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8.1. Taylor polynomial. Compute the Taylor polynomials of the following functions.
1. f:R? = R, 2 cos(z)e ¥, at the point (z0,y0) = (7/2,0), up to the second order.

N

f:RA\{(z,y) : 2y = 1} = R,z — 1/(1 — 2y), at the point (zq,y0) = (0,0), up to
2n—th order n > 1.

3. f:R?2 = R, (z,y) — arctan(z?y), at the point (zg,y9) = 0, up to the second order.
4. f:C — R,z log(|z|? + 1), at the point z = 0, up to 2n—th order n > 1.

5. Sein >2and f:R" = R, (z1,--- ,z,) — [[}=; z; at the point g = (2,---,2) up to
the second order.

Solution:

1. Note that f(0) = cos (g) =0, and

Ouf(x,y) = —sin(z)e™, 05, f(x,y) =sin(x)e™ I f(z,y) = —cos(x)e "
Oy f(x,y) = —cos(x)e Y, 85]”(37,3/) = cos(z)e Y.
Then
Ouf (o, y0) = =1, 07, f(x0,0) =1, f(z0,%0) = 02 f(x0,50) = Oy f (w0, y0) = O; f(x0,50) =0
and let z = & — 7/2
Tof((x —m/2,y); (7/2,0)) = Ta f((2,9); (7/2,0)) = —2 + zy.

2. Note that

flz,y) = L

= (zy)".

neN

1 -y

Then for any n € N,

Ton F(,9): (0,0) = 14 3 ()"
k=1

3. Note that arctan(t) = t + O(¢3) and
arctan(z’y) = z%y 4+ O(z%3).
Then T5 f((x,y), (0,0)) = 0.
4. For any |t| <1

o k—l

log(1+1t) = Z

Then for any |z| < 1

o0 —

log(1 + |2|?) Z z\%

and for any w = wy + iwy € C ~ R?

n

_1\k—1 no 1\k—1 n o \k—1 k
Ty 0) = 30 = 3 C gy = 3> CE 97 (’;) wiid).

k=1 k=1 k=1 =0
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5. Note that for any ¢ # j € {1,--- ,n}
Ox, f(x) = H Tk, Oif(m) =0, Ggivxjf(a?) = H Tk
ki k#i,j
Then forany 1 <i#j<n

f@2)=2" 0, f(2)=2"", 82, f(2)=2""2

Ti,Tj

Let y = x — xo,20 = (2,...,2) and we have
1
Taf(x — z0;20) = Taf(y;20) = f(20) + Vf(20) -y + §ytHeSSf(330)y

n
=20+ 2" Ty 2" N gy
i=1 1<i<j<n

In the terms of order 2, we have a coefficient % in Taylor formula, but we have two
symmetric terms 0;0; and 9;0; for 1 <i < j < n. We combine this 2 terms and end up
with (5 + 3)07, .. f(2).

8.2. Critical points.

Compute local maximum and local minimum of the following functions.

—

i RZ SR, (2,y) = 2%+ y3 + 32y,

2. f:R2 =R, (z,y) — 22+ y? — 22y.

3. [ R2 SR, (z,y) — y(z — 1)e @+,

4. f:R3 = R, (z,y,2) = 22 +y? + 22 + 2wy2.

Note that in this solution, we include some information about global maximum and global
minimum. Let f: Q — R with Q C R". We say f has a global maximum at zy € 2 if

f(x) < f(zo) for any z € Q.
Similarly, we say f has a global minimum at xg € Q if

f(x) > f(zo) for any z € Q.

Solution:
1. We know
Vf(x,y) = (32> +3y,3y> + 32) =0
if and only if 22 = —y and y?> = —2. Then z* = y? = —2, also z(2® + 1) = 0 and

y(y® + 1) = 0. The real solution of the equation X (X3 + 1) are X = 0,—1, so the

solution of the system 22 = —y, y?> = —x is given by

(0,0), and (z,y)=(-1,-1).

We have

s (% 2)
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also

Hess f(0,0) = (g g) Hess f(—-1,—1) = <_36 —36>

Note that (0,0) is neither local minimum nor local maximum, since Hess f(0,0) has a
positive eigenvalue 3 and a negative eigenvalue —3. (=1, —1) is a local maximum, since
Hess f(—1,1) has two negative eigenvalues —3 and —9.

