {ﬁ0<oo}]1{ﬁl<oo}] {ﬁ1<oo}]E1[1{ﬁ1<oo}]

We also know that the process is stationary, then Eo[1 |=Eq[1 = p1,0. Putting

{Hy <o0} {ﬁo<oo}]
all together, we get
pro=(1-a)+a(pro)’

This equation has solutions 1 and (1 — «)/a. If @ < 1/2 we have (1 — o)/ > 1. Therefore
Po[HJ < o] = p1,0 = 1 and the state 0 is recurrent for the reflected random walk. If v < 1/2
we get that (1 —a)/a < 1. If p1,9 < 1 then 0 is a transient state for the reflected random walk.
We just need to rule out the possibility that p1 o = 1. By the strong law of large numbers, we
know that Pi-a.s.

K 142V Ei[Vi] = 20— 1> 0.

n n n—oo

In particular lim, o X, = +00 Py-a.s. If p1 o = 1, by stationarity we have that p, ,—1 =1
for all n € Z. By the strong Markov property, this means there exists a subsequence of
(Xn)n>0 which is arbitrarily negative, which contradicts lim, ., X, = 400 Pj-a.s.

Solution 10.3

(a) Let us denote by (X,,),>0 the Markov chain with transition probability corresponding to
the rules of the game. Recall that H; = inf{n > 0; X,, = i}. Let us call k; = E;[Hy] for
1€ {1,...,9}. We observe that 9 is an absorbing state and that kg = 0. Then we can express
Hy as

Hy = f((Xn)n>0) = Z 1ix, <9}
n=0

3/4



Applied Stochastic Processes, FS 2019
D-MATH Exercise sheet 10

where f is a measurable function. Then, for i € {1,...,8} we have P;-a.s. that

9
k; = ZEz‘[H9|X1 = jIPi[ X1 = j]
j=1

9
= ZE (Lixo<o} + f(Xnt1)n>0)| X1 = jlpi;

l
DS 14+ E;[f((Xn)n>0)]) pi,j

+kj)pij

%0

where the equality (1) is justified by the Markov property. Applying this to the model, and
considering the effect of the ladders and snakes we get to the following system of equations

1 1

1 1
k=514 ks) + 5(1+ k1)

2
1 1

ks = 5 (14 k1) + 5 (14 kr)
1 1

ke = 5(1 + k) + 5(1 + ko)

Since kg = 0 we can solve this system. We obtain that the average number of turns it takes
to complete the game is given by k1 = 7.

(b) Notice that the probability that a player starting from the middle square will complete the
game without slipping to the square 1 is exactly P5[Hg < H;]. Using the Markov property
repeatedly we get

Ps5[Hy < Hi] = p5,6 P1[Hy < H1| +ps57P7[Hg < Hi]
~———
=0
= = (prsPa[Hg < Hi] + pr9 Po[Ho < Hi])
—_—

=1

DN —

1 1
5(?4,5P5[H9 < Hi)+pagPi[Hy < Hi]) + 5
———

DN =

=0

1
= §P5[H9 < Hl} + -

Then P5[Hy < Hy| = 2/7.
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