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1.1. Let f:R — R?% d € N* be a function defined by
f(@) = (fi(@), fa(2), ..., fa())

where f1, fa, ..., fq are function from R to R.

(a) Show that if f; is injective, then f is injective.

(b) Show that if d > 2, and f; is surjective for all i between 1 and d, then f is not always
surjective.

Solution:

(a) For any x,y € R with z # y, fi(x) # fi(y) because f is injective. Thus we also have
f(x) # f(y), which gives that f is injective.

(b) It suffices to give a counterexample for every d > 2. We define
fi(z) = fa(z) = ... = falz) =z,

It is obvious that f is not surjective for any d > 2.

1.2. For each function f = (fi, f2) : [0,1] — R? below, sketch the set
{(/1(@), f2(8))[t € [0, 1]}

(a) f(t) = (cos(2nt), 2sin(2rt)),

(b) f(t) = (t*,¢°),

(c) f(t) = (i mi)-

Solution:

(a) Let x = cos(2nt), y = 2sin(27t)), then we have 422 +y? = 4. Hence we have a complete
ellipse.

(b) Let x = t2, y = t3, then 23 = 3% and x € [0, 1].
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(b) Let z = H_LtQ, y = 1—5—%’ then 22 4+ y*> =y and = € [0, 3],y € [, 1].

Y

~

1.3. Which of the following are ODEs? Which are linear? Which are linear homogeneous?
(a) f'(z) = f(z+1),

(b) y>=y'y",

(c) y" +cos(y)y +y = 22,

(d) ¥ +2y = —e,

(e) y® +6y +y=0.

Solution:

(a) Not an ODE, because it relates values of f and f’ at different points (at x and = + 1).

)
(c) An ODE but not linear, because of the presence of the term cos(y).
(d) Linear ODE but not homogeneous, because of the presence of —e®”.
)

Linear homogeneous ODE.

1.4. For each function below, find a simple linear homogeneous ODE for which they are
solutions:

(a) f(z)=e",
(b) f(x) = 1o,
(c) f(x)=e"cos(x).

Solution:

2/3



D-INFK Analysis Il ETH Zirich
Prof. Dr. Emmanuel Kowalski Losung von Serie 1 FS 2019

(a) We have f'(z) = 322¢”, then clearly the ODE can be

f'(z) = 32%f(x)

(b) We have f'(x) = _(Pf%)” then clearly the ODE can be
2z
! — —
f@) = o @)

(¢) We have f'(x) = e* cos(z) — e* sin(z) and f”(x) = —2e” sin(x), then clearly the ODE
can be

f'(@) = 2f'(x) — 2f(x)
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