2. Note that f(z,y) = (x — y)? > 0, also f(2,0) = 22 — oo as  — Fo0 and f have
no global maximum. For any z € R, f(z,z) = 0 = ming: f, then (z,z) is a global
minimum for any x € R, then it is also a local minimum. Remark that one can check
these critical points are not non-degenerate critical points.

3. Note that

—

0 < |f@y)| <5 (8 + @@= 1)?) @) 5 0 s |(2,y)] - oo,

2
and f(z,0) = f(1,y) =0 for any z,y € R and f has global maximum or minimum. We
compute

Viz,y) = (y (1= 20(z = 1) @) (@ = 1) (1 - 25%) e+
Hence the critical points of f are zp = (1,0) and

x1_<1+\/§ ﬂ) 2 <1+¢3 \/§> 3 <1—¢§ \/§> 4 (1—¢§ ﬁ)
= ,— |, T2 = ,—— |, x3= ,7,37: ,—— .

2 2 2 2 2 2 2
We have
02f(x,y) =y (2(1 — 22) — 2e(1 — 2z(x — 1)) e~ @) 92 f(a,y) = (1 - 24%)(1 — 2z(x — 1))e” "+

02 f(z,y) = (z = 1) (—dy — 2y(1 - 2y%)) ) = —2y(z — 1)(3 - 2y?)e~ "+,

and
Hess f(1,0) = <(1) é) e !,

and (1,0) is neither local maximum nor local minimum (we have f(1,0) = 0, but
f(1+e6) = 2e 119" 5 0 and f(1 +¢ —¢€) = —e2e~ (119"~ < 0 for any € > 0).
When 222 — 2z — 1 =0 and 1 — 2y? = 0, we have
(22402
03[ (w,y) = 2y(1 = 22)e™ ) £0, 8, f(w,y) = 0
2 _ — (22 4y
0y f (w,y) = —dy(z — 1)e” ) £ 0.
Note that z; (for 1 <4 < 4) a local maximum if and only if 03 f (x;), 0 f (x;) < 0, z; is a
local minimum if and only if 82 f(x;) > 0, 9; f(x) > 0, and x; is neither local maximum

nor local minimum when 83 f (;)92 f (z;) < 0. Then z; = (z,y) is a global minimum,
when

2y(1—-2z) >0 and —4y(zr—1) >0 <= min{y(l —2z),y(1 —=z) > 0}.
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Then xo, x5 are local minimum and x1, x4 are local maximum. Then

f(x1) = \/23\/_51635\/§ —0,02---
f(z4) = (1;\/%/5)@32\@ —0,51---
f(z2) = —1;\/\5/?:@3_;37 =—-0,51---
f(x3) :_\/5_1 —5 002 ..

e
2V/2
x4 is a global maximum and x5 is a global minimum.

4. Compute the gradient
Vi(x,y,z) = 2z + 2yz,2y + 222,22 + 22y).
and Vf(x,y,z) = 0 implies
2¢ + 2yz =0, 29+ 2xz =0, 224 2xy = 0.
Then all the critical points are given by
Krit(f) = {(0,0,0),(-1,1,1),(1,-1,1),(1,1,-1), (-1, -1, -1) }.

The Hessian matrix of f is given by

2 2z 2y
H(f (2,y,2)) = | 22 2 2
2y 2x 2

Hence the Hessian matrix at the point 0 is given

2.0 0
H(f,(0,0,0)=| 0 2 0
00 2

is a postive Diagonal matrix and positive-definite, so (0,0, 0) is a local minimum.

The matrices

2 2 2 2 2 =2

H(f,(-1,1,1)={(2 2 =21, H(f (1,-1,1)) = 2 2 2

2 =2 2 -2 2 2
2 =2 2 2 -2 =2
H(fv (17 17_]—)) = -2 2 2 ) H(fa (_1a _17_]—)) = -2 2 -2
2 2 2 -2 =2 2

have the same determinant —32. We can easily see they are indefinite. Indeed, negative
determinant means that their three eigenvalues are nonzero and the product of the
eigenvalues is negative. However, the three eigenvalues cannot be all negative since the
their traces are positive, so the only possibility is that they have 2 positive eigenvalues
and 1 negative eigenvalue. Therefore, (—1,1,1), (1,-1,1), (1,1,-1), (=1,—1,—1) are
saddle points.
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