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2.1. Compute the general solutions of following differential equations.
(@) y"(x) —y'(z) = 2y(z) = 0,

(b) y™W(z) +y(x) =0.

Solution:

(a) The characteristic polynomial is
X?-X-2=(X-2)(X+1),
then there exist A1, A2 € R such that

y(x) = A\ 4 Age ™7,
(b) The characteristic polynomial is

4
Xt +1= (X240 (X% —i) = [[(X —cp),
k=1

5
oIS

where ¢1,c0 = £
R such that

y(t) = o2t (/\1 cos (?t) + Ao sin (?t)
+ e_§t (x\g cos (?t) + A4 sin (?t))

+ @z) and c3,cq4 = + (— + @z) , then there exist A1, Ao, A3, \q €

N

2.2. Use variation of coefficients to compute solutions of the following differential equation.

/!
dy —
vy sin(2z)

Solution:
(a) We look at the characteristic polynomial of the homogeneous problem

22 44 =(2+2i)(z — 2i).

Its general solution is given by
y(x) = A\ cos(2z) 4+ Ao sin(2x)

with unknown constants A1, Ao € R. Assume A1, Ao are two functions and
yo(x) = A (z) cos(2x) + Aa(z) sin(2x)

then

A1 (x) cos(2z) + Ny (z) sin(2z) = 0,

—2X) (z) sin(2x) + 2M5(z) cos(2x) = sin(12:1;) (v
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For all z € R, the matrix

[ cos(2x) sin(2z)
R(z) = <_2 sin(2z) 2008(2@’))

is invertible (det R(x) = 2cos?(2x) + 2sin?(2x) = 2 # 0) and

R(z)~! = % <2 cos(2x) —sin(2x)> _ (cos(2:c) —ésin(2x)> ' ()

2sin(2z)  cos(2x) sin(2z) 3 cos(2z)

Then (1) and (2) give

and

1
Xo(z) = 1 log | sin(2z)].
We can deduce

1
y(x) = A cos(2z) + Agsin(2x) — §COS(2£L’) +3 log | sin(2z)|sin(2x), A1, A2 € R.

2.3. Solve the following differential equations

(a) ¥ =(z+y)*

(b) ¥ —y=sinz,

(¢) yy' — (1 +y)z* = 0.

Hints: For (1) look at the substitution z = z +y. For (2) try to multiply both sides with e™*.
Solution:

(a) we do the substitution z = x4y which gives 2’ = 1+%/. The equation becomes 2’ = z2+1.
We do separation of variable

d d
—Z:z2+1:>/ : :/dx:arctanz:m—&—c, C eR.
dz 2241

Thus the solutions are given by z(z) = tan(z + C), C € R, which leads to y(z) = tan(z +
C)—=z,CeR.

(b) we multiply the both sides with p(z) = e™%, then this yields
—x,/ —x —x d —x —T
e "y (x)—eTy=e sme‘:>d—(y(:U)e ) =e “sinx
x
= y(x) = ex/e_x sinzdr 4+ Ce® C eR.
The indefinite integral can be computed by partial integration:

1
/e_‘” sinzdx = —ie_’”(sinx + cosx),

hence the solutions are given by y(z) = —3(sinz + cosz) 4+ Ce?, C € R.
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(c) We observe that y = —1 is the only constant solution. Now we look at nonconstant
solution. We do separation of variable as following

j—y 1+yw :>/ /3: dxé/(l—)dy:/fdx,

Thus the nonconstant solution is gvien by

—log |1l +y| = 7_,_0 C eR.

2.4. Let w e R*. Solve
i(t) + wx(t) = 0. (3)
in the following two cases
(a) z(0) =1,4(0) = 2w,
(b) z(0) =1,2(g5;) = 1.

Solution:

We look at the characteristic polynomial
p(A) =N +w?=0= Ao = Fiw,
so we can write down the general solution
zay(t) = C1 cos(wt) + Cy sin(wt), C1,C05 € R.

(a) With the initial condition z(0) = 1 and 4(0) = 2w we have

2(0)=1 = Cjcos(0) + Cysin(0) = Cy =1,
£(0) =2w = —Cwsin(0)+ Cowcos(0) = Cow = 2w.

Thus C1 =1 und C3 = 2. The solution is then given by
x(t) = cos(wt) + 2sin(wt).
(b) With the initial condition 2(0) = 1 and z(5; ) = 1 we have
z(0)=1 = Cjcos(0)+ Cysin(0) =
w(%) =1 = cos(g) + Cy Sm(a) = 02 =1.
Thus C1 = Cs = 1. The solution is then given by

x(t) = cos(wt) + sin(wt).
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