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7.1. Change of variable. Define U C R? to be the open set

U=R>N {(x,y), y > 1,z > max {y,yyj}}

1. Compute the Laplace operator A = 92 + 85 in the new coordinate system of U

U= xy
1
{v =xr+y (1)
2. Let f:U = R, (z,y) — e"Ylog(xy —x —y). Prove f is twice differentiable and compute
AfinU.
Solution:

1. We have y =v —z and u = 2y = (v — ), or
2 —vr+u=0

Note that = >y, 2zy < 22 + 2, then v? > 4u and

x:%(vixmﬂ—élu)

Thus
1 1
— 2 _ —y— = _ _ 2 _
x—2(v+\/v 4u), Y= LU—Z(U v 4u>.
We then compute
0 Oou 0 Ov 0 1
= — = — — _— = = — — 2—4
Oy o 8:r8u+8:c6v Yy Oy + O, 2(1} Vo u)@u—l-&,

and (y9y, + 0y)y = 0. Then we have
07 = y*0% + 290y, + 0; + (yOu + D)y 0u = Y* 0 + 2y 0y, + 0,
and

0y =20, +0 :%(U—F\/vz—llu)@u—i—@v
85 = 2202 + 2202, + 02

Since (a — b)? + (a + b)? = 2a% + 2b* for all a,b € R, we have

Au = (2% + y2)0? 4+ 2(x + )92, +20% = (z + y)? — 22y)0? + 20vd2, + 2>
= (112 — 2u)8§ + 20 812“) + 283.

(Computing z,y in terms of w,v may be helpful for intuition, but it is not needed for
the aim of computing the A. For your intuition, I keep it in the solution.)
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2. From the chain rule, the function f is twice differentiable, since in the domain U — R*,
the maps (z,y) — a2y —x —y, U — R,z — xy, exp and log are smooth. From

flu,v) = e*log(u — v), we can compute

eu

Ouf = e"log(u —v) +

u—v
e e

92f = e"log(u — v) + 2 —~

i f =e"log(u—v) + v—v (u—0)

2

e e¥

2 —
O] = u—v+(u—v)2
avf:_ ‘
u—v
0, ¢
o5 f = ek
It yields
9 2(v? —2u) w2 —2u 2v 2v 2
Af:((v —2u)log(u —v) + p— _(u—U)Q_u—v+(u—v)2_(u—v)2
2., ,2_ Y (2 g2
:((J:Z—I—yQ)log(acy—m—y)—i—Q(x +y -z y)+2(:r+y 1) (w2+y))exy_
Ty —r -y (zy —z—y)

7.2. Second order derivatives. Compute the first and the second order derivatives of the

following functions.

1. f:R? - R, 2~ cos(z)e V.

2. Sein>2and f:R" - R, (z1, - ,x,) — [[1nq 2.
Solution:

1.

0pf(z,y) = —sin(z)e™, 0, f(z,y) =sin()e™ I, f(z,y) = —cos(zx)e™”

Oyf(x,y) = —cos(xz)e Y, 85]”(37,3/) = cos(z)e Y.
2. Foranyi#je{l,---,n}

k#i k#i,j

7.3. Critical points.

Compute the critical points of the following functions.
1. f:R?2 =R, (z,y) — 2% + 3> + 3zy.
2. f:R2 =R, (z,y) — 22+ y? — 22y.
3. [ R2 SR, (z,y) — y(z — 1)@+,

Solution:
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1. We know
Vi(z,y) = (322 +3y,3y> +32) =0
if and only if 22 = —y and y?> = —2. Then z* = y? = —=2, also z(23 + 1) = 0 and
y(y>+1) = 0. The real solution of the equation X (X3+1) are X = 0, —1, so the critical
points of the system 2 = —y, y> = —z is given by
(070)7 and (m,y) = (_1’_1)'
2. (z,x) is a critical point for any x € R. The computation is omitted since it is trivial.

3. We compute
Viey) = (y(1 =200 = 1) e (@ = 1) (1-2) ).
Hence the critical points of f are xg = (1,0) and

<1+\/§ ﬂ) <1+\/§ \/§> <1—\/§ \@) (1—\/5 V2
r1 = — s — |, Tro = y—— |, r3 — , L4 =

2 72 2 2
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