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1 The Petersson Inner Product

Remark. In the second talk, we learned that My (I' = SLa(Z)) = 0 if k is
odd. Therefore, in the following content, k is even when we mention the
weight of modular forms and related concepts, unless otherwise mentioned.

Definition 1.1. On the upper half plane H, we define the hyperbolic measure

du(z) = dzgiy, z=uz+1iy € H.

Proposition 1.1. The hyperbolic measure dy is invariant under GL3 (R)
of H, i.e. du(a(z)) = du(z) for all « € GL3 (R), 2 € H. Hence, du is also
invariant under I' = SLy(Z).

Proof. Let A C H be a Borel set, T' = <z Z) € SLy(Z) and let T'(2) = %

for every z € H. Write z = x + iy € H. One can check easily that

In(T() = g T(E) = il

Now, we check the invariance:

wdv cz+d|* cz+d|* dz T
T (A)) = [y 52 = [, 1T ()PIZ5  ddy = [, 550 oty = [ &30 = u(4).

O]

Definition 1.2. Let f, g € Sk, where Si denotes the space of cusp forms
of weight k. We define the Petersson Inner Product as the following:

() S xSk = C, (£,9) = Jpyg F(2)g(z)Im(2) dp(z).

Lemma 1.1. If f and g are modular forms of weight k, then the function
f(2)g(2)(Im(2))* is SLy(Z)-invariant.



Proof. Fix v = (Z Z) € SLy(Z), and recall that if f is a modular form
) (

then f(yz) = (cz + d)* f(2). Thus,

F(r2)9(2) Im(y2)k = (cz + d)F f(2)(cz + d)Fg(z)
ez + dP?* £(2)g(z) —L

|cz+d\2k -

= f(2)g(2)Im(2)*,

lcz+d|?*

as desired. O

Proposition 1.2. The Petersson inner product is well-defined and Hermi-
tian.

Proof. Let f,g,h € S, and ¢ € C. Since f and g are cusp forms, they decay
exponentially and hence the integral converges. The integral is also indepen-
dent of the choice of fundamental domains because du and f(z)g(z)(Im(z))*
are SLo(Z)-invariant, as we showed above. Now we verify it is Hermitian.

(f+9.0) = Jo\u(F(2) + g(2))h(z) Im(2)) dp(z) =
Jova F(2)R(2) (Im(2))dp(z) +fr\H9 2)h(2)(Im(2)) dp(z) = (f, h) + (g, )

Cf, fl"\H Cf g(z)( ( ))kdﬂ(«z) =
cfpr f(2)g()Im(2))edp(z) = e(f, ).

9 0) = Jrog 9T M) du(z) = f iy £(2)90) (Im(2)) ¥ =) =
(f.9).

Assume f # 0, then (f, f) fF\H | F(2)P(Im(2))*du(z) > 0.

O]

Lemma 1.2. A finite-dimensional inner product space V' over C is a Hilbert
space.

Proof. Clearly, V = C". Let dim(V) = n, and {v1, ve, ..., v,} an orthonor-
mal basis of V, and {ej,es,...,e,} an orthonormal basis of C". Define
a linear isomorphism 7" : V. — C",T(v;) = e; for i = 1,...,n. Clearly,
(T'(v3),T(v5)) = (ei,ej) = 6;5 = (vi,v5), so T also preserves the inner prod-
uct structure, hence V is also a Hilbert space. 0

Theorem 1.3. The space of cusp forms of weight k, Sk(T'), is a Hilbert
space.



Proof. By Corollary 1.5 in the third talk, My, is finite-dimensional, so is S.
Hence, Lemma 1.1 shows that Sy is indeed a Hilbert space. O

Recall the Riesz Representation Theorem from functional analysis:

Theorem 1.4. Let V be a finite-dimensional Hilbert space over C with an
Hermitian inner product (,), and ¢ a linear functional V. — C. For each
v €V, there exists a unique w such that (v, w) = ¢(v).

Proof. [1] O

Recall that a cusp form f has a Fourier expansion f(z) = > -, a,e2minz,

Hence, we can define a linear functional
ok S, —C, f+anm.

Let f(2) = > .0 a,€>™™* be an arbitrary cusp form of weight k. By The-
orem 1.4, we know that there exists a unique cusp form of weight &, here
denoted as P*, such that

Our next goal is to construct such a type of cusp forms, namely Poincaré
series.

