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3.1. Which of the following sets are compact?

(a) A= {(z,y) € R?|2? +y* < 2019};

(b) B ={(a,b,c) € R?|a,b,c are integers and a® + b? + ¢* < 2019};

(¢) € ={(z. f(x)) € R? |z € (0,1], f(x) = sin(L)};

(d) D = {(cosf,sinf) € R?|0 is a rational number};

(e) E={(z,y,2) € R3| 2?2 + 9>+ 22 < 2}.

Solution:
(a) A is bounded but not closed, because the boundary in not included.
(b) B is compact because it contains finitely many points.

(¢) C'isnot closed. (5=, 0) € C for any positive integer k and (5, 0) — (0,0) for k — ~+o0,
but (0,0) ¢ C.

(d) D is not closed. Clearly (0,1) ¢ D. Indeed, we know (0,1) = (cos#,sin @) if and only if
0 = (2k+ 3)m, k € Z, but (2k+ %)m is never a rational number for any k € Z. Since any
irrational can be the limit of a rational sequence, i.e. there exists a rational sequence
Ok, k € N with limy_, o 0y = 5, by continuity we have limy_, o (cos 0y,sin 0) = (1,0).
Hence D is not closed.

(e) E is closed and bounded, hence compact.

3.2. Which of the following functions are continuous?

(a) fi(z,y) =In(lzy| + 1), (z,y) € R
(b) fo(z,y) = In(zy), (z,y) € {(z,y) € R*|zy > 0};
(c) f3(z,y) = inf{z* 4+ ¢* | k is a positive integer}, (z,y) € R?;

@ filavy) = [ sin(®dt, (o.9) € {(2,) € B[ < y).

xT

Solution:

(a) (z,y) — zy is clearly continuous in R%. 2 — In(|x| + 1) is also continuous. By Proposi-
tion 3.2.9, fi is continuous.

(b) (z,y) — wy is clearly continuous in {(z,y) € R?|zy > 0} and x — Inz is continuous
in RT. By Proposition 3.2.9, f5 is continuous.

(c) Clearly f3(1,0) = 1. However, for any € € (0,1), f3(1 —¢,0) = 0, then f3 is not
continuous.

(d) For any e > 0, if ||(zo,y0) — (z1,91)|| < €, then |xg — 21| < € and |yo — y1| < €. Since
|sin(t)] < 1, we know |fa(xo,y0) — fa(z1,y1)| < 2e. Hence, f4 is also continuous.
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