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5.1. Directional derivative. Compute the directional derivatives of the following functions.
(a) f(z,y) = sin(2?)cos(y?®), a = (0,2), u = Z(5,1);
(b) f(z.y) = e log(y), a = (0.1), u= =(~1,4);
(c) f(z,y) = e¥tan(x) + dya®, a = (0,1), u = \/%(—1,4);
(@) fla.y) =Py +sin(2), a = (4,2), u= (-1,-2).
Solution:

(a) From the definition, we have

Dufla) = & (Fat )., (1)

Then we compute

f(a+ tu) = sin (i) cos ((2 + \2/%)2>

Taking the derivative gives

Dy f(a) = [cos <t52> %c <<2+ \2/%) ) - \;15 <2+\2/%> sin (i) sin ((2+\2/%>2>L:0 =0

(b) We have
fla+tu) = VT log (1 + 4t) .
V1T
Following the equation 1, we can compute
t t
evit 4t 4e V17 log(1) +4 4
D,f(a)= |—=log |1+ ) + = = .
e [m (1 7m VITU+ 25| T VT v
(c) We have

Flattu) = "5 tan (\/1%>+4 <1 + j%) (\;%)3 — " tan (\;%) —4 (1 + j%) (\/%)3

Following the equation 1, we can compute

4 144t —t 14 -4t —1
D,f(a) = [\/ﬁe( +x/ﬁ)tan (\/ﬁ) + e( +m)cos2(_t)\/ﬁ
V17

16 3 4<1+ 4t> 3t2] —e
V1T 17 vIT) 1L, V1T
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(d) We have

f<>(4ﬁ)(ﬁ)(<jff>))

and
=[-8 (0- ) () 2o )

5
(4- %) 4- 5= 21— )
—I—cos( 20— %) \f t+\/5(2 % L .

10 1 4 16
=— —=-256—2-4°— +cos(8 +
VA V5 VA 4x/5
_ 2560 2088 +COS(8>i
V5 V5 V5
74608 + cos(8 )i
V5 V5

5.2. Partial derivatives vs. differentiability. Define f : R> — R to be the following
function

2
f(:c,y):{ o vemn (x.0) # (0.0)
0 wenn (z,y) = (0,0).

(a) Show that, for any point a € R? and any direction v € R?, f admits a directional
derivative D, f(a).

Tipp: To prove D, f(a) exists, one needs to show that ¢ — f(a + tu) is differentiable
at the point t = 0. Recall the definition of differentiability in one variable and use the
value f(0,0).

(b) Show that, f is not differentiable at the point (0,0).
Tipp: Recall that, when f is differentiable at the point a € R?, f is also continuous at a.
Solution:
(a) Let a = (x0,y0) # (0,0) and u = (u1,ug) # (0,0), then we have

(mo + tu1)?(yo + tus)

flattu) = (wo + tur)* + (yo + tuz)?

The denominator # 0 and bounded away from 0 from below. Then by composition rule,
we have ¢t — f(a + tu) is differentiable at the point ¢ = 0. Now we have showed that f
admits all directional derivatives at a # 0. Next we prove, all directional derivatives at
the point a = (0,0) exist. First note that f vanishes on the line {(z,y) € R? | z =0}. It
follows that 2—5(0, 0) = 0. For any vector u = (7 cos(f), rsin(6)) with sin(f) # 0 we have

313 cos?(6) sin(6) _ trcos®(6)sin(6)
t4rt cosd(0) + t2r2sin?(0) 212 cost(0) + sin?(6)

f((0,0) + tu) = f(tu) =

Again since sin?(#) # 0, we have D, f(0,0) = &|,_f(tu) = Tcossjlgz)(;i)n(e) = T;OHS(QH()Q).

This concludes our proof.
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(b) Note that f vanishes on the line {(x,y) | y = 0, = # 0}. Then if the limit exists, we
know lim(, ) (0,0) f (7, y) = 0. However, for y = x? we can see

_ xt _1
ot gt 2

fl@,a?)

The curve {(z,22) | z € R} converges to (0,0) as = — 0, thus f is not continuous at
(0,0).

5.3. Jacobi matrix 1. Consider the functions

2+ e¥
a:R2S R ()= | z4y
Yy

and

f:R3— R?, (u,v,w)r—><uv >

w

Let v = B o a. Compute the Jacobi matrix of ~.

Solution: Since f : R” — R¥ and g : R¥ — R™ are twice differentiable functions. The
composition go f: R™ — R™ is also differentiable and its derivatives at the point p € R™ is
given by

o, - 5, (5,

The Jacobi matrix of « is

2z €Y
1 1
0 1

and the Jacobi matrix of § is

v u 0
00 1 )"

With the chain rule then we have

o0 eV
{8(71,72)] _ (v U 0) . 1x el
d(z,y) 001 u=x2+4eY v=z+y,w=y 0 1
y
r+y 2+’ 0 2v e
- 0 o 1) | b1
0 1
<3x2+2xy+ey ey(:c+y+1)+x2>
0 1 '
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5.4. Jacobi matrix 2. Compute the Jacobi matrix of the function

T r cos(f) cos(¢)
f:R3— R3; 0| — | r cos(f)sin(¢p)
0] r sin(0)
Solution:
r cos(f) cos(¢p) —rsin(f)cos(p) —rcos(f)sin(¢p)
Vfl0| =1 cos(0)sin(¢) —rsin(f)sin(¢p) rcos(d)cos(p)
) sin(6) rcos(6) 0
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