2 The General Construction of Poincaré Series

Definition 2.1. A function p : T' x H — C* s called an automorphy
factor if for each o, B € I, o and pg are holomorphic on H and pap(z) =

Ha (BZ)NB(Z)-

b
Example 2.1. u(z) = (cz +d)k, ~= <(Z d>'
We try to construct functions f on H satisfying the automorphic condi-
tion

f(vz) =y (2)f(2) Vyel,
for an arbitrary automorphy factor ji,.

The idea is attempting to write f as an average of a holomorphic function
over I. Specifically, we define f(z) = >_ o %, and once we ensure that it

is convergent, we can show that this function satisfies the desired properties.

Lemma 2.1. f(2) =>_ Ziﬁ; satisfies the automorphic condition.



Proof. Choose an arbitrary o € I', we have:
_ h(yaz) _ h(yaz)pa(z) _
flaz) =3 er n(az) > ver T ez fa(2)f(2),
since the bijection I' — I'a, v — vy is easily constructed. O
We need the series to converge absolutely, and uniformly on compact subsets

in H, but there are many v € I' such that p,(z2) = 1, so we define the
collection of such elements as

o= {y €T |y =1}
Lemma 2.2. I' is a subgroup in I'.
Proof. Let o,y € ', then for every z € H
tay(2) = pa(V2) 1y (2) = pa(V2) = 1;

Let I be the identity matrix, we have:

prr(z) = pr(z) = pr(2)pr(z) = pr(z) = 1;
Let =1 be the inverse of 7, we have:

fany-1(2) = 1= py (Y 2) iy 1 (2) = pay1(2),
hence, 77! € I'.. O

Denote R = I'/T'w, and let h be a I's-invariant function on H. We change
our definition of f above to the following:

FH=C, f(2) =Y, ntd.

Lemma 2.3. f is well-defined and still satisfies the automorphic condition.

Proof. Suppose v and ' are in the same coset, then v = [+ for some
B € I's, then,

h(yz) = h(Bv'z) = h(y'z), and
iy (2) = ppy (2) = pa(V' 2) 1y (2) = iy (2).

Choose an arbitrary o € I', we have:



h(yaz h(yaz
flaz) =2 er u(j(azg = 2yer HEL(Zg pa(2) =

Ser 1 pa(2) = Ha(2) f(2)

because both R and Ra are sets of representations of I'/T'«

Now let p,(2) = (cz + d)¥, v = (Z Z) el

Lemma 2.4. T', = {£ (é T) ,n € 7Z}, hence
R = {(2 Z) € SLy(Z),c > 0} = {(c,d) € Z* | ¢ > 0, ¢ and d coprime}

Proof. Clearly, {£+ (é 711

) ,n € Z} CT's. Conversely, suppose v = (Z 2) €
. Then py(2) = d*¥ =1 for every z € H; since k is even, d can either be

1 or —1. ¢ must be zero because otherwise p, = (ci + 1)* or (ci — 1)¥, and
neither can be 1 for any k£ > 0. The value of b does not affect neither the
values of y1, nor the determinant of 7, so b can be any integer. d must be
equal to a, ensuring the determinant of v to be 1.

Denote 7" = + <(1) T) ,n € Z. Suppose ¢ > 0, v = <Z Z), and

/ /

a = (Z, Z,), and ¥ = @ € R, then v = £7"« for some n € Z. Then,
/ /

apparently ¢ = ¢/,d = d’. Conversely, suppose o = CZ d>' Observe that

since ad — be = d'd — b'e = 1, ged(e,d) = 1, and d(a — d') = ¢(b— 1), so

cldla—ad),d]|cb-1V), and =% = b_Tb/. As we showed, ¢t d, d 1 ¢, so

¢ !/ /
cl(a—ad),d| (b—"b"). Observe that T"a = (a —|;cn b —;dn

. Therefore,

setnz“fal:b;b/,wearedone. If ¢ < 0, then a b — o (¢ -0 )
c d c d —c —d

Denote R’ = {(c,d) € Z? | ¢ > 0,c and d coprime}. Define a function
*

fiR >R, (Z d) — (c,d)

Clearly, f is well-defined. f is injective: if f( <a Z)) = f( <p q>) = (¢, d),

C r s

then r = ¢,s = d, and (CCL Z) ~ <ch qu> f is surjective since for every



pair of coprime integers ¢ and d, there exists integers a and b such that
ad —bc = 1. O

The equivalence of R and R’ makes our definition of Poincaré series neater.

Definition 2.2. Denote e(z) = €2™%, then the m™ Poincaré series of weight
k for I' is defined as:

P’r]rgz(z) = Z’YEF/FW ]W(Z)_ke(m’yz) = Z(qd)ER(C’Z + d)—k’€2ﬂ'im’yz‘
Proposition 2.1. P% is a modular form if k > 2.

Proof. Note that Péf = FEy, the Eisenstein series of weight k, as we saw in
the second talk. If m > 0, and for any pair of coprime integers ¢ and d,
|(cz + d)Fe?™™1%| < |z +d| 7%, so |PE(2)| < |Ek(2)| and hence P is a
modular form. O

3 The Fourier Expansion of Poincaré Series

In fact, P¥ is also a cusp form. To see this, we need to calculate its Fourier
expansion. Let a® be the n'* coefficient of P¥. Then by definition

1
afl =aqa, = / Pfl(z)e*%mz dz

/ Z CZ—I—d —k 2mm'yz —2minz dz

ged(e,d)=
A

c>0
where in the last step we used that if ¢ = 0 and ged(c,d) = 1 the only two
valid values for d are &1. Now we look at the first term and see that

1
/ e—?ﬂi(m—n)z dz = 6
0

d :tl ged(c,d)=1
c>0

So we get

n = 26,m / Z CZ—|—d —k 27rz(myz nz)d

ged(e,d)=
c>0

—k 27rzmz —2minz d2+/ § : CZ+d) —k 27rzm'yz —2minz dz



For a fixed ¢ >0 we can write d =lc+d' forl € Z, 0 < d < c.
It holds that [ = d’ mod ¢ and ged(c,d) = 1. So can write

=2t Y Y / (2 1 1) + d) ket g, (1)

c>0 leZ
d" mod ¢
ged(c, lc+d’)

We want to express y(z+1) in another way. For this we look at the following
equation:

az+b a 1

cz+d ¢ clecz+d)

With this we see that

e+ =~ e T a) @)

Putting equation (2) in (1) we get:

An = 20mn + Z Z/ c(z+1)+d) —kg—2minz m(c c(c(z+l)+d)) dz

c>0 leZ
d mod ¢
ged(c,d)=1
ad—bc=1

2minz 2minz’

We use the change of variables z + [ = z’. Note that e =e

l+1

an = 25mn + Z Z/ CZ + d "é” c(c;n‘*d) e dZ/

c>0 leZ
d mod ¢
ged(c,d)=1

=20+ Y / (cz+d)Fe'e ~deF "y

c>0
d mod ¢
ged(e,d)=1



Now we substitute z/ = z + %.

ma o0 —-_m _ _é
Gn, = 28mn + Zc_k Z ec / R M) gy
— o0

c>0 c>0
d mod ¢
ged(e,d)=1

o0
+nd —_m _
:25mn—|—g ck E e / 27ke@ T 4,
— o

c>0 c>0

Definition 3.1. The Kloosterman sums are defined as

md+nd
K(m,n,c) = g e ¢
d mod c
ged(c,d)=1

X
where d is defined to be the inverse of d in <Z/cZ> (dd =1 mod c)

To use this definition in our calculation we need to verify that a = d. This

d
ad — bc = 1. From this we get that ad =1 mod ¢ which is the same as
saying that a = d

. . . b
follows from the equation for the determinante of our matrix v = [CCL ]

Definition 3.2. We define the function I(m,n,c,k) to be

o0 —-m
I(m,n,c k) = / 2 ke s,

—00
These two definitions let us write the Fourier coefficient as follows:
ap = 20mn + Z c*K(m,n,e)I(m,n,c, k).

c>0
Definition 3.3. The Bessel function of order « is given by

> —1)™ z
i) =3 e o A

We can evaluate the integral I(m,n,c, k) as follows:

Lemma 3.1.

0 ifn<0
I(m,n,c k) = % ifm=0
2 (i)F (/)P Ty () i > 1



Proof. [2] O

Now we look at the fourier coefficient in the case m = 0 which is given
by

27i)k n
an:< )nk:—l Z ——

c>0
d mod ¢
ged(c,d)=1

Definition 3.4. Let ¢,n € Z, then we define to Ramanujan sums to be

R.(n) = Z e2mity

d mod c
ged(c,d)=1

Lemma 3.2. Let o5(n) = >, d° and let ((s) denote the Riemann-Zeta-
Function. Then the following identity holds:

2. R.(n) _0s-1(n)
CZ:I s ns—lc(s)'

Proof. [3] O

Using this identity in the above expression of our Fourier coefficient we
get

(2mi)* op_1(n)

R Y AN())

Now we want to look at the case m > 1. In this case ag = 0 follows directly
from the evaluation of the integral I(m,n,c, k). Hence Poincaré series are
cusp forms, and P% = 0 for k € {4,6,8,10} since we already proved that
the discriminant function A with degree 12 is the lowest degree cusp form.

Now that we have everything together we can express the n coefficient of
the m! Poincaré series:

oo SO () e ()

ik
C 2 m
c>0

Theorem 3.3. Let f € Sp(I") and P (2) the m'" Poincaré series.

Then (f, Pm) = ckmam where f(2) = Y amq™ and cim = % =
T(k—1)
(4mm)k—1



We use the so called Rankin-Selberg method to map an integral over r\
to an integral over r_\” which we can understand better because it is just
a strip in the complex plane. We unfold the integral which simplifies the
fundamental domain.

Proof. We look at the case m > 0. Then we get

dzdy
k
)= [ SO
dzd
[0 Y ey
v YEroo ¥ 4
—2mim(yz 7k dl’dy
= Y [ @i
'YEFOO\F ! y
- omimE . 1k - dzdy
= 3 [ ST i)
'YEFOO\F Y{r
k
1k —omimE T ok y dzdy
= J(v T 2)  f(2)e Jvh2) =
WGFZOO\F Y(r\H) F(y=1 2) 2k y?
_ Z / f(z>e—27rim2yk dmdy
e T v
i dzdy
— f e 27mmxe 27rmyyk7
/F e .

The action I's, on H is generated by the translation z — z + 1 and hence
the fundamental domain is defined by 0 < z < 1. So we find

/ / f 727mmm 727rmy k dl‘dy

Now we write f(z) = Yo, a,*™* and notice that we can exchange the

sum and the integral by Fubini.

& 0o dy 1 )
Pm> — Z an/ e—27r(m+n)yyk 2/ eQm(n—m)m dr
— 0 ¥~ Jo

6771’“/
00
d
:am/ e—47rmyyk: 32/
0 Y

= @ (4em)F0(k — 1)

10



In the case m = 0 we first need to extend the definition of the Peterssen
inner product to entire modular forms in one component. This can be done
by using the same definition as before and we can check that this is well-
defined. Then we can see (f, P¥) = ap = 0. Also note that P} = E;. So we
get that (f, Ex) = 0 and it follows that f and Ej are orthogonal.

O

Corollary 3.3.1. Let k > 3 then {Pk(2)|m > 1} generate Si(T).

Proof. Let M be the subspace of S(T") generated by P* and M* the or-
thogonal complement. Take f € M~ and by theorem 3.2 we get (f, Pp,) =
Ck,m@m = 0, Ym. From this we get that f = 0.
Since f was an arbitrary element in M+ we get that Sg(I') = M.

]

Example 3.1. The discriminant function A(z) is a cusp form of weight 12

as seen earlier. We can express it as follows:

o

A(Z) — 627Tiz H(l o 627rinz)24 — i

n=1 n=1

6271'z'nz

N
—~

n)

{

nth fourier coeff.

10!7(m)
(4mrm)tL -

Using the previous theorem for A we get (A, P}2) =

Since S12(T') is 1-dimensional, P2 is a scalar multiple of A. Hence we

can find P12(z) = %A(z) by using the fourier expansion of A.

Additive:

Theorem 3.4. (Petersson trace formula)
Let F be an orthonormal basis of Sp(I'o(N)). Then

K(m,n,c) 47/ mn
47T\/7k 1Zama":m” kZ kl( c >

fer c>0
Nlc

Proof. [4] O

Using the Petersson trace formula we see that P}2 =0 <= a,, =0

Now there exists the very famous Lehmer conjecture which states that

am 7 0Vm > 1. This has been verified for m < 2268924278169599 by
Jordan and Kelly [5] but has not been proven yet.

11
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